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Resumo
A dissertagdo buscou contribuir para o para o entendimento do efeito da difusdo numérica

nas solugoes hidrodindmica e de transporte de modelos numéricos acoplados (hidrodindmico
e transporte), assim como a relagdo mutua entre ambas as solugdes buscando um método
eficiente e conservativo para simulagao de escoamentos estratificados. A implementagao dos
métodos computacionais foram feitas no modelo IPH-ECO, uma ferramenta computacional
capaz de simular processos fisicos, quimicos e biologicos em trés dimensoes. O trabalho foi
dividido em duas partes principais que visam apresentar a melhoria dos métodos numéricos
utilizados pelo modelo, assim como a verificacao e validagdo dos métodos implementados
(Capftulos 4 5).

A simulacao de escoamentos estratificados requer a implementagao de métodos numéricos
mais robustos, como: como a aproximagao nao-hidrostatica e métodos de alta-resolucao
(interpolagao quadréatica e limitadores de fluxo) capazes de reduzir a difusdo numérica de
maneira conservativa, buscando solugoes com melhor representacao fisica de processos, de

forma a alcancar resultados satisfatorios com menor custo computacional.

Para solucao hidrodindmica, implementamos a pressao nao-hidrostatica, onde propomos
o uso de uma novagao condigdo de contorno na superficie livre (capitulo 4), e ainda

um interpolador quadratico implementado no método Euleriano-Lagrangiano, utilizado
na estimativa da velocidade ao fim da linha de corrente (capitulo 5). Para a solugao do

Transporte de Soluto, esquemas de Limitadores de Fluxo foram implementados (capitulo ).
Utilizamos benchmarks consolidados na literatura puramente advectivos visando identificar
o efeito da difusdo numérica nas solu¢do do transporte e hidrodinamica comparando
métodos de baixa resolucio (interpolacio bilinear e esquema Upwind) com métodos de

alta resolucao.

O algoritimo foi capaz de simular adequadamente a celeridade e a dispersao de frequén-
cia de ondas estacionarias em condi¢ao de aguas profundas, utilizando uma resolucao
vertical 2 vezes menor que a condi¢ao cldssica, consequentemente diminuindo o custo
computacional médio de um passo de tempo da simulacao em ca. 1.7 vezes, alcancando
resultados similares (CBA At = 262 s e FSFSAt= 122 g). Este resultado permite
que modelos hidrodindmicos semelhantes melhorem sua solu¢gdo numérica com um menor

custo de implementagao, aplicando um tratamento simples,melhorando a performance das

simulagoes nao-hidrostaticas.

Os métodos de alta resolucao foram capazes de diminuir substancialmente a difusao
numérica na solugao hidrodindmica (ca. 10 vezes menor) e de transporte (Erro Relativo e
RMSE ca. 3 vezes menor). Os resultados mostraram que a difusdo numérica gerada por
métodos de baixa resolucao na solu¢ao hidrodinamica pode ter grande impacto na solucao
do transporte, por tanto, para simular com maior precisao situagoes reais (dindmica de
escoamentos estratificados em reservatérios profundos) o uso combinado de métodos de

alta resolugao se mostra uma alternativa promissora, com baixo custo de implementacao e

alta eficiéncia.



Os métodos implementados neste trabalho permitem que modelos mais difusivos, como
o IPH-ECO (Fragoso Jr et al., 2009), passem a considerar a difusdo real ao invés da
difusdo numérica em suas modelagens, e portanto utilizar o coeficiente de difusao como

um parametro de calibracao do modelo.

Palavras-chaves: Difusao Numérica. Pressao Nao-Hidrostatica. Limitadores de Fluxo.
Método Euleriano-Lagrangiano. Interpolacao.
Abstract

The dissertation sought to contribute to the understanding of the effect of numerical
diffusion in the hydrodynamic and transport solutions of coupled numerical models (hydro-
dynamic and transport), as well, the mutual relationship between both solutions seeking
an efficient and conservative method for simulation of stratified flows. The computational
methods was implemented in the IPH-ECO model, computational tool capable of simulat-
ing physical, chemical and biological processes in three dimensions. The work was divided
in two main parts that aim to the improvement of the numerical methods used by the
model, as well as the verification and validation of the implemented methods (Chapters4 5).
The simulation of stratified flows requires the implementation of more robust numerical
methods, such as: non-hydrostatic approach and high-resolution methods (quadratic

interpolation and flux-limiter) capable of conservatively reducing numerical diffusion,
searching for solutions that better represented physical processes, in order to achieve

satisfactory results with lower computational cost.

For the hydrodynamic solution, we implemented the non-hydrostatic pressure, where
we propose the use of a novel boundary condition to the free surface (chapter 4), and
a quadratic interpolator implemented in the Eulerian-Lagrangian method, used in the

estimation of the velocity at the end of the stream-line (chapter 5). For the Solute Transport
solution, flux-limiter schemes have been implemented (chapter 5). We use consolidated

benchmarks in purely advective problems to identify the effect of numerical diffusion on
the transport and hydrodynamics solutions by comparing low-resolution methods (bilinear

interpolation and Upwind scheme) with high-resolution methods.

The algorithm (FSFS) was able to properly simulate the celerity and the dispersion of

the frequency of stationary waves in deep water conditions, using a vertical resolution 2
times smaller than the classical condition (CBA), consequently decreasing the average

computational cost of a time step of the simulation in ca. 1.7 times, achieving similar
results (CBA At = 2.62s and FSFS At = 1.22s). This result allows similar hydrodynamic
models to improve their numerical solution with a lower cost of implementation, applying

a simple treatment, improving the performance of the non-hydrostatic simulations.

The high-resolution methods were able to substantially decrease the numerical diffusion
in the hydrodynamic solution (ca. 10 times lower) and transport (Relative Error and
RMSE ca. 3 times lower). The results showed that the numerical diffusion generated by

low-resolution methods in the hydrodynamic solution may have a substantial impact on



the transport solution, therefore, to simulate more accurately real situations (dynamics
of stratified flows in deep reservoirs) the combined use of high resolution is a promising

alternative, with low implementation cost and high efficiency.

The methods implemented in this work allow more diffusive models, such as IPH-ECO
(Fragoso Jr et al., 2009), to consider real physics diffusion instead of the numerical diffusion
in their modeling, and therefore to use the diffusion coefficient as a model calibration

parameter .

Key-words: Numerical Diffusion. Flux Limiters. Fulerian-Lagrangian Method. Interpola-

tion
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Carfturo 1

Introducao

Modelos acoplados hidrodindmico e transporte de soluto sdo ferramentas bem
estabelecidas para simulacao de escoamentos de superficie livre em grandes ecossistemas
aquaticos, como lagos, estudrios, reservatérios e zonas costeiras (e.g. Valipour et al., 2015;
de Brito Jr et al., 2018; Vilas et al., 2017; Soulignac et al., 2017; Munar et al., 2018).

A representacao da dindmica da estratificagdo térmica em ecossistemas aquaticos
regula muitos processos fisicos, quimicos e bioldgicos, tais como, distribuig¢ao de espécies,
taxas de reagoes quimicas e metabolicas, ciclagem de nutrientes e concentracao de gases
dissolvidos (Horne e Goldman, 1994). Esta estratificagdo depende da hidrodindmica
do corpo hidrico e das forgantes em seu sistema como, for¢antes climatoldgicas (e.g.
velocidade e diregao, temperatura do ar e radiagdo solar) e forgantes da bacia hidrografica
de contribuicao (e.g. vazoes e temperatura dos afluentes e carga de matéria orgénica, etc.).
Para modelagem numérica, a representacao acurada desta dindmica demanda solugoes mais
complexas que sejam capazes de representar acuradamente processos fisicos chave como,
distribuigao do campo de velocidades (vertical e horizontal), ondas internas promovidas

por gradientes de concentracao, e a difusao real.

Neste contexto, duas principais questoes em modelagem numérica se destacam:
(7) Utilizagdo de solugdes mais completas da equagdo de Navier-Stokes; e (77) difusao
numérica. A primeira se refere a representacao dos processos que geram escoamento.
Na simulacao hidrodinamica, quando a razao das escalas de movimento vertical para
horizontal ndo é pequena (e.g., fluxos mudando abruptamente a topografia de fundo,
movimentos orbitais em movimentos de ondas curtas ou circulagoes verticais intensas),
um modelo tri-dimensional com aproximagcao nao-hidrostatica pode ser necessario para
simular escoamentos de superficie livre com precisao e baixo custo computacional (Casulli
e Stelling, 1998; Casulli e Lang, 2004; Chen, 2003; Monteiro e Schettini, 2015; Liu et al.,
2017). A segunda, refere-se a difusao artificial associada & solugdo numérica empregada
nos termos de advecgao e difusdo das equagoes RANS (Reynolds Averaged Navier Stokes)

e de transporte de soluto (Chapra et al., 2010).

Tal questao numérica ¢é agravada quando solucoes de mais baixa ordem sao aplicadas
para solu¢do numérica de equagbes diferenciais parciais (e.g. Cheng et al., 1984; Laval

et al., 2003a; Fringer et al., 2005; Zijlema e Stelling, 2005), levando a modelos numéricos,
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por exemplo, considerar nulo o coeficiente de difusao, pois assumem que a difusdo numérica
representa a difusao real. Para aumentar a ordem da solugdo, uma alternativa numérica
conservativa, com baixo custo de implementagao e computacional, é a utilizagdo de métodos
de alta resolucao na solucao hidrodinamica e de transporte, como: uso de interpolagoes
nao lineares no método Euleriano-Lagrangiano (ELM) e Limitadores de Fluxo aplicados a
solugao transporte de soluto (Cheng et al., 1984; Staniforth e Coté, 1991; Tamamidis e
Assanis, 1993; Hodges et al., 2000; Fringer et al., 2005; Cox e Runkel, 2008; Kong et al.,
2013; Ye et al., 2018; Zhang et al., 2018). Esta solu¢ao numérica menos difusiva permite
que o modelo numérique utilize o coeficiente de difusao como parametro de calibragao, e

assim utilizando a equacao RANS completa.

Para modelos de Transporte de Soluto, normalmente é assumido que a solugao
numérica hidrodinamica é livre de difusao numérica e que nenhum erro seja levado a
solucao de Transporte de Soluto. Assim, a avaliagdo formal por modelos nao acoplados do
efeito da difusdao numérica hidrodindmica na solucao de Transporte de Soluto pode nao ser
apropriadamente abordada (Cheng et al., 1984; Ruan e McLaughlin, 1999; Cox e Runkel,
2008). Por outro lado, trabalhos que utilizam modelos acoplados propoem melhorias no
modulo hidrodindmico ou de transporte para investigar a difusao numérica em uma das
solugoes, separadamente, sem considerar que o uso ou nao de métodos de alta resolucao em
uma solugao pode afetar a outra (Wadzuk e Hodges, 2004; Fringer et al., 2005; Casulli e
Zanolli, 2005; Kong et al., 2013; Ye et al., 2018; Zhang et al., 2018; Chandran et al., 2019).
Posto isto, mais esfor¢os ainda sao necessarios para entender como a difusao numérica,
produzida por esquemas de baixa resoluc¢ao em solu¢ao hidrodinamica, pode ser transferida
para o Transporte de Solutos, e como o uso combinado de esquemas de alta resolucao

podem reduzir o efeito da difusao numérica na solucao do Transporte de Soluto.

Para uma analise coerente dos resultados, os experimentos numéricos precisam ser
aplicados utilizando um modelo hidrodinamico nao-hidrostatico eficiente, pois trata-se
de situagoes as quais a premissa da pressao hidrostatica nao representa adequadamente
os processos fisicos chave destas andlises (Chen, 2003; Stelling e Zijlema, 2003; Zijlema e
Stelling, 2005; Monteiro e Schettini, 2015; Liu et al., 2017). Para isto, identificamos ser
necessario um modelo nao-hidrostatico que trate adequadamente a condi¢ao de contorno
da superficie livre (Stelling e Zijlema, 2003; Yuan e Wu, 2004; Zijlema e Stelling, 2005;
Lv, 2014; Lu et al., 2015; Liu et al., 2017; Escalante et al., 2018b), onde propomos um
novo tratamento para condi¢ao de contorno, que dentre as existentes se enquadra com

uma média eficiéncia e com baixo custo de implementacao.

Para tanto, o trabalho teve como principal objetivo contribuir para o entendimento
do efeito da difusao numérica nas solugoes hidrodindmica e de transporte, assim como
a relacado mutua entre ambas as difusdes nas solu¢des numéricas. Desta forma, visando

contornar o efeito de solugdes numéricas simplificadas, buscou-se, verificar e validar
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solugoes numéricas mais completas com métodos de alta resolugdo no modelo acoplado
hidrodinamico-transporte IPH-ECO.

1.1 Questdes Cientificas

Com base no contexto apresentado, algumas questoes cientificas se destacam, as

quais respondemos nas sec¢oes posteriores do presente trabalho:

1. A implementacao de um tratamento exclusivamente para condi¢ao de contorno da
superficie livre da pressao nao-hidrostatica pode melhorar de maneira significativa a

eficiéncia de modelos ndo-hidrostaticos?

2. Qual impacto a difusao numérica gerada por esquemas de baixa resolucao, aplicados
a solucao hidrodindmica, pode gerar na solugao do transporte de soluto aplicada

com métodos de alta resolucao em escoamentos estratificados?

3. Qual impacto a difusdo numérica gerada por esquemas de baixa resolucao aplica-
dos a solucao do transporte pode gerar na solu¢ao hidrodinamica de escoamentos

estratificados?

