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ABSTRACT

As transition objects between the asymptotic giant branch (AGB) and cooling white dwarfs, the PG 1159
stars are key objects for understanding the late stages of stellar evolution. The pulsations exhibited by many
members of the PG 1159 spectral class provide a mechanism for ferreting out this information. We present an
analysis of the pulsation spectrum of the naked PG 1159 star PG 21314066, which we completely resolve
using data from the Whole Earth Telescope (WET). The pulsation spectrum shows patterns that are expected
from pulsation theory; comparison of these patterns with theoretical models indicate that PG 2131 has a mass
of 0.61 + 0.02 M, a luminosity of log (L/Lg) = 1.0 + 0.2, and it lies at a distance of 470183 pc. It rotates
with a period of 5.1 hr and shows evidence of a discontinuity in composition approximately 6 x 1073M,,
below the surface. Certain modes show complex structure in the power spectrum, while others show measur-
able frequency changes in 8 years. Fine structure in the prograde (m = —1) modes suggests the presence of

nonlinear effects.

Subject headings: stars: fundamental parameters — stars: individual (PG 2131 +066) — stars: oscillations —

white dwarfs

1. INTRODUCTION

The star PG 2131+ 066 (a.k.a. IR Peg, hereafter PG 2131) is
a member of the PG 1159 spectral class of hot and luminous
pre-white dwarf stars. These stars are the direct descendants of
the central stars of planetary nebulae, and the precursors to
more ordinary white dwarfs. As such, they are the transition
objects between stars with active nuclear burning (AGB stars)
and stars that are destined to simply cool and fade (white dwarf
stars). Probing their interior structure provides direct con-
straints on the transition from AGB to white dwarf and on the
properties of both classes of stars.
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A new and powerful tool for probing the depths of these
stars is temporal spectroscopy. This is the principal obser-
vational tool in the area of asteroseismology, and can be
applied to those objects that show periodic photometric varia-
bility. In less esoteric terms, those stars that are pulsators
reveal their internal structure through the periods of their
photometric variations. The prototype of the pulsating hot
white dwarfs, PG 1159 — 035 (or GW Vir), has yielded a wealth
of information about what one of these stars look like on the
inside, through analysis of its light curve as obtained by the
Whole Earth Telescope (WET; Nather et al. 1990) in 1989. The
report of these observations and their analysis (Winget et al.
1991, hereafter “WWET ”) shows what such stars can teach us.
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However, PG 1159 is wonderful in that it shows all that we
expect to see (and more) in these stars. An unbroken sequence
of dozens of periodicities match very nicely with the expecta-
tions from stellar evolution and pulsation theory. The other
GW Vir stars are less obliging. Until WET analysis, PG 1707,
PG 2131, PG 0122, and RX J2117 showed only a few modes,
allowing little in the way of analysis beyond superficial com-
parison with PG 1159.

PG 2131 itself was little observed (photometrically) follow-
ing its discovery as a variable star by Bond et al. (1984). In part
this is because it is relatively faint (V = 16.6, B—V = —0.34;
Bond et al. 1984). Though observed several times at McDonald
Observatory in the mid-1980s, the observations were not
published. Bond et al. (1984) show PG 2131 had periods of
about 414 and 386 s, along with some other periodicities. The
McDonald data indicated at least six additional periodicities,
but the limitations of single-site observing rendered positive
period determinations impossible. The Kiel group has
analyzed the spectrum of PG 2131, and report an effective
temperature of about 80,000 + 10,000 Kelvin, and log
g = 1.5 + 0.5 (Dreizler et al. 1995). For comparison, PG 1159
has an effective temperature of 140,000 K and logg = 7.0 + 0.5
from spectroscopic studies (Werner, Heber, & Hunger 1991,
hereafter WHH), while Kawaler & Bradley (1994) found T.;; ~
136,000 K and log g = 7.4 + 0.1. Dreizler et al. (1995) indicate
that PG 2131 might be more helium rich than PG 1159.

One thing that sets PG 2131 apart from the other PG 1159
stars is that its optical spectrum shows an apparent red excess,
which has been attributed to a nearby cool companion
(Wesemael, Green, & Liebert 1985). Wesemael et al. used the
excess to estimate the spectral type of the companion as K7 + 1.
The binary nature of PG 2131 was dramatically confirmed by
H. E. Bond (1994, private communication) with an HST image
which shows a very red companion star 073 away from PG
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2131 itself. The companion is as red as PG 2131 is blue; it
outshines PG 2131 in the I band, while it is barely visible in the
V exposure. At a distance of 470 pc, the angular separation
corresponds to a minimum orbital radius of approximately 140
AU;  thus, this is (for the purposes of asteroseismology) a wide
binary. As a result of our use of blue-sensitive phototubes, the
companion is only seen in our photometry as a slight increase
in sky counts, if at all.

WWET and Kawaler & Bradley (1994), through their
analyses of PG 1159, confirmed that nonradial pulsation
theory is in basic agreement with at least one real star. Armed
with this confidence, we can attempt to understand a less obli-
ging subject; PG 2131 is a good candidate for an in-depth
analysis with the WET. As we show below, it is not as rich a
pulsator as PG 1159. However, we still obtain a precise mass
determination, place limits on the surface compositional strati-
fication, measure its rotation rate, and place limits on the
global magnetic field strength. The results of this analysis
provide a second data point in the determination of the class
properties of the PG 1159 stars, and put us on track for a
complete description of these stars. Papers in preparation by
the WET collaboration will describe observations of other
members of this class; eventually we will have enough pieces to
solve the puzzle of the late stages of evolution of stars like our
Sun.