4. A reducao da difusao numérica pelo uso combinado de métodos de alta resolucao é

eficiente para propriamente simular escoamentos estratificados?
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CaprfTuLO 2

Objetivos

2.1 Objetivo Geral

Contribuir para o para o entendimento do efeito da difusao numérica nas solucoes
hidrodinamica e de transporte de soluto, assim como a relacaio mutua entre ambas as

solugoes.

Para tal foi necessario o aprimoramento da ferramenta computacional utilizada

neste trabalho (IPH-ECO) para utilizar solugoes mais completas e menos difusas.

2.2 Objetivos Especificos

1. implementar no modelo IPH-ECO solugoes numéricas mais completas (pressao
nao-hidrostatica), avaliando sua eficiéncia em representar escoamentos em aguas
profundas, escoamentos nao lineares e redugao do custo computacional de simulagoes

hidrodinamicas nao-hidrostaticas.

2. Implementar métodos de alta resolucao (limitadores de fluxo e interpolagdo qua-
dratica) para estabelecer uma relagao de difusao numérica entre o uso combinado
ou nao de métodos de alta resolucao nas solugao hidrodinamica e de transporte de

soluto

2.3 Organizacao do trabalho

A dissertacao foi dividido em 6 capitulos, sendo os dois primeiros introducao e
revisao bibliografica, que embasam os principais temas abordados nos capitulos subse-
quentes. Com intencao de responder as questoes cientificas levantadas, dois estudos foram
desenvolvidos, apresentados na forma de artigo, constituindo os capitulos 4 e 5 do trabalho

final.
Capitulo 4

Improvement of nonhydrostatic hydrodynamic solution using a novel free-surface

boundary condition
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Capitulo 5

Combined use of high resolution numerical schemes to reduce numerical diffusion

in coupled hydrodynamic and solute transport models

A pesquisa desenvolvida nesta dissertagdo teve inicio no Capitulo 4, onde a aproxi-
macao nao-hidrostatica com um tratamento da condigdo de contorno da superficie livre
foi implementada no modelo IPH-ECO. O método foi verificado e validado através de
experimentos numéricos. O algoritimo se mostrou capaz de simular adequadamente a
celeridade e a dispersao de frequéncia de ondas estacionarias em um reservatorio profundo
de forma acurada utilizando menos camadas verticais que um modelo nao-hidrostatico
classico, sem tratamento na condi¢ao de contorno, consequentemente diminuindo o custo

computacional de simulagoes nao-hidrostaticas com um baixo custo de implementagcao.

O capitulo 5 apresenta experimentos numéricos visando identificar o efeito da
difusdo numérica nas solucao do transporte e hidrodinamica. Implementamos métodos de
interpolagao de alta resolugao (interpolagao quadrética) e baixa resoluc¢ao (interpolacao
bilinear) para estimar as velocidades ao final da linha de corrente (ELM passo-ii), além
da implementacao de limitadores de fluxo para reduzir a difusdo numérica na solucao do
transporte de soluto. Anteriormente era utilizado no Modelo IPH-ECO uma interpolacao
linear simples neste passo do ELM. As implementacoes foram verificadas e validadas em
experimentos numéricos puramente advectivos, onde identificamos que a difusdo numérica
gerada na solucdo hidrodindmica pode ter grande efeito na solucdo do Transporte de
Soluto.

A pressao nao-hidrostatica foi implementada como proposto por Casulli e Lang
(2004), adicionando um novo tratamento para condi¢ao sua contorno na superficie livre.
Os métodos de alta resolucao implementados na solugao hidrodindmica e de transporte
foram, respectivamente, a interpolacao quadratica e esquemas de limitadores de fluxo. A
interpolagao quadratica (baseada em Hodges et al., 2000) é aplicada no Método Euleriano-
Lagrangiano (ELM) para estimar as velocidades no ponto ao fim da linha de corrente.
Os limitadores de fluxo (Fringer et al., 2005; Waterson e Deconinck, 2007; Kong et al.,
2013) sao aplicados a equagao do transporte de soluto, funcionando como um termo
de correcao para situacoes em que a difus@o numérica pode ser elevada. A seguir, serd
apresentado uma introducao sobre (i) o modelo utilizado e a contribui¢ao deste trabalho
em seu desenvolvimento; e (ii) cada um dos principais temas desenvolvidos neste trabalho,

a saber, pressao nao hidrostatica, Método Euleriano-Lagrangiano e Limitadores de Fluxo.
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CaprfTurLo 3

Revisao Bibliografica

3.1 Modelo IPH-ECO

O modelo IPH-ECO Fragoso Jr et al. (2009) é uma ferramenta computacional dina-
mica capaz de simular ecossistemas aquaticos continentais (como rios, lagos, reservatérios
e estudrios), representando processos fisicos, quimicos e biolégicos. O modelo encontra-se
em desenvolvimento continuo pelo Grupo de Pesquisa em Ecotecologia, do Instituto de
Pesquisas Hidraulicas (IPH) da Universidade Federal do Rio Grande do Sul (UFRGS),
consiste em dois médulos principais: o médulo hidrodinamico e o médulo de qualidade
da agua. A parte Hidrodindmica resolve as Equagoes de Reynolds Navier-Stokes em trés
dimensoes usando uma técnica de diferengas finitas semi-implicitas em malhas triangulares
nao-estruturadas ou retangulares estruturadas, enquanto a parte da Qualidade da Agua é
capaz de simular os principais processos relevantes para o balangco de nutrientes, diagénese
de sedimentos e estrutura de ambientes aquaticos. A ligacao entre os dois mdédulos é
realizada pela solugao numérica de uma equacao de transporte tridimensional responsavel
por termos advectivos, difusivos e reativos usando um esquema de volume finitos em
malhas (ndo) estruturadas. A integracao de tempo da Equagao de Transporte é realizada
usando um algoritmo Local Time-Stepping conservador e estavel (Cavalcanti et al., 2016),

permitindo simulac¢oes hidridinamica e de qualidade de dgua rapidas e precisas.

A primeira versao do modelo, denominada IPH-TRIM2D, foi construida por Walter
Collischonn e apresentada no Congresso Brasileiro de Limnologia (Collischonn e Marques,
2003). O formato inicial considerou uma visao 2D (X-Y) do dominio usando uma grade
estruturada e aplicada principalmente para simular a hidrodinamica de lagos rasos. Posteri-
ormente foi aprimorada por C. Ruberto Fragoso Jr. (Fragoso Jr, 2005) por meio da adi¢ao
de um algoritmo linear de wet- e dry-ing (Cheng et al., 1993; da Paz et al., 2003) e avango
na solucao numérica de campo de velocidade e nivel de 4gua na inclusao do método ©
(Casulli e Cattani, 1994), alterando a solugdo de transporte escalar, adicionando um novo
esquema numeérico conservativo para adveccao Gross et al. (1998) e definindo um médulo
simplificado para fitoplancton biomassa (Fragoso Jr et al., 2008). No entanto, houve a
necessidade de se compreender processos internos mais complexos e variaveis de qualidade
da agua, entao realizado por realizado por C. Ruberto Fragoso Jr., ao associar o modelo

[PH-TRIM2D a um modelo ecolégico complexo, denominado PC-Lake (Fragoso Jr et al.,
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2009; Janse, 2005). De modo resultante o modelo foi renomeado para IPHTRIM3D-PCLake
(Fragoso Jr et al., 2009), e mais recentemente como modelo IPH-ECO (Cavalcanti et al.,
2016; de Brito Jr et al., 2018). A ultima foi capaz de descrever fluxos tridimensionais e

estratificagdo térmica em lagos rasos (Fragoso Jr et al., 2011).

Recentemente, a solu¢ao hidrodindmica do modelo IPH-ECO foi aprimorada para
utilizar dominios nao estruturados em duas e trés dimensoes por Fabio F. Pereira (Pereira,
2010; Pereira et al., 2013) e J. Rafael Cavalcanti (Cavalcanti, 2017). Esta nova versao,
denominada UnIPH-ECO, resolve as equacgoes diferenciais parciais usando uma malha
ortogonal triangular nao estruturada. Além disso, o c6digo do modelo foi aprimorado
usando um novo algoritmo de secagem e inundac¢ao nao-linear e uma nova solucao de
passo de Tempo Local para transporte escalar (Cavalcanti et al., 2015). E importante
ressaltar que, o principal codigo do IPH-ECO esta sendo melhorado e de forma constante
atualizado pelos estudantes e pesquisadores que atuam em diferentes projetos associados
ao Grupo de Pesquisa em Ecotecnologia da UFRGS. Para mais informacoes, foi desen-
volvida a plataforma digital do programa, podendo ser acessada através do endereco

http://ipheco.yooh.com.br.

O presente trabalho colabora com o desenvolvimento do modelo nos moédulos
hidrodinamico e qualidade de agua, melhorando sua capacidade de modelar escoamentos
em aguas profundas e estratificados em trés dimensoes, através da implementacao de
solugoes mais completas das equagoes RANS e métodos de alta resolugao. De modo

especifico, as implementacoes foram:
e pressao nao-hidrostatica com uma nova abordagem para o tratamento da condigao
de contorno da superficie livre (Casulli e Lang, 2004);

e Interpolacao das velocidades ortogonais as faces, calculadas na solu¢ao hidrodindmica,
em componentes de velocidades x e y nas faces, vértices e arestas de uma célula

computacional.
e interpolagao bilinear aplicada ao passo-ii do ELM (Casulli e Cheng, 1992);
e interpolagdo quadrética aplicada ao passo-ii do ELM (Hodges et al., 2000);

e esquemas de limitadores de fluxo baseados nos gradientes consecutivos (ry) (Fringer
et al., 2005; Waterson e Deconinck, 2007);

e implementacao do célculo do r; baseado no proposto por Kong et al. (2013);

O modelo foi formalmente verificado e validado através de benchmarks para as
solugbes hidrodinamica e de transporte. Os testes foram aplicados em malhas estruturadas
e posteriormente serao feitas andlises para verificacao e validagao do c6édigo em malhas

nao-estruturadas.
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Com esta modificagoes o modelo possui o potencial de representagao de processos
similar & outros modelos consagrados como o ELCOM (Wadzuk e Hodges, 2004), SUNTANS
(Fringer et al., 2006) e o FVCOM (Chen et al., 2011). O esquema abaixo relaciona o
potencial de representagao de processos do IPH-ECO a de outros modelos, ainda mostrado
a representacao atual (Fragoso Jr et al., 2009) e a atual.

Pressdo hidrostatica
i Advec;io de baixa resolucdo

Transporte de baixa resolucdo

Pressdo ndo-hidrostética

ATRIBUTOS

i i ; i Adveccdo de Alta-Resolugdo

- Transporte de Alta-Resolugdo
|

Ondas de | Escoamentos em

Gravidade : aguas profundas

Escoamentos em!

i
Escoamentos :
aguarasas |
i
T
|
I

Circulagéo global
Estratificados §a0g

<

IPH-ECO: Fragoso Jr. (2009)

. SELFE: Zhang and Baptista (2008)
< I SisBaHiA: Rosman (2015)

: TELEMAC3D: Jankowski (1991)

: UnTrim: Casulli and Lang (2004)

: ELCOM: Wadzuk and Hodges (2004)
T SUNTANS: Fringer et al (2006)

|

MODELOS
A

AdA

IPH-ECO: Trabalho Atual
<< . . : : FVCOM: Chen et al.,, (2011)

*Adveccdo de Alta-Resolucdo: Método Euleriano-Lagragiano com interpolagdo quadratica, métodos de ordem similar ou superior
*Transporte de Alta-Resolugdo: Método com fungtes de limitadores de fluxo, métodos de segunda ordem ou superior

Figura 3.1 — Relacao entre modelos numéricos, representagao de processos e atributos
implementados . Fontes: (Fragoso Jr et al., 2009; Casulli e Lang, 2004;
Rosman et al., 2015; Fringer et al., 2006; Wadzuk e Hodges, 2004; Zhang e
Baptista, 2008; Jankowski, 1999; Chen et al., 2011)

A avaliagao foi feita relacionando os métodos numéricos implementados nos modelos
numéricos quanto a pressao, esquema de advecgao e esquema de transporte de soluto,
especificamente, qual a robustez da implementacao dos termos de pressao, advecgao e
transporte de soluto. Com a implementacao dos novos métodos omodelo IPH-ECO passa
da representacao de processos em aguas rasas para aguas profundas com boa capacidade

de representar ondas gravitacionais e escoamentos estratificados.

3.2 Pressdo (N&o)hidrostatica

A seguir sera apresentado as equagoes governantes de modelos hidrodindmicos
hidrostaticos e nao-hidrostaticos, discutindo sobre a vantagem em utilizar modelos nao-

hidrostaticos, e em como melhorar sua eficiéncia.

A equagdo governante que descreve escoamentos de superficie livre pode ser derivada
da equacdo RANS (Reynolds Avarage Navier-Stokes). Estas equagdes expressam o principio
fisico da conservagao do volume, massa e do momento (Casulli e Lang, 2004). As equagoes

do momentum para um fluido incompressivel com a pressao decomposta na soma das
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partes hidrostatica (pressao barotrépica e baroclinica) e nao-hidrostatica tem a seguinte

forma:
ou ou ou ou ~ Opa  On D | [Mp—po g
ot +“ax +U(3y Yo Jo= oz Yor  Yox l/z £o dc Ox
(3.1)
—|—Vh @ + @ + 2 VU@
ox?  Oy? 0z 0z
ov ov v ov O On O | [Mp—po _Oq
ot +u6x —H]@y +w62 +fu= oy g@y g@y [/Z Po a6 Jy
(3.2)
‘H/h @ + @ + g V”@
ox?  Oy? 0z 0z
aﬂ+uaﬂ+vaﬂ+waﬂ__@+yh azl+@ +ﬁ Z/Uaﬂ (33)
ot ox oy dz 0z ox?  Oy? 0z 0z '

Sendo u(x,y, z,t,), v(x,y, z,t) e w(z,y, z,t) sdo os componentes de velocidade nas
direcoes horizontal (z e y) e vertical (z), onde v e vV sdo os coeficientes de viscosidade
turbulenta horizontal e vertical, respectivamente; ¢ é o tempo; pa(zx,y, z,t) é a pressao
atmosférica; n é a elevagao de superficie livre de uma referéncia de nivel de dgua. O
segundo e o terceiro termos do lado direito das equagoes (3.1) e (3.2) representam as
contribuigdes barotrépica e baroclinica da pressao; q(x,y, z,t) refere-se ao componente de

pressao nao-hidrostatica; f é o parametro de Coriolis; e g é a aceleracao gravitacional.

Modelos hidrodindmicos usualmente adotam simplificagoes as equagdes RANS
buscando obter resultados satisfatérios com um baixo custo computacional como, a
utilizacao de modelos bidimensionais e aproximacao hidrostatica do termo de pressao.
Quando a abordagem hidrostatica é considerada, a equagao (3.3) é negligenciada e ¢ é
definido igual a zero nas equagoes (3.1) e (3.2). Neste caso, assume-se que a acelera¢ao
vertical nao tem um efeito significativo no campo de velocidade em comparacao com a
aceleracao horizontal, que é a suposicao geralmente aplicada para a simulacao de aguas
rasas. Entretanto, ha muitos casos onde esta suposi¢ao nao representa adequadamente
alguns processos fisicos (escalas dos movimentos horizontais pelo menos 20 vezes menores
do que a profundidade ou declividade superior a 1/20, Rosman et al., 2015), a figura 3.2
apresenta, por exemplo, o erro de fase gerado pela aproximacao hidrostatica em simulagao
de ondas estacionarias em situacao de aguas profundas. A escala e o tipo do processo

fisico a ser simulado é determinante para adog¢ao ou nao de modelos mais simplificados
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Figura 3.2 — Variagao da superficie livre em x = y = 0,25 m comparando o erro de fase entre
solugdo analitica (circulo vermelho), solugdo hidrostatica com 30 camadas
(linha sélida figura superior) e solugao nao-hidrostatica (linha sélida figura
inferior). Fonte: Liu et al. (2017)

L~1m | 1km | 10km | 1.000km | 10.000 km
o | | WIE™
[ = | - = | | |
7 g | |
S A e 0 .
- : |
9 | | | |
§ ondas de :convm:t;in' redemoinhos : redemoinhos ' circulagdo
w! | gravidade | geostroficos | . global
i i . = R e,
QUASI-HIDROSTATICO : :
g : : i [ [
| I I |
, i i HIDROSTATICO
| 5 | |
| I | I
| | | |
o | |
tlgsd | | |
A + > | | I
O : | | [
— NAO HIDROSTATICO | | [
a | | 1
| |

Figura 3.3 — Relacdo entre escala de processos e solucao do termo de pressao indicada.
Fonte: Marshall et al. (1997)
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(Marshall et al., 1997). A figura 3.3 apresenta a relagao entre escala de processos e tipo de

aproximagcao (hidrostatica ou nao-hidrostética) que melhor se adéqua a sua representagao.

Existe um trade-off entre o custo de implementacdo e o custo computacional
quando abordagens hidrostaticas e nao-hidrostaticas sao comparadas. A abordagem nao-
hidrostatica, em geral, requer métodos numéricos interativos mais complexos (Stelling e
Zijlema, 2003; Casulli e Lang, 2004; Lu et al., 2015), o que aumenta o custo computacional
comparado a abordagem hidrostatica usando uma mesma grade computacional. Entretanto,
a abordagem nao-hidrostatica melhora a representacao fisica do fendmeno requerendo um
numero menor de camadas verticais para alcancar resultados fisicamente satisfatorios em
comparac¢ao com a abordagem hidrostatica. Assim, para se obter resultados semelhantes a
simulacao nao-hidrostatica, a abordagem hidrostatica necessita de alta resolugao vertical,
implicando em um maior custo computacional em relagao a abordagem nao-hidrostatica
(Liu et al., 2017).

Apesar do aprimoramento na solucao, simula¢des com pressao nao-hidrostatica
podem ainda requerer, na 6tica do custo computacional, uma alta resolugao vertical para
modelar fluxos em larga escala com geometrias complexas. Desta forma, a diminuicao
do custo computacional de modelos hidrodindmicos nao-hidrostaticos tem sido foco de
muitos trabalhos. A maioria deles se dedica a melhorar a habilidade do modelo em resolver
a equacgao de poisson para pressao, focando no tratamento da condi¢cao de contorno da
pressao nao-hidrostatica na superficie livre e no uso de uma discretizacao do momento
vertical menos dependente do perfil vertical das velocidades (e.g. Stelling e Zijlema, 2003;
Yuan e Wu, 2004; Zijlema e Stelling, 2005; Lv, 2014; Escalante et al., 2018b).

Além disto, modelos hibridos, hidrostaticos e nao-hidrostaticos, também tém
sido implementados para reduzir o custo computacional. Eles identificam regides onde
a simplificagao pode ser aplicada, ao invés de aplicar a abordagem nao-hidrostatica
para todo o dominio computacional (e.g. Wadzuk e Hodges, 2004; Bohacek et al., 2018;
Zhang et al., 2018). Outros esfor¢os concentram-se em adaptar a solugdo numérica a
implementacao computacional em paralelo, que aloca os calculos das estruturas de repeticao
(e.g. método dos gradientes conjugados para solu¢do da pressao nao-hidrostatica) em
diferentes processadores (e.g. Zhang et al., 2018; Escalante et al., 2018a). No entanto, a
melhoria dos modelos hidrodindmicos nao-hidrostaticos também pode ser alcancada com
baixo custo de implementacao. Neste artigo focamos em uma nova condi¢ao de contorno
de superficie livre para pressao nao-hidrostatica, sem quaisquer alteragoes das equagoes

do momento.

No tocante a condi¢ao de contorno da pressao nao-hidrostatica na superficie livre,
um dos focos deste trabalho (ver capitulo 4), dois tipos diferentes de condigao de contorno
sao aplicados: primeira, uma condicao de Dirichlet homogénea, a qual pressao hidrostatica

é assumida para superficie livre e definida como zero (e.g. Kanarska e Maderich, 2003;
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Stelling e Zijlema, 2003; Wang et al., 2009; Zhang et al., 2018); a segunda é uma condigao
de Neumann, geralmente utilizada uma relacao hidrostatica para aproximar a pressao
da superficie livre a zero (e.g. Casulli, 1999; Namin et al., 2001; Monteiro e Schettini,
2015; Bohacek et al., 2018). Bergh e Berntsen (2010) discute bem as diferencas entre
ambas as condigoes em esquemas numéricos que definem a pressao nao-hidrostatica na
interface entre células computacionais (edge based), mostrando que ambas condigbes geram
bons resultados. Entretanto modelos que utilizam a condicao de Neumann representam

ligeiramente melhor escoamento nao lineares.

Modelos numeéricos, comumente, resolvem a equacao de Poisson para pressao
alocando a componente no centro da célula computacional (e.g. Jankowski, 1999; Yuan
e Wu, 2004; Casulli e Lang, 2004; Liu et al., 2017; Bohacek et al., 2018), o que pode
gerar uma definicao incorreta da condi¢ao de contorno da pressdao nao-hidrostatica se
um tratamento adequado nao for feito. Uma vez que a condi¢ao de contorno é definida
no centro da camada superior, ao invés de precisamente na superficie livre, a condicao
de contorno utilizada torna-se mais imprecisa a medida que a distancia entre o centro
da camada superior e a superficie livre aumenta, consequentemente, uma alta resolucao
vertical (1-20 camadas) é necessaria para obter resultados satisfatérios (Stelling e Zijlema,
2003; Yuan e Wu, 2004; Zijlema e Stelling, 2005; Cui et al., 2012; Lv, 2014; Liu et al.,
2017).

Utilizando uma adequada resolugao vertical, Yuan e Wu (2004) e Zijlema e Stelling
(2005) mostraram que modelos nao-hidrostéticos que definem a pressao no centro da célula
computacional podem ter um erro de fase acumulado significativo apds varios periodos,
devido a erros na estimativa da celeridade da onda. Em funcao disso, um tratamento
para a condicao de contorno ou a utilizacdo de um modelo edge based de pressao se faz

necessaria.

Poucas opc¢oes estao disponiveis para definir adequadamente a condi¢do de contorno
na superficie livre: i) implementacao de discretizagao da pressao nao-hidrostatica definida
na interface entre células computacionais (edge based) (e.g. Stelling e Zijlema, 2003; Lu et al.,
2015); ii) utilizagdo de um método de integragdo que estima a pressdo nao-hidrostatica na
superficie livre a partir da integragdo da pressao no centro da camada superior a superficie
livre (e.g. Yuan e Wu, 2004; Lu et al., 2015; Lv, 2014; Liu et al., 2017); e iii) aplicagao de
um perfil linear por partes da pressao nao hidrostatica baseado no valor esperado para o
fundo e topo que posteriormente seja ajustado o valor nas camadas (e.g. Escalante et al.,
2018b).

Para que sejam melhoradas as solugdes dos modelos com pressao definida no centro
da célula computacional, as opgoes disponiveis podem exigir custo de implementacao
substancial, visto que os tratamentos da condi¢ao de contorno sao desenvolvidos com base

nas diferentes discretizacoes numéricas utilizadas pelos autores. Portanto, a adaptacao de
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modelos pode requerer ao menos alteracao da discretizacao do momento vertical, além da
implementacao do devido tratamento da condi¢do de contorno. Assim, a fim de reduzir o
custo computacional de simulagoes hidrodinamicas nao-hidrostaticas com um método de
baixo custo de implementacao, foi proposto aqui uma condi¢ao de contorno na superficie
livre que é baseada em uma subcamada ficticia, onde a condi¢ao de contorno existente
(Dirichlet ou Neumann) pode ser aplicada, sem maiores alteragdes no cédigo. Este item

serd melhor discutido no capitulo (4).

Contudo, qualquer que seja a abordagem (hidrostatica ou nao-hidrostatica), os
erros de difusdo numérica permanecem criticos, e muitos trabalhos foram feitos para
reduzi-la, adotando diversas abordagens. Técnicas de resolugdo mais alta (e.g. interpolado-
res quadraticos, cibicos e splines e limitadores de fluxo) provaram ser uma alternativa
promissora para minimizar esses erros numéricos (Cheng et al., 1984; Ruan e McLaughlin,
1999; Waterson e Deconinck, 2007; Kong et al., 2013; Ye et al., 2018). Embora trabalhos
anteriores mostrem que esquemas de alta resolucao podem nao manter algumas carac-
teristicas importantes de solugdo numérica (e.g. oscilagoes esptrias de ondas internas)
(e.g. Wang e Lacroix, 1997), eles podem representar melhor comportamentos nao-lineares
do campo de velocidades de esquemas de baixa resolu¢ao (Up Wind de primeira ordem,
interpolador bilinear). Apesar da possibilidade dos esquemas lineares serem mais estaveis,
monotonicos e facilmente implementados, ha também a possibilidade de gerar resultados

insatisfatérios devido a maior difusdo numérica.

A seguir é apresentado uma breve revisdo das vantagens de aplicagdo de algumas

dessas técnicas de alta resolugao nas solugoes hidrodinamica e de transporte.

3.3 Meétodo Euleriano-Lagrangiano

Um modo de reduzir a difusdo numérica é a implementacao de esquemas de alta
resolugao na solu¢do hidrodindmica e de transporte. O método Euleriano-Lagrangiano
(ELM) é um dos mais populares e precisos, usado para resolver numericamente os termos
de advecgao tanto na equagao RANS quanto nas equacgoes de transporte de solutos
(Cheng et al., 1984; Ruan e McLaughlin, 1999; Cox e Runkel, 2008; Casulli e Cheng, 1992;
Jankowski, 1999; Hodges et al., 2000; Wadzuk e Hodges, 2004; Walters, 2005; Fringer
et al., 2005; Monteiro e Schettini, 2015). O objetivo do ELM é combinar a simplicidade da
grade computacional Euleriana fixa com uma abordagem Lagrangiana estavel e precisa. O
método utiliza de técnicas de interpolacao aplicados em duas principais etapas para estimar
os termos advectivos (Staniforth e Coté, 1991). A Figura 3.4 apresenta um esquema de
aplicacao do método:

O local de partida da particula (ponto vermelho) encontra-se no baricentro de uma

9 5

dada face ”j” na camada "k” no tempo "n + 1”. (i) Ao longo dos subintervalos de tempo
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Figura 3.4 — Esquema bidimensional de aplicacao do ELM apresentando o ponto de partida
no tempo "n + 1” (ponto vermelho), linha de corrente feita ao longo dos sub-
intervalos de tempo (linha tracejada vermelha), ponto de parada no tempo n
e pontos de interpolagao utilizados para estimar a velocidade velocidade da
particula no tempo "n” (pontos amarelos).

a linha de corrente é determinada através da aplicacao de um método de rastreamento de
particulas, que consiste em obter a localizagao ao fim do subintervalo de uma particula
fluida no passo Lagrangiano interpolando a posicao final em fungao da velocidade do local
de partida e do tempo (e.g Passos Multiplos de Euler, Runge-Kutta de quinta ordem).
No entanto, a posigao final de cada subintervalo ndo é um ponto de grade, logo, (ii) uma
interpolagao do campo advectivo utilizando nés da grade com velocidade conhecida (pontos
amarelos) é necessaria para estimar as componentes de velocidade no ponto ao fim da linha
de corrente. O resultado dos erros de interpolacdo, em ambas as etapas, podem introduzir:
(a) uma difusdo numérica substancial, quando usados esquemas de interpolagao de baixa
resolugao; ou (b) oscilagao espuria de ondas internas, quando sdo usados esquemas de
interpolagao de alta resolugao (Cheng et al., 1984; Oliveira e Baptista, 1998; Wang e
Lacroix, 1997; Ruan e McLaughlin, 1999).