2. OBSERVATIONS

To some extent, the 1992 September WET run that had PG
2131 as its primary target was a “typical” WET run. Time
series photometric data were obtained at several observatories
around the globe; the observatories involved and the resulting
runs are listed in the journal of observations in Table 1. Data
were obtained and reduced following the procedures described

TABLE 1
TABLE OF OBSERVATIONS OF PG 2131 For THE WET COVERAGE IN 1992

Date Start Time Run Length

Telescope Run Name UT) U7 (h:m:s)
Mount John .............. s€2192 1992 Sep 21 08:10:35 5:29:25
La Palma INT............ int-0008 1992 Sep 21 23:19:44 3:32:40
CTIO1Sm............... jlp-0110 1992 Sep 22 01:26:00 4:02:25
McDonald 82 inch ....... pab-0143 1992 Sep 22 06:55:20 1:30:30
SAAO 0.75m............. $5526 1992 Sep 22 19:26:31 1:30:50
La Palma INT............ int-0011, 12 1992 Sep 22 21:20:47 4:45:53
CTIO15Sm............... jlp-0113 1992 Sep 23 00:02:00 6:07:35
INA16m................ ro020 1992 Sep 23 23:33:00 1:11:30
CTIO1lSm............... jlp-0115 1992 Sep 24 00:06:25 4:51:35
Mauna Kea 24 inch...... maw-0102 1992 Sep 24 06:18:00 6:59:05
SAAO0 0.75m............. 85527 1992 Sep 24 21:18:26 0:55:20
OHP193m.............. gv-0231 1992 Sep 24 22:03:30 3:28:00
CTIO 15m............... jlp-0118 1992 Sep 24 23:55:00 6:18:45
McDonald 82 inch ....... pab-0153 1992 Sep 25 06:06:05 2:51:30
Mauna Kea 24 inch maw-0104 1992 Sep 25 08:44:20 4:23:00
OHP 193 m gv-0233 1992 Sep 25 19:09:30 6:08:20
CTIO 1.5 m jlp-0120, 21 1992 Sep 25 23:56:10 6:21:20
McDonald 82 inch pab-0157 1992 Sep 26 05:59:40 3:10:00
SSO 40 inch .............. sjk-0198 1992 Sep 26 11:30:50 2:58:15
CTIO l.5m............... jlp-0123 1992 Sep 27 00:13:25 4:55:40
Mauna Kea 24 inch...... maw-0105 1992 Sep 27 05:15:10 1:30:25
SSO 40 inch .............. sjk-0201 1992 Sep 27 09:32:30 6:25:45
SAAO 0.75m............. $5529 1992 Sep 27 19:44:38 2:33:25
CTIO 1.Sm............... jlp-0126 1992 Sep 28 02:12:45 3:50:30
SAAO0 0.75m............. 85531 1992 Sep 29 18:27:25 1:57:00
AAO075m .............. $5534 1992 Sep 30 18:03:24 4:43:20
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by Nather et al. (1990) and WWET. A total of 70,552 5 second
integrations were obtained at all observatories over a 9.6 day
period, resulting in an overall duty cycle of 42%. During the
most intensive portion of the run, the first 7 days, the duty
cycle was 55%. Times within all runs used the common zero
time of 2448886.84472 BJED, which corresponds to the first
integration of the run. In final form, each individual run is
represented by the time of each integration and the fractional
departure of the count rate from the mean. In our analysis, the
data were summed to produce 40 s integrations. This greatly
eased the computational burden of our analysis, but sacrificed
sensitivity to periods shorter than about 100 s (though no
signals were seen at periods shorter than 335 s). Doing this also
led to a slightly degraded frequency precision (increasing the
least-squares uncertainty in frequency from 0.2 to 0.4 uHz).

The data are shown in Figure 1 in 24 hr strips from the
beginning of the run. One sees immediately from this figure
that there remains a gap in the coverage that corresponds to a
gap in the global network. This gap (at about 32,000 s) would
have been filled nicely by the site at Mount Maidanak Observ-
atory in Uzbekistan. While two of us (J. E. S. and E. M.) did
obtain some data at Mount Maidanak, weather conditions
and technical problems at this remote site were less than ideal,
so the data were too noisy for inclusion in the final data set. As
a result, the window for this run has higher 1 cycle day~!
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sidelobes than previous WET observations. The window func-
tion for this run, obtained by sampling a single-frequency sine
wave of fixed amplitude at the observed sample times, is shown
in Figure 2. We remain optimistic that the Mount Maidanak
observing site will be extremely useful in future WET cam-
paigns.

We computed the Fourier transform of the reduced data set
using a brute-force discrete Fourier transform, and squaring
the amplitude of the complex transform to produce the power
spectrum. This then gives the total modulation power (mp) as a
function of frequency. The square root of the modulation
power gives the modulation amplitude. In many cases, we find
that plots of modulation amplitude (ma; ak.a. amplitude
spectra) are more useful than power spectra, as the amplitude
spectra de-emphasize strong peaks. This representation of pul-
sation power and amplitude in units of mp and ma is discussed
in Winget et al. (1994). The power spectrum is shown in Figure
3 for the entire frequency range of interest. Note that not all
horizontal panels have the same scale in power. The band of
largest power is between 1900 and 3000 uHz; Figure 4 expands
this region, and shows both the power spectrum and the ampli-
tude spectrum for further comparison. The three largest ampli-
tude modes appear at frequencies of 2575.5, 2447.2, and 2629.5
uHz, with five additional peaks present that do not correspond
to diurnal aliases of other peaks.
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FiG. 1.—Combined light curve of PG 2131. Each horizontal panel represents 24 hr of data.
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F16. 2—Spectral window of the WET run. The top panel shows the power spectrum of the window function, while the bottom panel shows the amplitude
spectrum. Aside from the 1 cycle day ! sidelobe, this window was sufficiently clean to allow unambiguous identification of many peaks in the spectrum.