Uma das aplicagoes do ELM é o tratamento numérico das equagoes RANS, que
decorre da discretizacdo dos termos convectivos e viscosos da equacao conveccao-difusao
em trés dimensoes (equagoes 3.1-3.3). A equacao advecgao-difusdao sem o termo de Coriolis

e termos de pressao, pode ser descrita como:

2 2
de Oc Oc Oc Oc <0 c 0 c) 0 ( 80) (3.4)

onde C' é uma variavel genérica (e.g. componentes da velocidade u, v, w) (Casulli e Cheng,
1992). Para obter uma solugao simples e aprimorar a estabilidade e acurdcia de um esquema

explicito de diferenga finita, considere a equacao 3.4 em sua forma Lagrangiana:

at ~ H o\ oa2 Oy? 0z \ 0z '
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Onde a derivada substancial % indica a taxa de variacdo no tempo, a qual é

calculado ao longo de uma linha de corrente definida por:

dz @ B dz

i u, = v, pri w (3.6)

Uma discretizacao explicita da equacao (3.5) pode ser dada por:

crit —cmit crit—cmit

n+1 . % v J.k+1 J.k — U 7.k J.k—1
(Cj,k j,k) R 2T A e k=127 Az 1y A, C*
At Az ’

Para discretizagao Lagragiana ser aplicada em uma grade Euleriana, uma linha
de corrente retroativa é necessdria para estimar a velocidade no tempo "n"(abordagem
Lagrangiana) necessaria para alcancar a posicao final "j, k'no tempo "n + 1'(Abordagem

Euleriana).

A técnica de interpolacao aplicada a segunda etapa do ELM tem um grande impacto
na difusao numérica total produzida, especialmente quando os esquemas de interpolacao
de baixa resolugao sao utilizados, uma vez que obtencao das velocidades é amplamente
afetada pelo processo repetitivo de interpolagao a cada subintervalo de tempo (Staniforth e
Coté, 1991). Cheng et al. (1984) demonstrou que a utilizagao de esquemas nao-lineares de
alta resolucao pode eliminar a difusdo numérica gerada pelo método. Desta forma, apesar
de métodos de alta resolugao ter a possibilidade de nao manter algumas caracteristicas
importantes de solugdo numérica (e.g. oscilagbes espurias de ondas internas), esquemas
nao-lineares de alta resolugao aplicados ao ELM sao preferiveis a esquemas lineares para
simula¢ado (Cheng et al., 1984; Casulli e Cheng, 1992; Wang e Lacroix, 1997; Ruan e
McLaughlin, 1999).

Propomos neste trabalho uma interpolagao quadratica baseada no coeficiente de
Lagrange que utiliza 27 pontos, entre velocidade calculadas e estimadas, em um tnico
elemento computacional (ver capitulo 5 para detalhes). A implementacao foi baseada
na interpolagdo quadrética de alta resolugdo e nao oscilatéria (wiggles) proposta por
Hodges et al. (2000), que utiliza 27 pontos da grade computacional, precisando de ao
menos 4 elementos para utilizar a interpolagdo. Apesar da técnica ainda nao ter sido
formalmente analisada (Hodges et al., 2006), sem registro posterior da analise formal desta.
Outros estudos modelaram com sucesso simulagoes hidrodinamicas e de transporte de
solutos, indicando que a solucao é satisfatoria, demonstrando que é promissor em simular
ondas gravitacionais internas e melhorar a habilidade do modelo em resolver escoamento
estratificados de superficie livre (e.g. Hodges et al., 2000; Laval et al., 2003b, 2005; Hodges
et al., 2006; Valipour et al., 2015; Vilas et al., 2017; Soulignac et al., 2017).
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3.4 Transporte de Soluto

A equacao do Transporte é obtida através da discretizacao da equagao da conserva-
cao de volume, expressa pela condicao de incompressibilidade e a equacao de continuidade,

dada por:

Ju Ov Ow
or Oy 0z (38)
A integracao da equagao (3.8) na profundidade, utilizando a regra de integragao
de Leibniz, em cada uma das diregoes (z,y, z) e ainda usando a condi¢ao cinemdtica na

superficie livre, resulta na equacgao de superficie livre:

on 9 a B
825+i995/_hUdZ+8y/_hvdZ_0 (3.9)

A conservacao de massa de uma variavel escalar conservadora pode ser expressa

pela seguinte equagao:
oC 0 < oC

oC  OuC) OwC) dwC) o ,oC. 9. .
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Onde C' é a concentracao de uma substancia conservativa a ser transportada (e.g.
salinidade); K" e K sdo os coeficientes de difusividade turbulenta horizontal e vertical,

respectivamente.

A solugao de Transporte de Soluto pode ser resolvida por esquemas numéricos
diferentes do ELM, tais como esquema Total Variation Diminishing (TVD) de alta ordem,
Random Walk Particle Tracking RWPT e Smoothed Particle Hydrodynamics (SPH), bem
discutidos em Boso et al. (2013). Um esquema simples para discretizar a equacao de
conservacao de massa, com baixo custo de implementacao, é o Up Wind de primeira ordem,
no qual os limitadores de fluxo podem ser aplicados para reduzir a conhecida difusao

numérica desta discretizagao (Casulli e Zanolli, 2005; Zhang et al., 2018).

A discretizagao dos termos que representam o transporte convectivo é um aspecto
desafiador na simulacdo numérica de fluidos. No contexto das discretizacoes consideradas
aqui, a introdugao de esquemas lineares Upwind de segunda ordem ou superior (k-scheme) a
partir da década de 60 marcou um grande passo a frente, permitindo solugdes mais precisas
de fluxos predominantemente convectivos em nimeros mais altos de Reynolds (Waterson
e Deconinck, 2007). Tais esquemas lineares, embora mais estaveis do que esquemas de
pura diferenca centrada, ainda permanecem vulneraveis a oscilagoes espaciais sem sentido
fisico (wiggles) sob algumas circunstancias. A solugao para este problema tem sido o uso
de discretizagdes nao lineares, sendo uma forma eficiente de construir um esquema de
transporte convectivo Upwind nao-linear de segunda ordem o uso dos limitadores de fluxo
(Sweby, 1984; Roe, 1986; Waterson e Deconinck, 2007).
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/ Superbee
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Figura 3.5 — Regiao TVD de segunda ordem (sombreado em cinza) onde alguns esquemas
de limitadores de fluxo sao definidos. Axima é limitado pelo esquema superbee
(vermelho), abaixo pelo esquema Minmod (azul). Os esquemas Muscl e Van
Leer estao plotados em azul tracejado e marro, respectivamente. A abicisga
'r"é a taxa dos gradientes consecutivos de concentracao. Fonte: adaptado pelo
autor, Sweby, 1984

O esquema do limitador de fluxo provou ser uma das abordagens mais eficazes
para a construcao de esquemas nao lineares de alta resolugao (Waterson e Deconinck,
2007). Sao fungoes simples que definem o esquema de convecgao com base em uma relacao
de gradientes locais no campo da solucao, com um limite de comportamento, a fim de
manter a monotonicidade, geralmente limitado por uma condi¢ao TVD para esquemas de
segunda ordem (Sweby, 1984; Waterson e Deconinck, 2007) (Figura 3.5). Os Limitadores
de Fluxo tem sido amplamente utilizado para obter solugoes menos difusas e estaveis,
mesmo em situagoes criticas, como em gradientes de concentracao acentuada em regices
com pequeno nimero de courant (Wadzuk e Hodges, 2004; Fringer et al., 2005; Casulli e
Zanolli, 2005; Kong et al., 2013; Zhang et al., 2018; Nangia et al., 2019). Uma boa revisao
sobre construcao de limitadores de fluxo pode ser encontrada nos trabalhos de Tamamidis
e Assanis (1993); Fringer et al. (2005); Waterson e Deconinck (2007).

Muitas sao as opgoes de fungoes de limitadores de fluxo que se ajustam aos limites
TVD. Os trabalhos de Waterson e Deconinck (2007); Fringer et al. (2005) mostram algumas

opgoes as quais 13 foram implementadas, a saber:

1. UpWind
O(ry) = (3.11)

2. Lax-Wendroff
O(ry) = (3.12)
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3. MinMod
O(ry) = max[gzﬁ}fk; min(rg, 1)] (3.13)
4. MUSCL
O(ry) = max[¢;-’7k; min(2ry; 0,5+ 0, 57p;2)] (3.14)
5. Superbee
O(ry) = max[qﬁ?}mmin(l; 2r¢);min(2,ry)] (3.15)
6. SMART S
O (ry) = max [gb] s AN <2rf, % + 3 4)] (3.16)
7. SHARP 0
1
®(r¢) = min | maz M,Qﬁcw (3.17)
(rp—1)
8. Van Leer (s + )
rr Ty
) = 3.18
9. Ultimate Quickest
1 1 2 2
P(ry) = max [gzﬁj’k; min <2(1 +ry) + 6<1 —7rr)(1—2|C)); 1—7|C'|; d)} (3.19)
10. Super-C
27’f
O(ry) =min [ —1),0<r, <1
C]
2
O(rp) = min (rf, ) ry>1 (3.20)
C|
D(ry) ¢jk
11. Hyper-C
2r 2
@(r)zmin( L. ),7’ >0
! cri-jcl)’ (3.21)
D(ry) = ﬁb?,k
12. OSPRE
n . Tyt 1
®(ry) = max l(bj,lm 3ry (27“]% +or, + 2)] (3.22)
13. SPL-1/3
1 2 2
O (rf) = max {qﬁ?k,mm <2rf, + ﬁ 2.n 2)} (3.23)

3 3’3 3’
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Onde ® e ¢ sao fungdes que determinam o fator de correcao ¢ da equagao do
Transporte de Soluto (ver capitulo 5 para mais detalhes) e C' é o ntimero de Courant.
A importancia de sua implementacao se resume na praticidade de sua implementacao e
no potencial de reduc¢ao da difusdo numérica de forma estavel, mesmo em cenarios com
bruscos gradientes de concentragao. Fringer et al. (2005) avalia a eficiéncia de uma série
de limitadores de fluxo através de um benchmark regido por uma onda gravitacional com
coeficiente de difusao nulo, apresentando seus potenciais de reducio de difusdo numeérica
(figura 3.6), dentre os quais o Superbee, Ultimate-Quickest, MUSCL, BPEP1 e BPEP2

apresentaram os melhores resultados.

——————
[

"

Lax-Wendroff QUICK

QUICKEST

ULTIMATE-QUICKEST MINMOD

Van Leer MUSCL

—

Superbee

I
|

Hyper-C BPEP1

BPEP2

Figura 3.6 — Perfil de densidade apos dois periodos de oscilagao para diferentes esquemas
de limitadores de fluxo. A solugao exata corresponde a solucao inicial. Fonte:
Fringer et al., 2005

Os limitadores de fluxo sdo, em sua maioria, unicamente influenciados pelos gradi-
entes consecutivos de concentracao (ry) sendo sua estimativa determinante para eficiéncia
na reducao da difusao numérica de maneira estavel. Diversas maneiras de estimar o 7
foram propostas (Darwish e Moukalled, 2003; Casulli e Zanolli, 2005; Li e Huang, 2008;
Kong et al., 2013; Zhang et al., 2015; Ye et al., 2018). O r; proposto por Ye et al. (2018),
Zhang et al. (2015) e Kong et al. (2013) mostratam os melhores resultados dentre todos os
métodos existentes, sendo menos difusivo e oscilatério que seus antecessores (ver figura

3.7).
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Pela estabilidade e eficiéncia e reduzir a difusdo numérica e facilidade em adaptacao
da solucdo ao tipo de malha em 3 dimensoes (estruturada ou ndo-estruturada), o ¢
proposto por Kong et al. (2013), se mostra uma alternativa promissora, pois se baseia
apenas nas contracoes e distancias entre a célula computacional em analise e células

vizinhas. Para as faces verticais (fluxo horizontal) o gradiente consecutivo é dado por:

n __ (m
n Z7k T(i,jo),k

T. =
]7k n _ n
OT(i,j),k‘ ivk

(3.24)

onde j, representa a face oposta a face je C' a concentragao em seus respectivos

elementos de malha. Para as faces horizontais (fluxo vertical) o r; é dado por:

j,k—fz n _ (n
2 Oi,k—l O‘,k

(2

no_ On
Py o= ek Tkl (3.26)
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Figura 3.7 — Caso de adveccao em campo de fluxo rotativos: Perfis de concentracoes
estimado com diferentes algoritimos de 7y em x = 20 m apds a) 1 ciclo (Fonte:
Kong et al., 2013) e b) 1 ciclo ou 5 ciclos (Fonte: Ye et al., 2018).
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Improvement of nonhydrostatic hydrodynamic solution using a
novel free-surface boundary condition

Augusto Hugo Farias da Cunha - Carlos Ruberto
Fragoso Junior - David da Motta-Marques

Abstract Hydrodynamic models based on RANS equation are well established tools to simulate three-
dimensional free surface flows in large aquatic ecosystems, such as lakes, estuaries, reservoirs and coastal
zones. When the ratio of vertical to horizontal motion scales is not small, a non-hydrostatic approximation
is needed in order to accurately model three-dimensional free surface flows with low computational cost.
Growing efforts have been made to improve the efficiency of non-hydrostatic hydrodynamic models. One
such attempt improves the model ability in solving the elliptic equation to nonhydrostatic pressure,
which properly address the free-surface boundary condition and uses a vertical momentum discretization
less dependent on the velocity vertical profile. However, the improvements may demand a considerable
implementation cost due to substantial changes, at least, in the vertical momentum discretization and
in the treatment needed to properly address the nonhydrostatic pressure at the free-surface boundary
condition. Thus, in order to improve the nonhydrostatic hydrodynamic solution with low cost of
implementation, we proposed a novel free-surface boundary condition based on a fictional sublayer at
the free-surface (FSFS). We applied the FSFS at a finite difference discretization with a fractional step
framework based on Casulli and Lang (2004), which uses a Neumann type of boundary condition which
applies a hydrostatic relation in the top layer. To evaluate the model performance, we compared the
Classic Boundary Condition Approach (CBA) and the FSFS aproach using two numerical experiments:
(a) a standing wave in a three-dimensional closed basin, and (b) a wave propagation over a submerged bar,
to test the model’s capability in solving wave celerity and simulate non-linear wave propagations under
different vertical resolutions scenarios (20 to 5 layers). Our findings showed that the FSFS approach had
phase error 2 to 5 time lower than CBA, and with little additional computational cost (ca. 7%). The
FSFS approach better represented wave celerity and frequency dispersion with fewer layers (10 layers)
with low mean computational cost (c.a. 1.54 s), while the CBA best results (computational cost of c.a.
2.62 s) had similar performance to the 8-layer (computational cost of c.a. 1.51 s) simulation with FSFS
approach.

Keywords Pressure - Implementations Cost - Computational Cost

1 Introduction

Hydrodynamic models based on Reynolds Averaged Navier-Stokes (RANS) equation are well estab-
lished tools to simulate three-dimensional free surface flows in large aquatic ecosystems, such as lakes,
estuaries, reservoirs and coastal zones (Valipour et al., 2015; de Brito Jr et al., 2018; Vilas et al., 2017;
Soulignac et al., 2017; Munar et al., 2018). These models usually are based on hydrostatic assumption of
the pressure distribution, which is satisfactorily applied to large shallow water ecosystems with relatively
low computational cost algorithm (Zhang et al., 2018). However, when the ratio of vertical to horizontal
motion scales is not small, a non-hydrostatic approximation is needed in order to model accurately
three-dimensional free surface flows with low computational cost (Marshall et al., 1997; Casulli and
Stelling, 1998; Chen, 2003; Wadzuk and Hodges, 2004; Liu et al., 2017).
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Although a nonhydrostatic approach improves the physical representation of pressure, acceleration
and velocities fields, more complex numeric methods and high vertical resolution may still be needed to
model large-scale flows with complex geometries. To improve efficiency and reduce the computational cost
of nonhydrostatic hydrodynamic models, a few alternatives were explored. Most of them are dedicated
to improving the model’s ability to solve the elliptic equation to nonhydrostatic pressure, which properly
addresses the free-surface boundary condition and uses a vertical momentum discretization less dependent
of the velocity vertical profile (Stelling and Zijlema, 2003; Yuan and Wu, 2004; Zijlema and Stelling, 2005;
Lv, 2014; Liu et al., 2017; Escalante et al., 2018a). Hybrid hydrostatic and nonhydrostatic models have
also been used to reduce computational cost. These models may identify regions where the simplification
can be applied, instead of applied the nonhydrostatic approach to the entire computational domain
(Wadzuk and Hodges, 2004; Bohacek et al., 2018; Zhang et al., 2018). To adapt source code to work as a
parallel computational algorithm is also feasible solution applied, which allocated the loop calculations
on the distributed threads (Zhang et al., 2018; Escalante et al., 2018b). However, improvement of
nonhydrostatic hydrodynamic models can be also reached with a low implementation cost method,
on this paper we focus in novel free-surface boundary condition to properly addresses the free-surface
nonhydrostatic pressure, in order to reaching satisfactory results without changing the momentum
equations.

Two different types of boundary conditions may be applied for nonhydrostatic pressure at the
free-surface: (a) a homogenous Dirichlet condition, which pressure is set equal zero at the free-surface
(e.g. Kanarska and Maderich, 2003; Stelling and Zijlema, 2003; Wang et al., 2009; Zhang et al., 2018)
and (b) a Neumann condition, usually a hydrostatic relation to approximate pressure’s value equal to
zero at the free-surface (e.g. Casulli, 1999; Namin et al., 2001; Monteiro and Schettini, 2015; Bohacek
et al., 2018), Both types of free-surface boundary condition were well discussed in Bergh and Berntsen
(2009). However, many numerical models solve the Poisson’s equation for pressure at the center of the
computational cell (e.g. Jankowski, 1999; Yuan and Wu, 2004; Casulli and Lang, 2004; Liu et al., 2017;
Bohacek et al., 2018), which may incorrectly address the nonhydrostatic boundary condition to the top
layer instead at the free-surface, if a suitable treatment is not performed. This assumption becomes more
inaccurate as the distance between the center of the top layer and the free surface increases, hence a high
vertical resolution (1-20 layers) is needed in order to achieve accurate results for different case studies
(Stelling and Zijlema, 2003; Yuan and Wu, 2004; Zijlema and Stelling, 2005; Cui et al., 2012; Lv, 2014;
Liu et al., 2017).

In addition to using a suitable vertical discretization, Yuan and Wu (2004) and Zijlema and Stelling
(2005) showed that cell-center nonhydrostatic models may have a significant accumulated phase error
after several wave periods due to the wrong computation of wave celerity. Many efforts were carried out
in order to properly overcome this issue, of which we can highlight: (a) an implementation of edge-based
nonhydrostatic pressure (e.g. Stelling and Zijlema, 2003; Lu et al., 2015), (b) the use of an integration
method to estimate the pressure at the free-surface based on pressure in the center of the top layer (e.g.
Yuan and Wu, 2004; Lv, 2014; Liu et al., 2017, and and (¢) the use of a piecewise linear profile of the
non-hydrostatic pressure to estimate the pressure at the free-surface (e.g. Escalante et al., 2018a. For the
existing cell-centered models, the previous algorithms may demand a substantial implementation cost
due to substantial changes, at least, in the vertical momentum discretization and in the treatment needed
to properly address the nonhydrostatic pressure at the free-surface boundary condition. Thus, in order
to improve the nonhydrostatic hydrodynamic solution with low cost of implementation, we proposed a
novel free-surface boundary condition based on a fictional sublayer at the free-surface (F.SES)

We applied the FSFS and the CBA approachs at a finite difference discretization with a fractional
step framework based on Casulli and Lang (2004), which uses a Neumann type of boundary condition
which apply a hydrostatic relation in the top layer. To evaluate the model performance, we used two
widely applied numerical models benchmarks (Dingemans, 1994; Jankowski, 1999; Casulli and Lang,
2004; Yuan and Wu, 2004; Fringer et al., 2005; Liu et al., 2017; Yin et al., 2017), which were selected to
test our algorithm in two different purposes: (a) a standing wave in a three-dimensional closed basin to
test the model’s capability in solving wave celerity under different vertical resolutions; and (b) a wave
propagation over a submerged bar to validate the proposed boundary condition at the free-surface and
evaluated the effect of vertical resolution under a non-linear wave propagation.



89

90

91

92

93

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

Improvement of nonhydrostatic hydrodynamic solution using a novel free-surface boundary condition 3

2 Mathematical considerations
2.1 Governant equations
The RANS equations are used to describe three-dimensional free-surface flows. These equations

express the physical principle of volume, mass, and momentum conservation. The momentum equations
for an incompressible fluid have the following form:

3;u+ 8u+ ou al_f __8pa_ on
ot Tl TVay Ve TV T T Y0 "
0 P — Po dq Pu  0%u 0 L, Ou
gaf[/ p dC} o Y <a2+ay T \" o
ov ov ov ov _ Opa 617
aeru—Jrva—era—fo— ay Gy o
0 Mo P P\ 0 (o0
95y [/ de] - <3x2+8y2 Tz \V oz
L L L. @—ﬁ—u(i—i—i)-&-ﬁ vOw (3)
ot ox dy 0z 0z ox?  Oy? 0z 9z

where u(z,y,2,t), v(z,y,2,t), and w(x,y,z,t) are the velocity components in the horizontal (z and y)
and vertical (z) directions, respectively; where v e v¥ are the horizontal and vertical turbulent eddy
viscosity coefficients, respectively; ¢ is the time; p,(x,y,2,t) is the atmospheric pressure; n is the free
surface elevation from a water level reference. The second and the third terms on the right- hand side
of equations (1) and (2) represent the barotropic and the baroclinic contributions to the hydrostatic
pressure; q(x,y,z,t) denotes the nonhydrostatic pressure component; f is the Coriolis parameter; and g is
the gravitational acceleration.

When a simple hydrostatic approach is considered, equation (3) is neglected and q is assumed to be
equal to zero in equations (1) and (2). In this case, it is assumed that vertical acceleration do not have a
significant effect in the velocity field in comparison with horizontal acceleration.

The volume conservation is expressed by the incompressibility condition and the continuity equation,
given by:

ou OJv Ow
et T 4
Jx + dy + 0z 0 ()
Integrating equation (4) over depth leads to the following equation:
T [ ou 81} Jw 3u T O T Ow

where “h” is the bathymetry measured from theoretical undisturbed water surface (zero referential).
Using the Leibniz integration rule, in each direction, in equation (5) and using a kinematic condition at
the free-surface leads to the following free-surface equation:
on 0 K a ("
+ = udz + UdZ =0 6
ot Oz oy (©6)
Finally, the mass conservation of a conservative scalar variable may be expressed by the following
equation:

0C | 9(C) , OWC) , dwC) _ 9 (0, 9C, 9 4,00, | D <Kz,ac> -

ot oz dy 0z 850( 31“) 3y( 8y) 0z 0z
where C is the concentration of a conservative substance being transported (e.g., salinity); K" and
K7 are the horizontal and vertical turbulent eddy diffusivity coefficients, respectively.
For both the velocity field and scalar transport solutions, the boundary conditions are implemented
under the assumption of “free-slip” boundaries. The Dirichlet and Neumann conditions were assigned
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to represent the normal and tangential velocities in the solid boundaries, respectively. For the scalar
solution, a no-flux boundary condition is assumed in solid boundaries.

The tangential stress boundary conditions for the momentum equations (Equations 1 and 2) at the
free-surface are specified by the prescribed wind stresses, which can be approximated as:

L Ou LU . _
v &*VT(Uafu)ﬂ/ E*’YT(U!I*’U)’ at z=71 (8)

where u, and v, are the horizontal wind velocity components, and v is a nonnegative wind stress
coefficient. The bottom friction is specified by:

L Ou LOv ) B
v o = VBV 5 = VY at z=—h 9)

where vp is a nonnegative bottom friction coefficient.

2.2 Grid and Variables Locations

The computational grid can be described as a generic unstructured orthogonal grid, having Np
elements, each having an arbitrary number of sides S; > 3,i = 1,2,..., N, (Figure 1).

Fig. 1: Model representation of the grid. (Source: Casulli and Lang, 2004)

Let N be the total number of sides in the grid. The length of each side is A\;, j =1, 2, ..., N,.
The vertical faces of the i — th element are identified by an index j; ), [ = 1,2, ..., S;, so that
1 <y < Ns. Similarly, the two polygons which share the j — th vertical face of the grid are identified
by the indices i¢; 1y and i(; 2y, so that 1 <i(; 1) < Npand 1 <'i(;9) < Np. The nonzero distance between
centers of two adjacent polygons which share the j — th side is denoted with §;. Along the vertical
direction a simple finite difference discretization, not necessarily uniform, is adopted. By denoting with
Az, +1 a given top computational cell level surface, the vertical discretization step is defined by

Az =Azpy1 — Az, 1 k=12,..., N, (10)

The three-dimensional spatial discretization consists of elements whose horizontal faces are the
polygons of a given orthogonal grid, represented by the layers at k + % (upper face) or k — % (bottom
face), whose height, for each layer, is Azj. The water surface elevation (n), is located at the barycenter
of the upper horizontal face for each ¢ — th element. The velocity component normal to each horizontal
face is assumed to be constant over the face of each computational cell, which is defined at the point of
intersection between the face and the segment joining the centers of the two prisms which share the face;
the non-hydrostatic pressure component ¢, and the concentrations C7', are located at the center of the
i — th computational cell, half way between Az, 1 and Az, _ 1 Finall’y, the water depth h; is specified
and assumed constant on each vertical face of an element.
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2.3 Numerical Approximation

We used a semi-implicit method (6-Method Casulli, 1990) of finite volume, with an Eulerian
Lagrangian Method (Casulli and Cheng, 1992) to solve the convective and viscous terms of the RANS
equations, which applies a quadratic interpolation (see Hodges et al., 2000) to estimate the velocity field
at the end of backtracking process (multi-step backward Euler with 10 sub-time steps). A fractional-step
framework (Casulli and Lang, 2004) is used to solve pressure component by splitting in hydrostatic and
nonhydrostatic parts. A complete description of numerical solution may be found in Casulli and Lang
(2004). Below, we outlined the algorithm procedure:

1. Definition of initial parameters, initial conditions and boundary condition

2. Solution of convective terms using the Eulerian-Lagrangian Method

3. Determination of the provisional free-surface elevation (77) through the preconditioned conjugate
gradient iterations until the residual norm is smaller than a given tolerance ¢,.

4. Numeric solution of provisional velocity field (@ and @)

5. Solution of nonhydrostatic pressure (q) through the preconditioned conjugate gradient iterations
until the residual norm is smaller than a given tolerance ¢,.