In practice, the 1 cycle day ~! alias, and the resulting window
pattern shown in Figure 2, results in unattractive but uncon-
fusing false peaks in the power spectra. These sidelobes are low
enough in amplitude that they do not interfere with identifica-
tion of large-amplitude peaks. However, the sidelobes do inter-
fere with identifying low-amplitude peaks, and in precise
measurement of amplitudes and frequencies for closely spaced
peaks. To address these problems, we used a linear least-
squares fitting procedure to determine the precise frequencies,
amplitudes, and phases of many peaks simultaneously. This
procedure allows accurate determinations of the amplitudes of
the modes included in the fit that are hidden but not influenced
by the sampling pattern.

We used the amplitude spectrum of the entire data set to
provide initial guesses for nine of the highest peaks, with fre-
quencies greater than 1000 uHz, for use in the initial least-
squares fit. In selecting these peaks, we excluded those that
were clearly related to cycle day ! aliases of other peaks. The
least-squares identifications match in frequency with peaks in
the amplitude spectrum within the errors. However, the ampli-
tudes are different for the reason stated above; the least-
squares amplitudes and frequencies are more accurate. We
then prewhitened the original data by the nine frequencies
found above to try and recover lower amplitude peaks. To
prewhiten, we computed an artificial signal by adding together

sine curves with the amplitudes, frequencies, and times of
maximum found by the least-squares analysis and sampled this
signal at the same times as the data. By subtracting this signal
from the original data, we obtained a data set that contains all
periodicities except the nine large-amplitude ones. Power and
amplitude spectra of the prewhitened data set are shown in
Figure 5. Prewhitening reveals several additional periodicities
in the data set. The eight largest peaks in the interval between
1900 and 3000 pHz were included in the list that makes up
Table 2. Two of the three remaining peaks (at 2953 and 2929
uHz) were the largest in a 100 uHz region of the prewhitened
power spectrum, except for a peak at the 1 cycle day ! alias of
the 2953 peak. The final peak, at 2221 uHz, was also the
highest peak in the surrounding 100 uHz region not already
considered. A final least-squares fit to the data including all the
identified peaks gave us the parameters listed in Table 2.

We resolved 20 independent periodicities in the combined
WET run for PG 2131. As indicated in Table 2, there is one
peak that is almost resolved into two (at 2953 uHz); it shows
broadened line shapes in the spectra. The 2503 uHz peak has
three components in the combined data set; we could resolve
two of them, but the lower frequency component was not
resolved. Two additional closely spaced pairs are present in
Table 2 that were resolved in this analysis. We will show later
that all of these close peaks share other distinguishing features.
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TABLE 2
PEerioDICITIES OF PG 21314066 FROM WET DATA.

Frequency Period Amplitude Trax”

(uHz) (s) (mma) (s) m n Comments®
295325 +0.25...... 338.610 + 0.029 1.42 + 048 68 + 37 -1 13 +1.2 pHz split
2928.66 + 0.31...... 341.453 + 0.036 1.27 + 048 178 + 41
290098 + 0.17...... 344.711 £ 0.020 2.23 + 048 264 + 23 1 LSQ
2629.44 + 0.06...... 380.309 + 0.009 6.34 + 0.48 228 +9 —1 15 LSQ
2602.34 + 0.14...... 384.269 + 0.021 2.69 + 0.48 26 + 22 0:
257555+ 0.04...... 388.266 + 0.006 11.01 + 0.48 875 1 LSQ
2503.50 + 0.15...... 399.441 + 0.024 2.83 + 0.49 345 + 22 —1: 16
2500.63 + 0.19...... 399.899 + 0.027 2.24 + 0.49 378 + 29
2475.67 £ 0.25...... 403.930 + 0.041 1.62 + 049 396 + 39 0:

2447.17 £ 0.04...... 408.635 + 0.007 9.73 + 048 404 + 6 1 LSQ
237356 £ 0.13...... 421.307 £+ 0.023 3.81 +£ 0.50 382 + 22 —1: 17 LSQ
2372.18 £ 0.14...... 421.553 4+ 0.024 3.39 + 0.50 298 + 25 LSQ
234545 +0.21...... 426.358 + 0.038 1.90 + 0.48 189 + 34 0:

2318.85 + 0.10...... 431.248 + 0.019 405+ 048 110 + 16 1 LSQ
224924 + 0.16...... 444.595 + 0.032 2.68 + 048 389 + 29 —1: 18 LSQ
2247.56 + 0.26...... 444927 + 0.051 1.71 + 0.49 39 +46

2220.86 + 0.28...... 450.276 + 0.057 142 + 048 418 + 48 0

219231 +0.18...... 456.139 + 0.035 221 + 048 392 + 31 1

2162.68 + 0.11...... 462.390 + 0.024 3.70 + 048 378 + 19 -1 19 LSQ
1968.87 + 0.19...... 507.906 + 0.049 2.02 + 048 386 + 38 —1: 21

2 Time of first maximum after BJIED 2448886.84472

b “1.SQ ” labels the nine peaks in first least-squares fit to original data.

3. RESULTS

3.1. Frequency Splitting

One of the observed properties of nonradial oscillations is
that equal frequency spacings are often seen when “bands” of
power are resolved. This is the result of departures from pure
spherical symmetry in the star breaking a degeneracy in the
pulsation frequencies. In the absence of such departures (that
can be caused by rotation, magnetic fields, or some
combination), the frequencies of nonradial modes with a given
degree ¢ and radial order n are identical.?” Rotation, for
example, lifts this degeneracy and splits the degenerate modes
into 2/ + 1 components (if all values of the azimuthal index m
are present) as follows:

1
Vatm = Vuio — M
Ptot

1-C, ¢y

where for white dwarf stars, to within a few percent,

1
A+ 1) @

(Brickhill 1975; WWET). Thus, we expect to see triplets split
by one-half of the rotation frequency for £ = 1 modes. Since
the dominant modes in PG 1159 are all £ = 1 modes, we expect
to see £ = 1 modes in PG 2131 as well. We follow the conven-
tion that the lower frequency component of a triplet is an

Cnl =

27 We use n as the mode order to maintain consistency with Kawaler &
Bradley (1994), and with the general usage in nonradial stellar pulsation theory
(i.e., Unno et al. 1989; Cox 1980). The value of n can differ from k (the number
of nodes in the radial component of the displacement eigenfunction) in cen-
trally concentrated stars (such as red giants); however, n and k are almost
always equal in white dwarf models.

m = +1 mode, and the higher frequency component is an
m = —1 mode. This choice differs from that made by Winget et
al. (1991, 1994) in previous WET reports; here we use this
convention to maintain consistency with the standard phase
convention for spherical harmonics used in most areas of
physics (see, e.g., Jackson 1975, § 3.5, and references therein)
and in the standard texts of stellar seismology (i.e., Unno et al.
1989; Cox 1980).

With the hope and expectation that we would see the signa-
ture of rotational splitting, we searched for equal frequency
spacings between the observed peaks in the initial
(nonprewhitened) power spectrum of PG 2131. We found five
pairs of peaks, all split by approximately 54 yHz. Since rota-
tional splitting gives 2¢ + 1 peaks (an odd number), and since
triplets (/ = 1) are seen in other pulsating white dwarf stars
(ie, Winget et al. 1991, 1994), we looked for a central com-
ponent between the large peaks. Three of these pairs showed
hints of a central peak almost exactly in the middle, suggesting
that they were triplets with spacings of 27 uHz. Upon prewhi-
tening (see the previous section), we found that all five pairs
show significant peaks within 1.5 yHz of the midpoint in fre-
quency. These five apparent triplets show a mean splitting of
274 + 1.2 yHz.

Figure 6 shows the power spectrum surrounding the pro-
posed triplets seen in PG 2131 with the low-frequency com-
ponents aligned. The segments of power spectrum shown in
Figure 6 are (necessarily) from the original power spectrum;
window effects and the use of power as the ordinate frequently
hide the apparent significance of the small-amplitude peak we
identify as the m = 0 component. We display the averaged
spectra of the five regions of power in the bottom panel of
Figure 7. The top panel shows the averaged power spectra
when they are plotted relative to the central peak. In construc-
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ting these average spectra, we weighted each of the five regions
equally, to prevent the high-amplitude peaks from dominating
the mean. As indicated in Figure 7, the 1 cycle day ! (11.6
uHz) alias of the low-frequency peak is present in these spectra.
This peak does not represent any real periodicity in the star,
though its presence simulates the appearance of quintuplets.
Since these patterns in the spectrum and the averaged spec-
trum are entirely consistent with the interpretation of their
being triplets with approximately equal spacing, we conclude
that they are ¢/ =1 mode triplets, with a mean frequency
spacing of 27.4 + 1.2 uHz. While it is possible that these trip-
lets are the result of £ = 2 modes with two suppressed com-
ponents, we show later that the period spacings of the modes
confirms their identification as £ = 1 modes. This frequency
splitting corresponds to one-half the rotation frequency (see eq.
[2]), indicating a rotation period of PG 2131 of 5.07 + 0.22 hr.
In Figures 6 and 7, it is clear that the low-frequency com-
ponents of the triplets are fully resolved as single, isolated
peaks, while the high-frequency peaks are much messier. In the
top panel of Figure 7, the large widths of the left and right
peaks shows that the splitting is not precisely the same for all
modes. These features result from the fact that the high-
frequency component is broadened in all cases, and frequently
resolved into two or more peaks. The high-frequency com-
ponent of the multiplet shows fine structure (on the uHz scale)
in all triplets except the one at 384 s. The largest amplitude

peak in the fine structure is the highest frequency peak. This
fine structure could result from amplitude modulation of a
single periodicity, resulting from physical effects such as mag-
netic and/or nonlinear effects. For the present, we identify the
highest amplitude peak within the fine structure as them = —1
peak. In doing so, period spacings between some modes may
be affected at the 0.3 s level because of the inferred m =0
positions (see § 3.2).

The spacing between the left and right components of the
triplets increases slightly with decreasing frequency (i.e.,
increasing period). Ignoring for the moment the 341 s mode
and considering the next four triplets (periods of 384-450 s),
the splitting between the central peak and the dominant high-
frequency peak increases steadily from 27.14 + 0.15 uHz for
the 384 s peak to 28.51 + 0.29 uHz for the 450 s peak. On the
other hand, for the same modes, the frequency splitting of the
central and dominant low-frequency peaks alternates between
about 26.7 and 28.5 uHz. Since the amplitude of this alterna-
tion is larger than the trend for the high-frequency com-
ponents, the total splitting also alternates for consecutive
modes in PG 2131.

We show below that there must be a missing triplet between
the 341 and 384 s modes. Given this, the frequency splitting of
the 341 s mode is consistent with the pattern we describe: the
missing mode would be a larger than average splitting in the
alternating scheme identified above. There is no evidence of
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3000

pulsations near the expected period in our data. However, in
PG 2131 and most pulsating hot white dwarfs, modes are
observed to come and go on timescales of months to years.
When “new” modes appear, they appear at frequencies that
are consistent with pulsation theory; that is, they appear at
periods that fit the constant spacing pattern, or at frequencies
that match observed rotational splitting values. Therefore,
noting that the difference in the splitting between large and
small splitting modes (i.e., between the 450.3 and 426.4 s
modes, and the 403.9 and 384.3 s modes) is about 2.4 yHz, we
predict that the splitting of the currently missing mode
between 341.5 and 384.3 s will be about 54.7 uHz if and when it
is ever observed.