6. Numeric correction of velocity field and free surface elevation

Here we described separately the conventional nonhydrostatic pressure discretization with the given
boundary condition, and how the F.SF'S boundary condition is applied in the conventional solution in
order to improve the nonhydrostatic hydrodynamic solution.

2.3.1 Nonhydrostatic pressure discretization

A correction of provisional velocity field (ﬂ?;l,ﬁ?zl) are computed after including the nonhydrostatic

pressure terms, specifically:

At
+1 _ ~ntl 41 41
aipt =m0 (e~ Tha) (1)
At
1 _ el n+1 +1
Wi = Wiy — GAZ@H% (@1 — Gorer) (12)

where the vertical space increment Az is defined as the distance between two consecutive level
surfaces, except near the bottom and near the free surface where Az is the distance between a level
surface and the bottom or free-surface, respectively. ¢ denotes the nonhydrostatic pressure term, which
in combination with the provisional free-surface elevation (77), gives the pressure:

it =g (T =) + @ (13)

where zj is the z-coordinate of the k — th horizontal level surface and g is the gravity acceleration. In
each computational cell bellow the free-surface, the finite volume discretized incompressibility condition
is taken to be:

S;

n+1 n+1 n+1
D s X0 AZ gty . + P (wi;% - wi’;%) =0 k=mm+1,....M (14)
L=1

where P; is the area of the i — th polygon and S; is the number of sides for the i — th element. At
the free-surface, the finite difference approximation of equation (6) considering w:‘;’;Ll_ , = 0 and using
’ 3
the incompressibility condition (14) is:

Si
Pin;’H—l = Pl'I]ZL — GAtZ |:Si,l)‘j(i,L)AZ;L(Z',Z),MU;‘L(_;%),M} + aAtPZ’UJZX;_%
=1

Si M
—(1-0Aty [SWJ‘W) > Azﬁi,l),k“ﬁi,zxk]

=1 k=m
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where 6 is the implicitness factor, s;,; is sign function associated with the orientation of the normal
velocity defined on the [ side of an element i. Assuming that the pressure at the FSFS is hydrostatic, the
pressure correction term (@7;}) is obtained by the following hydrostatic relation:

Pit =gt —an) =g (0 —2m) + @ (16)

hence, equation 13 becomes:

Si
Pt =P (nf — i) — 904ty [Sz‘ﬂm‘,b)Az?(i,L>,M“?J,1L),M] +99APw]
L=1
5 . (17)
—g(1-0)AtY lSi,L%u,L) > AZ?(i,L),k“?@,L),k]
L=1 k=m

A system of equations to solve nonhydrostatic pressure is now derived by substituting the expressions
for the new velocities from (11-12) into (14) and (17), respectively. The following finite difference
equations are obtained

Si a‘n-i—ll N Zlﬂ-Hl . (Tn+1 _ a‘n+1 a‘n-H _ a‘n+1
n i[5 (4,0),1], i[5(4,0),2], ik ik ik— ik
g02At2 Zsi,L)‘j(i,l)AZj(i,z),k i[5(i,0),1] . i[5 (i,0),2] P, _ +1 1n
i,k Az Az
=1 VK0 ikl ik—3
. (18)
_ ~n+1 ~n+1 ~n+1 . _
= g AtP; (wi7k_% - wi_’k_,_%) — g&AtZ siyL)\j(“)Az?(i,l)ykuj(“)’k, k=mm+1,... M —1.
=1
and
< G100 ~ G2 Gidr1 — Gy
2 A2 n i[5 (i,0),1],M i[5 (3,0),2],M i,M—1 i, M 41
g0° At Si. LA} il Az — P - + Pq —
; ¢ 3 (4,0) j(3,0),M (Sj(i,l),]\/[ Azi,M,% 4, M
S
gHAtPﬂEZ;;i% — gﬁAt Z Si,L)\j(i’l)(AZFsps)ﬁ?(Jﬁ%M + gPi(n:-l — ’ﬁ?Jrl)— (19)
=1
gL =0)ALY [sithjn D A stians k=M
=1 k=m

Once computed the nonhydrostatic pressure terms, the velocities field are corrected by equation
(11), while vertical velocity can be estimated, equivalently, by equation (12) or by the incompressibility

L. . n+1 A
condition (14) by setting Wimtd = 0:
1 o
+1 +1 v +1 . —
wZ,H% = wzki% B Si,L)\j(i,L)AZ;(i,L),kU?(i,L),ka k=mm+1,... M—1 (20)
L=1

This equation guarantees that the resulting velocity field is exactly discrete divergence free (Casulli
and Lang, 2004), thus we use this equation to compute the vertical velocity components.
The final free surface elevation is obtained by the hydrostatic relation (16) as follows

~n+1

Q‘ y
gt =ty B (21)

Finally, the nonhydrostatic pressure component can be obtained by:

qufl = zlzl - a‘ZX/[lﬂ; k=mm+1,...MM+1 (22)

making the non-hydrostatic pressure at free-surface equal to zero (i.e. for k = M + 1).
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Improvement of nonhydrostatic hydrodynamic solution using a novel free-surface boundary condition 7

2.3.2 Free-surface boundary condition treatment

To apply the Fictional Sublayer at the Free-Surface (F'SF'S) into the existing computational domain
is only required one additional numerical vertical layer in the top of computational domain, which does
not account to the computational domain. As the height of the F.SF'S is assumed to be equal to zero,
the hydrostatic relation can be always guaranteed at the free-surface, independent of the number of
vertical layers. To use this method only is required a simple adaption in the numerical equations (18-19),
considering the type of the layer:

i) For bottom and middle layers (i.e. k =m to M — 1), the equation (18) is applied using its original
form:

S aﬂJrl _ anJrl
i[5(3,0),1],M 4[5 (4,1),2], M
gGZAtZ E Si,L)\j(i’l) (AZ}L“J)’M - AZFSFS) EIGUR ]5 ]\/Efj( 2] +
) (1) 5
Goar —Goarer Godr—1 — Goar
i, M i, M+1 i, M—1 i, M ~n+1 ~n+1
Pi — = QAtPI (w —w. ) - 23
< Az wrey A2y )] ’ TR T )

Si
902t it i) (A2 ar — Azpsis ) WLh v k=M
=1

ii) For the top layer (k = M), equation 18 is adapted to take into account the influence of FSFS height
(Azpsrs) in Az:fMJr% and AZ;L(i,l),k:

(Az7'n) (24)

N =

[(A2]'y — Azpsps) + Azpsrs] =

M| —

n —
Zi,M+L =

AZ? =

v [(AzZM — Azpsrs) + AZZMA] (25)

N | —

iii) For the FSFS layer (k = M + 1), equation 19 is adapted to take into account the F'SF'S height and
the velocity field in the layer M. Preliminary simulations showed that making Azpsps = 0 a stable
solution is achieved for any vertical discretization:

> aﬂ-Hl)l M 1_§n+(11)2 M1 @ —a
il5(3,0),1), M+ i[5(4,0),2],M + i, M i, M+1
0% At? ZSLL)\]'(“) (Azpsrs) HD.1] 7 1ith.2) — P ZAz” UELES +Piaz;\r41+1 =
=1 3@, M i,(M+1)—3
S
AP — gbAL D e (Azpses)unty o + P} =)
=1
S; M
— 9= OALY [sichiin D A patianss k=M +1
=1 k=m
(26)
where
Azl vpan)-y = 5 (Al = Azrsps) + Azpsrs| = 5 (A2]w) (27)

3 Numerical Experiments

The proposed numerical approach was applied in two consolidated benchmarks usually use to
verification and validation of numerical models Dingemans (1994); Jankowski (1999); Casulli and Lang
(2004); Yuan and Wu (2004); Liu et al. (2017); Yin et al. (2017). Each numerical experiment has a
different purpose, as follows:
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a Standing waves in a three-dimensional closed basin. This test case was widely applied in licterature,
verifies the model capability of simulating 3D linear waves comparing the analytic solution with the
numerical solution in regard of phase and amplitude representation (Yuan and Wu, 2004; Zijlema
and Stelling, 2005; Monteiro and Schettini, 2015; Liu et al., 2017). We evaluated the model capability
in calculate the wave celerity and frequency wave dispersion with the Classic Boundary Approach
(hereafter named CBA) and with the proposed FSFS boundary condition under 6 different vertical
resolutions comparing the free surface elevation cumulative phase error, the mean computational
cost of one time-step, the number of wave periods and the relation with the free surface vertical
velocity after 30 seconds of simulation in comparison with the analytical solution. We also compared
the free surface elevation results with a few metrics (RMSE, BIAS, Volume Error, KGE, NSE) and
statistically tested the residual series (difference between analytical and simulated results) with
nonparametric Kruskal-Wallis test follow by a post-hoc Nemenyi to identify significative difference in
relation to the analytically results. The mean time of one time-step simulations was computed using
an Intel® Xenon® CPU-E5-1620 3.7 GHz computer with 32 GB of RAM memory in a Fortran
based numerical model.

b The wave propagation over a submerged bar was an experimental model idealized by Beji and
Battjes (1993), and was frequently used to validate numerical models (e.g. Beji and Battjes, 1994;
Dingemans, 1994; Stelling and Zijlema, 2003; Yuan and Wu, 2004; Cui et al., 2012; Yin et al., 2017.
The experiment was used to evaluate the accuracy to represent a non-linear wave pattern due to
physical changes at the bottom, by comparing free surface elevation between the FSFS approach
with a different vertical resolution between simulated and experimental results. The performance of
the model was evaluated with a few metrics (RMSE, BIAS, Volume Error, KGE, NSE) and also by
statistically tested the residues series with nonparametric Kruskal-Wallis test follow by a post-hoc
Nemenyi test.

3.1 3D standing waves in a closed basin

The flow induced by an initial wave amplitude set to 0.1 m in a closed cubic basin with 10 m of edge
was analyzed (figure 2). The spatial domain was discretized using a regular grid of 0.5 m resolution,
resulting in 8.000 computational cells. The time step and the total simulation time was 0.01 s and 30 s,
respectively. The analytic solution of free-surface water elevation is given by:

Fig. 2: The initial free-surface profile for a linear 3D standing wave oscillation in a closed basin. source:
Yuan and Wu (2004)

n = Acos (kyx) cos (kyy) cos (277%) (28)

where t is the time (the initial condition in the free surface may be obtained by doing t = 0),
T is the wave period equal to 3.1°s, with the wave number kx = ky = n/L with the total wave
numberk = (/kZ +kZ = 0.44%‘1. The analytic solution for each velocity component is described as
follows:

_ Agk, cosh [k, (h + 2)]
YT cosh (k.h)

sin (kyx) cos (kyy) sin (wt) (29)
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U= Aiky Coschoglfly((:y:;)z” cos (k) sin (k,y) sin (wt) (30)
w Agk, sinh [k;(h + 2)] cos (kpx) cos (kyy) sin (wt) (31)

w cosh (kzh)

where w is giving by:
w = y/gK tanh (Kh) (32)

The case study was applied under different vertical resolution scenarios (i.e. 20, 16, 13, 10, 8 and
5 vertical layers), with both C BA and the proposed F.SF'S condition (called methods). We evaluated
the cumulative phase error of a 3D standing wave by comparing the model outcomes (i.e. free-surface
elevation and free-surface vertical velocity component) at z = y = 0.25 m with the analytical solution.
The performance between boundary condition approaches was evaluated by comparing the free surface
elevation residuals, and the performance between scenarios (considering different number of vertical
layers) was also evaluated by statistically tested the residues with nonparametric Kruskal-Wallis test
follow by a Nemenyi test, since the residues series do not follow a normal distribution (shapiro-wilk) and
have unequal variance (Bartlett test). The test aiming to identify a critical vertical resolution for the
FSFS method where the results are significative different from the best scenario for this benchmark (20
vertical layers).

0 5 10

15 b1 3 30 9 295 El 303
Time (3) Time (5}

---- FSFS-ML ——FSFS-16L — . — FSFS-13L ---- FEFS-10L

o1 \'7

noz fafy ¥

j0.06

l.0s

0o

Time (s)

CBA-L FSFS-BL - = CBA-2OL — FSFS-20L — Analytic

Fig. 3: Free surface elevation at x = y = 0.25 m for 30 seconds of simulation comparing analytic solution
(solid black line) with simulated solution for 20 to 5 layers scenario with F'SF'S condition (left side) and
for CBA condition (right side). At the bottom, we compare methods thought the 20 layer scenario and
8 layers scenario.