The relative amplitude of the central peak to the low- and
high-frequency peaks in the top panel of Figure 7 is interesting.
With this averaging, the two side peaks are at almost equal
power, with the central peak at 40% of the power (60% of the
amplitude) of the side peaks. Since the triplet structure indi-
cates these are /£ = 1 modes, the lower amplitude for the m = 0
mode suggests that we are seeing this star with its rotation axis
at high inclination with respect to our line of sight. If the star
was viewed from the equator, i.e., high inclination, the ampli-
tude of the m = 0 mode would be nearly O (since the nodal line
would then lie at the equator), while if it were pole-on, the
m = 0 mode would be the largest amplitude, with the m = +1
modes showing small amplitudes. Thus, it appears that we are

seeing the star mostly equator-on. However, the unequal
amplitudes of the m = + 1 peaks is not easily understood as a
purely geometric effect, and must have a deeper explanation.

Another mechanism that can affect the frequency spacing of
multiplets is the presence of a magnetic field. Jones et al. (1989)
discuss the effects of magnetic fields on pulsating white dwarfs
for some simple magnetic field geometries. They show that
magnetic fields increase the observed frequencies of modes
with all values of m. Winget et al. (1994) discuss the combined
effects of rotation and magnetic fields in the context of Whole
Earth Telescope observations of the DB white dwarf GD 358.
For weak magnetic fields in rotating stars, the £ = 1 triplets
will have the m = 0 component off-center toward the lower
frequency (m = + 1) component.

There is no clear asymmetry in the triplet splittings in the
WET data for PG 2131. In the case of GD 358, the asymmetry
is clear (Winget et al. 1994), but in PG 2131, only two modes
show the expected asymmetry, while the other three show
either the opposite effect or equal splitting within the uncer-
tainties of the frequencies themselves. From the departures
from equality of the splittings, we can derive an upper limit on
the magnetic field strength in 1992. Using splittings computed
for PG 1159 models by M. Montgomery (1994, private
communication), a magnetic field of roughly 50,000 G would
result in a splitting asymmetry of 1 uHz, with the splitting
scaling as the square of the magnetic field strength. Therefore
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prewhitened spectra show additional peaks.

from the WET data, we can place an upper limit on the mag-
netic field of PG 2131 of about 50,000 G. The upper limit is
much lower if the m = —1 modes have true frequencies corre-
sponding to the lowest frequency component of the fine struc-
ture. Note that this upper limit is much larger than the
measurement of the magnetic field of 1300 + 300 G for GD
358 (Winget et al. 1994) and the upper limit of 6000 G for PG
1159 (WWET). This is in part a result of the larger uncertainty
in the frequency splittings we measure, but is mostly a result of
the fact that PG 2131 shows shorter periods than either of
those two stars. The splitting by magnetic fields increases
rapidly with period (Jones et al. 1989); if PG 2131 showed
high-amplitude pulsations at a period of 600 s, then our limit
on the magnetic field strength would be similar to that for PG
1159.

3.2. Period Spacings

The oscillations seen in the GW Vir stars are high-overtone
nonradial g-modes. One of the properties of these modes is
that they are approximately equally spaced in period for a
given value of # and consecutive values of n (see Kawaler &
Bradley 1994, and references therein). The period spacing is
determined largely by the mass of the star, with a weak depen-
dence on the stellar luminosity and surface compositional
stratification. Therefore, we examined the m = 0 modes to see

if they were nearly equally spaced in period, or separated by
integral multiples of the successive period spacing.

Having identified the central (m = 0) frequencies for these
five triplets, we see that the period spacings are 42.82, 19.66,
2243, and 2392 s. Assuming that there is a mode missing
between the 341 and 384 s modes, the mean period spacing is
21.76 £ 1.57 s. This number is remarkably close to the 21.5 s
mean period spacing for the £ = 1 modes in PG 1159 —035
reported by WWET. Since the period spacing depends pri-
marily on mass, and only weakly on other stellar parameters,
this indicates that PG 2131 has a similar mass to PG 1159
despite its lower luminosity. Ascribing the observed modes to
¢ = 2 gives an unreasonably low mass of 0.39 M, which is 0.2
M smaller than the mean mass for white dwarfs.

A more rigorous way to determine the period spacing is to fit
the periods (and their assumed overtone number) to the form

P,=AP x (n— no) + P,, 3)

to obtain AP and P, . In the above equation, AP is the mean
period spacing, n is the number of radial nodes, and P, is the
fit value of the period for the shortest period mode. A linear
least-squares fit of this type yields values of AP = 21.59 + 0.37
sand P,, = 340.8 + 1.2 s. This value of AP is even closer to the
value obtained for PG 1159 by WWET than the straight mean.
With this information, we could compute an estimated mass
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FiG. 6.—Enlargements of the power spectrum for several of the identified triplets. These spectra are aligned on the low-frequency peaks.

for PG 2131, and obtain a model fit to the observed periods.
The procedure is described in detail in the next section. Using
the best model, we were able to obtain estimates of the over-
tone number n for each triplet. These are listed in Table 2.
Using the above parameters in equation (3), we estimate the
next m = 0 periods in the sequence to be 470.3 (n = 19), 491.9
' (n = 20), and 513.5 (n = 21) s. As we show in the next section,
archival data from 1984 shows a peak at a frequency of 2105.9
pHz, which is 56.8 uHz lower than the 2163 uHz peak in the
WET data. Thus the 2162 uHz peak corresponds to the high-
frequency component of the n = 19 triplet. While the m = 0
mode is not seen, the peak seen in 1984 allows us to assume
that the m = 0 mode lies exactly in between the two peaks in
frequency, and has a period of 468.54 s. This is a spacing of
18.26 s from the previous mode. The only other unused mode
in the WET data is the 1969 yHz mode, which has no compan-
ions. We assume that it is the high-frequency component of the
i n =21 triplet; subtracting the average triplet spacing of 27.4
nHz gives an estimate of the period of the m = 0 component of

the n = 21 triplet of 515.08 s. These periods fall reasonably
close to the expected values. Assuming these periods are
correct, including them in the linear fit as above gives revised
values of 21.65 +0.24 s and 340.5 + 1.1 s for AP and P,
respectively. Their inclusion into the fit does not change the
values of the fit parameters significantly.