The results showed an increase of phase error (9.) with a reduction of the number of layers for both
method for instance, the phase error for FSFS20-L increased from 0.3 s, with 20 layers, to 0.4, 0.6, 1, 1.5
and 2.1 seconds for 16, 13, 10, 8 and 5 layers, respectively (table 3). The results obtained considering the
simulation with CBA approach shows higher phase error, which the 20-layer CBA simulation had similar
results with the 8-layers FSFS simulation (figure 3). The increased phase error from the low vertical
resolution results (less than ten) difficulties the direct comparison between methods due the increases
of wave periods, which may appear the FSFS-5L results better than the FSFS-10L. The cumulative
residual free surface elevation (figure 4) clarify the matter. In general, the error increases over time step
and it becomes higher with the reduction of number of layers, however, when phase error is critical,
the number of wave periods (N°T') increases, which reduced the cumulative free surface elevation error,
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FSFE-16L —--—- FEFS-13L

FSFS-5L

—-—- CBA-13L
— CBA-SL

Fig. 4: Free surface elevation accumulated residuals series for FSFS approach (left) and for CBA approach
(right), at x=y=0.25 m for 30 seconds of simulation, comparing different layers scenarios

Table 1: Metrics between the analytical and simulated results from the FSFS method for each scenario
for the first 10 seconds of simulation

Metrics

RMSE (mm)
BIAS (mm)
Error (%)
KGE
NSE

FSFS-20L

7.40
0.32
9.25
0.93
0.99

FSFS-16L

11.52
0.32
14.28
0.93
0.97

FSFS-13L

18.29
-0.77
22.55
0.82
0.93

FSFS-10L

30.53
-2.11
37.79
0.52
0.81

FSFS-8L

45.30
-3.54
56.60
0.18
0.57

FSFS-5L

89.20
-7.61
114.13
-0.88
-0.66

Table 2: Statistics metrics between the analytical and simulated results from the CBA method for each
scenario for the first 10 seconds of simulation

Metrics

RMSE (mm)
BIAS (mm)
Error (%)
KGE
NSE

CBA-20L

47.06
-4.35
58.94
0.004
0.54

CBA-16L

57.68
-5.65
72.70
-0.30
0.31

CBA-13L

68.75
-6.88
87.10
-0.61
0.017

CBA-10L

83.48
-7.96
106.42
-0.91
-0.45

CBA-8L

95.63
-7.57
123.39
-0.93
-0.90

CBA-5L

107.80
-1.06
145.02
-0.20
-1.42

Table 3: Computational cost, Phases Error and number of wave periods between different methods and
scenarios. The model was implemented with Fortran and simulated in a machine using an Intel R Xenon
R CPU-E5-1620 3.7 GHz computer with 32 GB of RAM memory

o
N L
20-Layers
16-Layers
13-Layers
10-Layers
8-Layers
5-Layers

At(s)
2.8
2.21
1.68
1.54
1.51
1.22

FSFS
Ne T
10
10
10
10
10
11

P

0.3
0.4
0.6
1

1.5
2.1

At(s)
2.62
2.14
1.67
1.45
1.34
1.08

CBA
Ne T
10
10
10
11
11
12

PDe
1.6

2.4
3.1
3.8
4.6

therefore, the calculated metrics (table 1 and 2) was only comparable between 0 and 10 s of simulations
(figure 4). This effect can be better verified by the CBA accumulated residual series when the graphic
changes the slope, which occurs sooner as the number of layers reduced (figure 4).

All statics metrics indicated a decreases of performance with a reduction of the number of layers.
The metrics show that CBA-20L simulation had similar results as the FSFS-8L, as well CBA-10L to
FSFS-5L. The CBA method also had a decreases of performance with a reduction of vertical resolution
(tables 1 and 2). When CBA method is used, the phase error was 2 to 5 times higher, and with little
difference in computational cost (ca. 7% smaller) (table 3) in comparison with F'SFS method. We found
a phase error similar with previous works using 20 — layers with CBA method (Yuan and Wu, 2004;
Zijlema and Stelling, 2005).
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The statistical test for FSFS approach showed significant differences between low (below 10 layers)
and high (above 13 layers) vertical resolution, considering the free surface elevation residuals, which
means, the simulation with 20 to 10 layers has similar (see table 4) and acceptable results (tables 1 and
2).

Table 4: Nemenyi posthoc test comparing the FSFS residue series of the simulation with 20 to 5 vertical
layers to indentify significative statiscal difference between results

Ne°-L FSFS-20L FSFS-16L FSFS-13L FSFS-10L FSFS-8L
FSFS-16L 0.97833 - - - -
FSFS-13L 0.24554 0.69401 - - -
FSFS-10L < 0.05 < 0.05 0.05269 - -
FSFS-8L < 0.05 < 0.05 < 0.05 < 0.05 -

FSFS-5L < 0.05 < 0.05 < 0.05 0.70396 0.5515

n (m)

i) 15 20 25 30

Time (3)
-- FSFS0L — —FSFS-16L — — FSFS-13L ---- FSFS-I0L —— Amalytic  —--o-

Analytic 0

Fig. 5: Free surface vertical velocity (w) at x=y=0.25 m for 30 seconds of simulation comparing analytic
solution (solid black line) with simulated solution for 20 to 5 layers scenario with F'SF'S condition (left
side) and for CBA condition (right side). At the bottom, we compare methods thought the 20 layer
scenario and 8 layers scenario.

Our findings indicated that accuracy of vertical velocity component is affected by the vertical
resolution applied, influencing directly the representation of wave phase (figure 5). For FSFS method, we
have noted that the magnitude of vertical velocity components increases if one uses a vertical discretization
up to 10 layers and the magnitude of vertical velocity components decreases for a vertical discretization
above 10 layers (Figure 5). For CBA approach the magnitude of vertical velocity components decreases
above 16, leading to a less flexible critical vertical resolution. Moreover, we also observed that the
variation in horizontal resolution did not affect by wave phase representation, which seems to be more
directly related with the wave damping (not analyzed in this paper).

3.2 Wave propagation over a submerged bar

A scheme of the experiment of the wave propagation over a submerged bar with an uneven bottom
may be seen in (Fig. 6) (Beji and Battjes, 1993). At the upward slope of the bar, the shoaling wave
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becomes non-linear due to the generation of bound higher harmonic. At the downward slope, the
depth increases rather fast and these harmonics become free, resulting in an irregular pattern of waves
(Dingemans, 1994). The numerical reproduction of this pattern has shown to be very demanding in terms
of the accuracy of the computed dispersion frequency (Stelling and Zijlema, 2003).

A B C D E F
135 145 157 173 19.0 210
b A & 4

e

r/\/l A

(ahh ]

Fig. 6: Scheme of experimental bottom geometry and location of wave level gauges. Source: Beji and
Battjes (1993)

The computational domain has a total length of 30 m, with an initial undisturbed water level of 0.4
m, was discretized using a regular grid of 0.025 m resolution. The time step and the total simulation
time was 0.005 s and 39 s, respectively. At the left boundary a sinusoidal wave condition, with period
T = 2 s and amplitude A = 0.01 m, was imposed to represent the wave generator of the original
experiment. At the right outflow boundary, the experimental absorbed beach was computationally
represented by a 5m — sponge layer with a combination of a sponge layer technique (Park et al., 1999)
and a Sommerfeld-type radiation boundary condition, applied to minimize wave reflection, given by:

Ti—wio )2 Zm—2 .
€ = {5 (17) (m) Ui Zf Ti 2 Tio (33)
0 lf z; <0

where €; is the sponge layer coefficient, x;¢ is the initial point, I; the total length. This term must be
added in the right side of equation (1) and (2).

We evaluated the capability of the model in correctly simulating the dispersion properties of the
flow comparing simulated and measured free-surface elevation between 33 and 39 s of simulation under
different vertical discretization scenarios using the proposed F'SF'S approach, since the first numerical
experiment showed that the C BA method only may reach similar results to F.SF'S approach using a
higher number of layers (figure 3). The F'SFS approach was tested for 20, 16, 10, and 5 vertical layers
comparing the free surface elevation at the six stations with the measurements of free-surface elevation.
The performance of each scenario was evaluated by a few metrics (RMSE, BIAS, Error, KGE, NSE)
and also statistically tested using a nonparametric Kruskal-Wallis test in the residues series follow by a
Nemenyi test, since the residues series do not follows a normal distribution (shapiro-wilk) and have the
same variance (Bartlett test).

The results (figure 7) indicated that the non-linearity after the upward slope (a), at the beginning
and the middle of downward slope (b-c) were well represented by vertical resolutions from 20 to 10
layers, by comparing the experimental results patterns of Higher Amplitude Waves (HW) (e.g. 36.5s
station b) and Low Amplitude Waves (LW) (e.g. 36s station a). For the stations (d), (e) and (f), after
the deshoaling process, the simulations using 10, 16 and 20 layers were less accurate in representing the
non-linearity pattern. Specifically, the LW in station (d) (e.g. 35 to 36s) and the HW in stations (e)
and (f) (36s at station f). The 5-layers scenario showed the lower performance in comparison with the
other scenarios, with an oscillatory behavior for the HW In stations (a) and (b), substantial phase errors
(station c) and low capacity to represent LW and HW amplitudes (stations e and f).

The FSFS results (table 5) was capable in satisfactorily representing the phase, amplitude and wave
patter for all stations using a higher vertical resolution (20 to 10 layers with FSFS method) (NSE from
0.94 to 0.5). Although, the results had high RMSE and Bias (between 13.7 and -9.9) relative to the
mean maximum and minimum amplitudes for the six stations (4.1 and -6.3 mm) and had high Volume
Error (between 26% and 116%), always underestimating the free-surface level, and with low performance
in KGE parameter due the increased Volume Error. As we can see in figure 7, the high Volume Error
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(a) x=135m
004 0.03
0oz 0.02
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Fig. 7: Comparisons between experimental (circles) and computed data with 20-layers (solid black),
16-layers (dashed gray), 10-layers (solid red) and 5-layers (dashed blue), at 6 different level gauges.

Table 5: Statistics metrics between simulated and experimental results for the six stations for each used
layer scenario with FSFS method

M Station a: x = 13.5 m Station d: x = 17.3 m
20L 16L 10L 5L 20L 16L 10L 5L
RMSE (mm) 2.67 2.31 3.40 5.23 4.12 4.08 5.57 8.05
BIAS (mm) -0.67 -0.70 -1.26 -2.70 -0.60 -0.44 -1.34 -3.14
Error (%) 26.47 25.37 34.07 53.94 59.29 57.97 79.03 116.84
KGE -0.95 -1.06 -2.69 -6.92 -4.57 -3.06 -11.30 -27.85
NSE 0.92 0.94 0.87 0.69 0.76 0.76 0.56 0.08
Station b: x = 14.5 m Station e: x = 19.0 m
RMSE (mm) 3.68 4.21 4.18 6.74 4.30 4.23 5.69 7.22
BIAS (mm) -0.80 -0.73 -1.23 -2.58 -0.65 -0.50 -1.39 -3.28
Error (%) 37.73 43.83 44.30 76.27 48.15 47.35 62.91 75.29
KGE -0.83 -0.68 -1.80 -4.88 -54.45 -41.24 -117.00 -277.78
NSE 0.82 0.77 0.77 0.41 0.72 0.72 0.50 0.20
Station c: x = 15.7 m Station f: x = 21.0 m
RMSE (mm) 3.91 3.64 5.45 7.64 4.57 4.59 5.61 7.09
BIAS (mm) -0.63 -0.48 -1.37 -3.32 -0.65 -0.48 -1.38 -3.25
Error (%) 44.46 40.98 62.63 88.06 56.63 56.12 67.62 76.43
KGE -1.13 -0.63 -3.58 -10.09 -9.80 -7.09 -22.02 -53.11
NSE 0.79 0.82 0.60 0.21 0.69 0.68 0.53 0.24

is expected. Moreover, the Kruskal-Wallis and Nemenyi statistical tests did not indicate a significant
difference between the residues series, except in the station A for 5 layers scenario.

4 Discussion

The statement that: algorithms which define nonhydrostatic pressure at the center of free-surface
computational cell needs 10 to 20 vertical layers to resolve wave frequency dispersion to an acceptable
accuracy, were wildly reported to justified the use or the proposal of new approaches to the free-surface
boundary conditions for non-hydrostatic pressure and momentum equation discretization (Stelling and
Zijlema, 2003; Yuan and Wu, 2004; Zijlema and Stelling, 2005; Cui et al., 2012; Lv, 2014; Liu et al.,
2017). In general, this vertical resolution limitation is addressed to a classic finite difference discretization
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with cell center nonhydrostatic pressure without boundary treatment at the free-surface computational
cell (e.g. Casulli and Lang, 2004).

The improvement of nonhydrostatic hydrodynamic solution is due to the capability to set the values
of dynamic pressure close to zero at the free-surface instead to the top layer, for any vertical resolutions
using a F'SF'S condition. In a classic boundary approach, as expected the calculated nonhydrostatic
pressure in the top layer increased with the reduction of the number of layers, differently when the
proposed F'SF'S condition is used, which lead to a physically consistent numerical solution.

The results showed that the wave phase representation of short waves in deep water conditions
(% > 0.5m) are related with the contour condition for the nonhydrostatic pressure at the free-surface, but
also is influenced by vertical momentum discretization applied. Our findings showed that the proposed
boundary condition for nonhydrostatic pressure at the free surface was capable to improve substantially
the model capability in solving wave celerity and wave frequency dispersion in relation to the classic
boundary condition approach with substantial diminishing in computation time to reach similar results
(ca. 173%) and little additional computational cost (ca. 7%) to the same benchmark setup, though with
a much higher performance (table 1 and 2).

Besides the boundary condition treatment, the phase representation is also related with the used of a
vertical momentum discretization less dependent of the velocity vertical profile. The number of layers
may affect the vertical velocity estimative, thus affecting the nonhydrostatic pressure estimation and
hence, the free-surface elevation and velocities fields.

We also identify that there is a vertical resolution threshold where the vertical velocity component is
highly affected in deep water conditions. When number of the layer is lower than a vertical resolution
threshold the wave phase error substantially increases over simulation time and it becomes higher with
a reduction of the number of layers. The vertical resolution threshold is less restrictive using F'SFS
approach (10 layers) in comparison with CBA approach (20 layers). In shallow water conditions, the
vertical resolution seems to have a nonsignificant impact on wave frequency dispersion, which the
FSFS approach had satisfactory phase representation to 5 layers or more, and also had satisfactory
representations of nonlinear behavior, similar to previous work (Casulli and Lang, 2004; Walters, 2005;
Cui et al., 2012; Monteiro and Schettini, 2015). In summary, C BA approach may obtain similar results
to the F'SF'S approach if used a feasible vertical resolution, for instance, the 20-layers C BA simulation
has similar results to the 8-layers F'SF'S simulation, although with a substantial gain in computational
cost.