With these seven periods, we can apply some statistical tests
to demonstrate the level of confidence with which we can
believe the equal period spacing model. The first test is the K-S
test (Kawaler 1988). The results of this test are shown in Figure
8a. The deep and choppy minimum between 20 and 25 s sug-
gests that the spacing we have identified is significant, but that
variations away from the mean spacing are relatively large.
Comparison with the same test using the pre-WET periods of
PG 1159 confirms this suspicion. Figure 8b shows a new test
for period spacings proposed by O’Donoghue (1994). This
method computes the inverse of the variance of the residuals of
the fit above as a function of period spacing. This plot shows a
single large peak at the same period spacing as the linear fit
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triplets were aligned on the m = 0 position. Bottom: triplets aligned by the low-frequency component.

above. Thus we have confidence in the identified period
spacing of 21.65 + 0.24 s.

We note that the spread in the measured period spacings is
much larger than the uncertainty in the periods themselves, or
in the estimate of AP. This reflects the effects of mode trapping
on period spacings, as described in detail in Kawaler &
Bradley (1994). Figure 9 shows the departures from uniform
period spacing for these modes. The top panel plots the differ-
ence between the observed period and the periods calculated
with equation (2), using a mean period spacing of 21.64 s, while
the bottom panel plots the difference between the period and
the next lowest period. In cases where a period is missing from
the sequence we plot an open circle at the position of the
affected period in the bottom panel. Figure 9 shows that the
departures from uniformity show a repeating pattern, with a
cycle of about three modes. The magnitude of the departures is
2-3 5. The models of Kawaler & Bradley (1994) are consistent
with this behavior when the helium layer is thicker than 6.2
x 1073M,, and the surface helium abundance is 0.3-0.5 by
mass (see their Figs. 7and 9).

The relatively small number of modes in PG 2131 prevents
us from being nearly as precise as was possible with PG 1159.
A better signal-to-noise ratio for this run might have
uncovered more modes, but the small number of telescopes,
combined with the faintness of the star and the small average
apertures of the telescopes did not allow these modes to peek
above the noise. We did look for lower amplitude modes by
looking at subsets of the data of higher signal-to-noise, but
these searches were inconclusive. We also looked at short seg-
ments of the run to find short-lived modes, but this too was
inconclusive. It did show that the m = —1 modes have
unstable amplitudes, as expected given their fine splitting, but
no other modes were found.

3.3. The Mass, Luminosity, and Distance to PG 2131

We now use the observed period spacings to estimate the
global parameters of PG 2131 using the technique described in
Kawaler & Bradley (1994). First we estimate the mass using the
observed mean period spacing. The gravity and effective tem-
perature quoted by Dreizler et al. (1995) using optical spectra
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suggest log (L/Lg) = 1.3 + 0.5. This is ten times smaller than
found for PG 1159. Since models with lower luminosity must

" have higher mass to maintain the observed period spacing,
they imply that PG 2131 has a higher mass than PG 1159 if the
Dreizler et al. (1995) temperature and gravity estimates are
correct. Their luminosity estimate places PG 2131 at a lumi-

" nosity that is lower than the models used in Kawaler &
Bradley (1994), but extrapolating their equation (5) provides an
initial mass estimate of 0.62 M 5.

We computed some preliminary stellar models of PG 2131
to determine the stellar properties using a new stellar evolution
code (ISUEVO) designed for evolutionary and pulsational
studies of white dwarf and pre-white dwarf stars. The input
physics for these models is similar to that used in the static
models described in part in Kawaler & Bradley (1994); further
details about ISUEVO can be found in Dehner & Kawaler

.(1995). With the above mass estimate as a starting point, we
, computed evolutionary models with masses from 0.58 to 0.62
M, from higher luminosity than PG 1159 to lower luminosity

than the Dreizler et al. (1995) estimate for PG 2131. The com-
positional stratification in all of these preliminary models is the
same as the best model of PG 1159 in Kawaler & Bradley
(1994). We stress that the results presented here are preliminary
in that we have not tried to fit the details of the period distribu-
tion, but only to match the observed m = 0 periods to within 1
or2s.

The general behavior of the mean period spacings follows
the description in Kawaler & Bradley (1994). We can fit the
observed periods very precisely with reasonable model param-
eters. Unlike PG 1159, there is not a unique fit for PG 2131.
For an evolutionary sequence of a given mass, the model
periods fit the observed periods at two different temperatures.
A high-temperature model that shows a close fit to the
observed periods also shows periods that are (generally)
increasing with time. Some time later, at a lower temperature,
the accumulated secular period increase equals the spacing
between modes of consecutive n, so that the model fits the star
again. At that lower luminosity, the fit is as close as at the
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higher luminosity. Because only one trapping cycle is clear in
the period spacing diagram, there is no purely seismological
constraint on the effective temperature (or, equivalently, the
luminosity) so we cannot choose between the two models
without additional constraints.

If we accept the spectroscopic constraints of Dreizler et al.
(1995), then we can choose between the two models. In our 0.62
M 4 sequence, the models that fit the periods seen in PG 2131
have effective temperatures of 97,100 and 80,600 K. Our
0.60 M sequences fit PG 2131 at effective temperatures of
114,000 and 88,100 K. The Dreizler et al. (1995) effective tem-
perature of PG 2131, 80,000 + 10,000 K, eliminates the high-
temperature solution at the 2 ¢ level, except for masses above
about 0.65 M. The values of n listed in Table 2 are from the
lower temperature models. With this constraint, our prelimi-
nary estimate of the mass of PG 2131 is 0.61 + 0.02 M, and
log (L/Lg) = 1.0 £ 0.2. The luminosity estimate is based on the
luminosities corresponding to the best models for each mass
that also satisfy the T, constraint. With a V-magnitude of
16.6, and assuming a bolometric correction of approximately
6.0 + 0.5 (extrapolating results of WHH for hotter stars)
results in a distance of 4707189 pc, where the quoted errors are
dominated by the uncertainty in the bolometric correction and
in the luminosity.

Though this distance is a factor of 2 smaller than the esti-
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mate by Wesemael et al. (1985), it is only a little more than 1 ¢
below their estimate of 10471139° pc. At a Galactic latitude of
—31°, their estimate places PG 2131 over 500 pc out of the
plane of our Galaxy. With our distance to PG 2131 of 470 pc,
we return it to the comfort of the galactic plane—240 pc below
the plane, and within the scale height of white dwarfs and
planetary nebulae. A distance estimate using the HST-
measured brightness of the companion will provide a useful
check of the distance to PG 2131.

4. EIGHT YEARS BEFORE WET: ARCHIVAL DATA
FOR PG 2131

In this section, we describe results of rereduction of archival
data on PG 2131 obtained at McDonald Observatory in 1984.
This independent data set showed several periodicities, and
with the 20/20 hindsight of the current WET run, allows
several interesting comparisons. Soon after the discovery of the
variability of PG 2131 by Bond et al. (1984), J. Allen Hill and
R. E. Nather observed this star with the UT 2 star photometer
on the 82 inch telescope at McDonald Observatory. The data
were obtained on five nights (spread over 7 days) in 1984 Sep-
tember. The logs for these runs are shown in Table 3, and show
that the overall duration of the runs was 6.06 days, with data
obtained on five of the seven available nights. The raw data,
obtained from the archives of the photometry group at the
University of Texas, were reduced and analyzed for this study
using the same techniques as for the WET data.

In identifying peaks in this data set, we worked independent-
ly from the WET set as much as possible. We performed suc-
cessive least-squares fits to the data, beginning with the largest
amplitude peaks and working down in amplitude. At each
stage, we increased the number of modes included in the fit. To
aid in selecting the next peak for a fit, we computed and
Fourier transformed prewhitened data sets. At many points in
the analysis the 1 cycle day ! and % cycle day ™! aliases pre-
vented an unambiguous selection of the next peak to fit using
only the 1984 data. In these circumstances, we used the WET
results to determine which peaks were in the star and which
were aliases.

We still are impressed by the impossibility of uniquely iden-
tifying true signals in the data without the Whole Earth Tele-
scope. The upper panel of Figure 10 shows the power spectrum
of the 1984 data, while the bottom panel of Figure 10 shows
the power spectrum after prewhitening by the four largest
peaks, after those peaks were identified with reference to the
WET data. In the upper panel, the peak near 2250 uHz shows
the largest peak at the —1 cycle day ! alias of the true peaks.
In the lower panel, the positions of the true peaks are indicated
with arrows; in most cases this data set shows alias peaks
higher than the true peaks. The reason for this is twofold. First,
the data gaps resulted in a complicated window pattern domi-

TABLE 3

OBSERVING LOG FOR THE ARCHIVE MCDONALD 82 INCH
OBSERVATIONS OF PG 2131 +066

Start Date Start Time Duration
Run Name UT) uT) (h:m:s)
r2990...... 1984 Sep 18 02:55:00 5:48:50
r2992...... 1984 Sep 19 02:22:00 5:20:00
r29% ...... 1984 Sep 22 02:31:01 3:09:20
r2995...... 1984 Sep 23 02:10:01 4:41:40
r299% ...... 1984 Sep 24 02:12:50 2:21:50
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closest to those in our data are indicated.

nated by 1 cycle day ! and 2 cycle day ! aliases. Second, PG
2131 itself shows frequency spacings near 5 cycles day~! in
individual triplets, and overlaps between triplets are frequently
small-integral multiplets apart (i.e., 6 cycles day ~! between the
2391 pHz and 2249 uHz peaks, etc.). Thus, these data are a
mess that requires global observations to sort out. Though
imperfect, this WET run was sufficient to solve almost all of the
alias problems. While the frequencies are accurate, the ampli-
tude of theses modes are suspect. Even with least-squares
fitting, noise effects do not allow us to determine with con-
fidence the true amplitude of peaks whose window functions
~ overlap.

' We eventually found eight peaks in the 1984 data. Seven of
the eight peaks have frequencies very close to where peaks
were found in the WET data. The results of the analysis are
shown in Table 4. The eighth peak in the 1984 data fell at
2105.9 uHz, where no power is present in the WET data.
However, this peak lies 56.1 uHz lower in frequency than the
2162.68 uHz peak in the WET data. Therefore, we identify the
mode seen in 1984 as the left-hand peak corresponding to the
2162.68 uHz peak in the WET data. This confirms our pre-
vious contention that the period of the m = 0 mode in that

, triplet lies to the low-frequency side of the 2162.68 uHz peak.

. We note that we found no evidence for m = 0 modes in the
1984 data. Given their low amplitudes in the WET data, the 1
cycle day~! alias problem could easily have hidden evidence

for m = 0 modes. Therefore, the fact that we were unable to
detect them in the archival data does not mean that they were
not there. Even if they were not, it would not be unusual, based
on experience with other stars.

The final column of Table 4 shows the difference in fre-
quency in the identified modes from the 1992 WET run and the
1984 run. All of the peaks that we found in 1984 are signifi-

TABLE 4
PeriopicimiEs OF PG 21314066 OBSERVED IN 1984 SEPTEMBER
(HiLr)
Frequency Amplitude Af, 1992-1984
(uHz) (mma) m n (uHz)

2901.55 £ 0.12... 2.16 + 0.31 1 13 —-0.58 + 0.20
262797 + 0.08... 3.30 £ 0.31 -1 15 +1.50 + 0.10
2576.45 + 0.03... 9.57 + 031 1 —0.91 + 0.05
2500.04 + 0.07... 397 +0.31 -1 16 +3.46 +0.19
2448.76 + 0.04... 6.37 + 0.31 1 —1.55+0.06
2371.61 + 0.05... 492 + 031 -1 17 +1.94 +0.14
2245.64 + 0.05... 5.62 + 0.31 -1 18 +3.69 +0.14
219394 + 0.07... 3.83 + 031 1 —1.61 +£0.17
2105.90 + 0.09... 294 + 0.31 -1 19
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cantly different from their 1992 counterparts. Those peaks that
have m = +1 are all at lower frequency in 1992 than in 1984,
while the m = —1 peaks are all at higher frequencies. Because
of the fine structure seen in the m = —1 peaks (see Figs. 6 and
7), we should qualify this statement. In Table 4, the frequency
changes in the m = —1 modes are given for the largest ampli-
tude peak at the m = —1 position in 1992. In two cases, the
m = —1 peak in 1984 corresponds very closely to a peak
within the m = — 1 fine structure in the 1992 data. Therefore, it
is not clear whether the frequency changes in these m = —1
modes are indeed as large as indicated in this column. It is
possible that a different component of the fine structure in
these m = —1 modes was at a larger amplitude in 1984 than in
1992.

These observed frequency changes are much larger than we
expect if they are caused by secular (evolutionary) effects. To
put things in perspective, the 2447 uHz mode decreased in
frequency by 1.55 4 0.06 uHz in 8 years. If this change
occurred at a constant rate, then the rate of period change is
dP/dt = (1.02 + 0.04) x 107% s s~ . Converting this to a time-
scale for period change gives 7, = 1.5 x 10* yr. This apparent
rate of period change in PG 2131 is almost 2 orders of magni-
tude faster than for PG 1159 (WWET). Since PG 2131 has a
lower luminosity and temperature than PG 1159, it is probably
an older object that is evolving more slowly; the frequency
changes are probably caused by something other than the
secular evolution of PG 2131.

All of the m = +1 modes have frequencies that decreased
between 1984 and 1992, while all of the m = —1 modes have
frequencies that increased in the same time interval. Thus the
total splitting of the triplets increased by approximately 2 to 4
uHz between 1984 and 1992. If we attribute the splitting
entirely to rotation, the frequency changes could result from an
increase in the rotation rate of PG 2131 by about 3 yuHz in 8
years. This implies a rate of increase of the rotation frequency
of 1.2 x 10~ '* 572, Given the rotation period itself is a bit over
5 hr, this corresponds to a spin-up timescale of 145 years. Spin
up resulting from conservation of angular momentum in a star
that is contracting, and therefore decreasing its moment of
inertia, must occur on the timescale of contraction. The time-
scale for contraction is much longer than 100 years in white
dwarf models. Thus simple rotational spin-up is unlikely to be
the cause of the observed frequency changes in PG 2131.

Because of the complexity of the power spectrum around
most of the m = —1 peaks and the very large apparent fre-
quency changes it is possible that these two related phenomena
are caused by nonlinear effects. The three modes in each triplet
are nearly in 1:1 resonance, and so mode—-mode coupling can
be responsible for much of the complexity. Such coupling natu-
rally explains why the amplitudes of them = + 1 and m = —1
modes differ within a triplet. Buchler, Goupil, & Serre (1995)
have studied the consequences of such a coupling; their work
may be extremely relevant for PG 2131.

OBSERVATIONS AND ANALYSIS OF PG 2131+066 363

5. SUMMARY AND CONCLUSIONS

Temporal spectroscopy of PG 2131 with the Whole Earth
Telescope revealed a number of details about this star. It pulsa-
tes in £ = 1 modes with several consecutive overtones present.
This star rotates with a period of 5.07 hr. It has a mass of
0.61 + 0.02 M, and there is a discontinuity in the composi-
tion below about 6 x 1073M,, below the surface. It lies at a
distance of 470 + 150 pc. The surface helium abundance is
approximately 0.3 to 0.5 by mass. The overall frequency split-
ting shows alternating values about an increasing mean, sug-
gesting either the effects of mode trapping or of magnetic fields.
The global magnetic field is probably less than 50,000 G. Data
taken 8 years earlier indicate that the width of several triplets -
has increased by up to 10%. The frequency changes are
unlikely to have been caused by secular effects or by rotation.
The distribution of power within triplets, the complex struc-
ture in the power spectrum surrounding the prograde mode,
and the observed frequency changes all point toward nonlinear
mode coupling influencing the observed frequencies. Clearly,
more detailed calculations with appropriate models will be
able to address this question.

PG 2131 shows some similarities to PG 1159, but also some
important differences. The largest amplitude periods are at
higher frequency than PG 1159. There are fewer periods
present, however, and there is no evidence for £ = 2 modes.
The amplitude of the pulsations is slightly larger in PG 2131
than in PG 1159. The differences in the pulsation behavior are
probably correlated to the difference in temperature between
PG 1159 and PG 2131, as the trends are obeyed by other
pulsators of this class. Understanding these correlations is a
high-priority goal of future Whole Earth Telescope obser-
vations along with theoretical investigations of this important
class of stars.
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