When compared with previous works solution (Stelling and Zijlema, 2003; Zijlema and Stelling, 2005;
Yuan and Wu, 2004; Lv, 2014; Liu et al., 2017; Escalante et al., 2018a), the proposed approach applied
at the free-surface has (¢) low cost of implementation and (i) medium performance. The FSFS approach
only required a simple local boundary treatment, and it does not change the vertical moment numeric
discretization, as the existing methods. Despite the numerical improvement and simple computational
implementation, we observed a limitation imposed by the vertical resolution (number of layers) on
the model accuracy, which makes medium performance model. As the vertical discretization influences
directly the accuracy of horizontal and vertical velocities (see equations 18, 20, 23, 26) the proposed
solution did not have good performance using a reduced number of layers (Less than 10).

All previous methods had satisfactory results with only 2 (Stelling and Zijlema, 2003; Yuan and
Wu, 2004; Zijlema and Stelling, 2005; Escalante et al., 2018a) or 4 (Lv, 2014; Liu et al., 2017) layers
for the same benchmark, and with similar computational cost for the same benchmark setup (10-layers
simulation), 1.54 s (Intel Xenon 3.7 GHz), 1.83 s (Pentium 4 2.0 GHz Yuan and Wu, 2004) and 2.02 s
(i7 2.93 GHz) (Liu et al., 2017) (works that registered the mean CPU time), although with CPU time
less the 0.4 s for the best scenarios (2 or 4 layers).

Moreover, the results analysis clarify some questions related with the vertical resolution issue for
this kind of cell-centered nonhydrostatic model. When a contour treatment is used for non-hydrostatic
pressure the vertical resolution threshold can be more flexible, allowing to use approximately 2 times
less layer to resolve wave dispersion to an acceptable accuracy in a deep water situation. Despite this
paper indicated a threshold of 10 layer with the FSFS approach, more analysis is needed to establish a
local relation between number of layers and flow characteristics to properly solve the wave frequency
dispersion.

5 Conclusions

The treatment of non-hydrostatic pressure boundary condition at the top layer is mandatory to
the numerical model reach satisfactory results compared to other models in licterature (e.g. Chen,
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2003; Zijlema and Stelling, 2005; Cui et al., 2012; Liu et al., 2017). The proposed FSFS approach is a
low implementation cost method to improve performance of non-hydrostatic models which can reach
satisfactory results with 2 times less layers than CBA approach, hence reducing the mean computational
cost of one time-step simulation in ca. 1.7 times, reaching similar results (CBA At = 2.62 s and FSFS
At =1.22 8).

Beside the improvements, the new boundary condition treatment is still limited by the used vertical
momentum discretization, leading to low performance with low vertical resolution in a deep water
situation (less than 10 vertical layers). In shallow water conditions, the vertical resolution seems to have
a nonsignificant impact on wave frequency dispersion. Based on the difference between deep and shallow
water condition, more efforts are steel needed to establish a local relation between number of layers and
flow characteristics to insure that the model properly solve the wave frequency dispersion with minimum
vertical resolution.
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Abstract When the ratio of vertical to horizontal motion scales is not small, a non-hydrostatic approach
may be necessary in order to accurately simulate three-dimensional free-surface flows in large aquatic
ecosystems such as lakes, estuaries, reservoirs and coastal zones. Although the non-hydrostatic approach
improves the physical representation of pressure, acceleration and velocity fields, it is not free of numerical
diffusion. This numerical issue stems from the numerical solution employed in the advection and diffusion
terms of the Reynolds averaged Navier-Stokes (RANS) and solute-transport equations. The combined use
of high-resolution schemes in coupled hydrodynamic and solute-transport models is a promising alternative
to minimize these numerical issues and determine the relationship between numerical diffusion in the two
solutions. We evaluated the numerical diffusion in three numerical experiments, for different purposes.
The first two experiments evaluated the potential for reducing numerical diffusion in a hydrodynamic
solution, by applying a Quadratic interpolator over a Bilinear, applied in the ELM step-ii interpolation,
and the capability of representing the propagation of complex waves. The third experiment evaluated
the effect on numerical diffusion of using flux-limiter schemes over a first-order Upwind, combined
with the interpolation methods applied in a coupled hydrodynamic and solute-transport model. The
high-resolution methods were able to substantially reduce the numerical diffusion in a solute-transport
problem. This exercise showed that the numerical diffusion of a hydrodynamic solution has a major
influence on the ability of the model to simulate stratified internal waves, indicating that high-resolution
methods must be implemented in the numerical solution to properly simulate real situations.

Keywords Numerical Diffusion - Eulerian—Lagrangian method - Interpolation - Flux Limite

1 Introduction

When the ratio of vertical to horizontal motion scales is not small (e.g., flows over abruptly changing
bottom topography, orbital movements in short-wave motions, or intensive vertical circulation), a non-
hydrostatic approach may be necessary in order to accurately simulate three-dimensional free-surface
flows in large aquatic ecosystems such as lakes, estuaries, reservoirs and coastal zones (Marshall et al.,
1997; Casulli and Stelling, 1998; Chen, 2003). There is a trade-off between implementation and the
computation cost when hydrostatic and non-hydrostatic approaches are compared. The non-hydrostatic
approach, in general, requires more-complex interactive numeric methods (Stelling and Zijlema, 2003;
Casulli and Lang, 2004), which increases the computation cost compared to the hydrostatic approach
using the same computation grid. The non-hydrostatic approach also improves the physical representation
of the phenomenon and requires fewer vertical layers to obtain physically satisfactory results than does
the hydrostatic approach. Therefore, to obtain similar results, the hydrostatic approach requires more
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vertical layers, necessitating a higher computation cost than with the non-hydrostatic approach (Liu
et al., 2017).

Whatever the approach (hydrostatic or non-hydrostatic), the numerical-diffusion issue remains
critical, and many studies have attempted to reduce it by adopting diverse approaches. Higher-resolution
techniques (e.g., quadratic, cubic and spline interpolators and flux limiters) have proven to be a promising
alternative in order to minimize these numerical issues (Cheng et al., 1984; Ruan and McLaughlin, 1999;
Waterson and Deconinck, 2007; Kong et al., 2013; Ye et al., 2018). Although previous studies showed that
higher-resolution schemes might not maintain some important characteristics of a numerical solution
(e.g., spurious oscillations of internal waves) (Wang and Lacroix, 1997), they may better represent the
nonlinear behavior of a velocity field than low-resolution schemes (Upwind solute-transport solver, bilinear
interpolation). Although linear schemes might be more stable, monotonic, and easily implemented, they
still might give unsatisfactory results due to higher numerical diffusion. Generally, higher-resolution
techniques are applied to reduce numerical diffusion separately in RANS-based (Reynolds averaged
Navier-Stokes) or solute-transport models, without determining the relationship with the numerical
diffusion caused by the solutions.

The Eulerian-Lagrangian Method (ELM) is one of the most popular and accurate techniques used to
numerically solve the advection terms in RANS and solute-transport equations (Cheng et al., 1984; Ruan
and McLaughlin, 1999; Cox and Runkel, 2008; Casulli and Cheng, 1992; Jankowski, 1999; Hodges et al.,
2000; Wadzuk and Hodges, 2004; Walters, 2005; Fringer et al., 2005; Monteiro and Schettini, 2015). The
purpose of ELM is to combine the simplicity of the fixed Eulerian computational grid with a stable and
accurate Lagrangian approach. In summary, the ELM has two major steps (Staniforth and Coté, 1991):
(i) a particle-tracking method, which consists of obtaining the location of the departure point of a fluid
particle in the Lagrangian step by integrating a characteristic equation backward in time using a certain
number of sub-time steps; and (i) a repeated interpolation of the advected field in each sub-time step
in order to estimate the velocity components at the departure point. As the result of the interpolation
errors in the two steps, the ELM may introduce a substantial numerical diffusion when low-resolution
interpolation schemes are used, or spurious oscillation when high-resolution interpolation schemes are
used in the hydrodynamic and mass-transport solutions (Cheng et al., 1984; Oliveira and Baptista, 1998;
Ruan and McLaughlin, 1999).

The interpolation technique used in the second step has a major impact on the total numerical
diffusion produced in ELM, especially when low-resolution interpolation schemes are used, since both
particle tracking and velocity retrieval are substantially affected by the interpolation process (Staniforth
and Coté, 1991). Accordingly, Hodges et al. (2000) proposed a stable non-conciliatory quadratic Lagrange
interpolation for a three-dimensional mesh, where 27 grid points are used to estimate the velocity values
during the particle-tracking process. This technique has not yet been formally analyzed (Hodges et al.,
2006, without any posterior record of formal analyses), although previous studies successfully modeled
hydrodynamic and solute-transport simulations, strongly indicating that the solution satisfactorily
represented internal gravity waves and may improve the ability of ELM to solve the free-surface motion
(Hodges et al., 2000; Laval et al., 2003, 2005; Hodges et al., 2006; Valipour et al., 2015; Vilas et al., 2017;
Soulignac et al., 2017).

The solute-transport solution can also be reached using numerical schemes other than ELM, such as
high-order Total Variation Diminishing (TVD) schemes, Random Walk Particle Tracking (RWPT) and
Smoothed Particle Hydrodynamics (SPH), which have been thoroughly discussed by Boso et al. (2013).
One simple scheme to discretize the mass-conservation equation, with a low cost of implementation, is the
first-order Upwind, to which the flux-limiter technique can be applied in order to reduce the well-known
numerical diffusion of this discretization (Casulli and Zanolli, 2005; Zhang et al., 2018). The flux-limiter
scheme proved to be one of the most effective approaches to constructing a nonlinear high-resolution
scheme (Waterson and Deconinck, 2007). These schemes are simple functions that define a convection
scheme based on a ratio of local gradients in the solution field, with a limited behavior in order to
maintain the monotonicity, usually defined by a Total Variation Diminishing (TVD) condition (Sweby,
1984; Waterson and Deconinck, 2007). This method has been widely used to retrieve less diffusive and
stable solutions, even in critical situations, such as in sharp concentration gradients in regions with a
small Courant number (Wadzuk and Hodges, 2004; Fringer et al., 2005; Casulli and Zanolli, 2005; Kong
et al., 2013; Zhang et al., 2015; Ye et al., 2018; Zhang et al., 2018; Nangia et al., 2019).

For solute-transport models, it is usually assumed that that the numerical solution is free of
hydrodynamic numerical diffusion and that any error is leads to mass transport solution, and therefore

the formal evaluation of the effect of hydrodynamic numerical diffusion on the solute-transport solution
may not be properly addressed (Cheng et al., 1984; Ruan and McLaughlin, 1999; Cox and Runkel, 2008).
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Combined use of high resolution numerical schemes 3

Therefore, coupling of hydrodynamic and solute-transport models may be useful in order to determine
the relationship between numerical diffusion in the two solutions, which is still underexplored. Usually,
studies using a coupled model propose improvements of the hydrodynamic or transport module to
investigate numerical diffusion in one of the solutions separately, without accounting for the possibility
that the use, or not, of high-resolution methods in one solution may affect the other (Wadzuk and Hodges,
2004; Fringer et al., 2005; Casulli and Zanolli, 2005; Kong et al., 2013; Ye et al., 2018; Zhang et al., 2018;
Chandran et al., 2019). Thus, further effort is needed to understand how numerical diffusion, produced
by low-resolution schemes in the hydrodynamic solution, may be transferred to solute-transport.

To explore this question, we tested a nonlinear quadratic interpolation in contrast to a linear one
in ELM step-ii, combined with several flux-limiter schemes applied in the solute-transport module in
order to reduce numerical diffusion, and evaluated the effect of the combined use of these methods
on the solute-transport numerical diffusion. We used a coupled hydrodynamic solute-transport model
with non-hydrostatic and flux-limiter Upwind approaches to evaluate the numerical diffusion in three
numerical experiments, for different purposes: (a) the first two experiments evaluated the potential for
reducing the numerical diffusion in the hydrodynamic solution, by applying a non-linear interpolator
rather than a linear one, and the capability of representing the propagation of complex waves; (b) the
third experiment evaluated the effect of using high-resolution schemes on the numerical diffusion of
combined hydrodynamic and solute-transport models.

2 Mathematical considerations
2.1 Governing equations
The RANS equations are used to describe three-dimensional free-surface flows. These equations

express the physical principle of volume, mass, and momentum conservation. The momentum equations
for an incompressible fluid have the following form:

Ou , Ou  Ou  Ddu . Op, O _ 8[/”p—pod<]_gg

ot —|—qu v@y Va2 or  Jor Yoz 00
Pu  0u 0 ou
h (XY ™ et i v
v (8.762 + 8y2> + 0z (V 8z> (1)

n.,_
ov uau va'u v " — dp, an 0 {/ p podC] dq

oo Uy TV T Ty 95y 9y P
v 0w 0 ov
h(Y " i I v
v <8ﬂc2 +83/2> +3z (V 3z> 2)
ow  ow  Ow 0w 0q (0w OQw) 0 [ 0w 3)
ot ox Oy 9z 0z 02 oy? 0z 0z

where u(z,y,2,t), v(z,y,2,t), and w(z,y,z,t) are the velocity components in the horizontal (x and y) and
vertical (z) directions, respectively; where v e v¥ are the horizontal and vertical turbulent eddy viscosity
coefficients, respectively; t is the time; py(z,y,2,t) is the atmospheric pressure; n is the free-surface
elevation from a water-level reference. The second and third terms on the right-hand side of equations (1)
and (2) represent the barotropic and the baroclinic contributions to the hydrostatic pressure; ¢(z,y,z,t)
denotes the non-hydrostatic pressure component; f is the Coriolis parameter; and g is the gravitational
acceleration.

When a simple hydrostatic approach is considered, equation (3) is neglected and ¢ is assumed to be
equal to zero in equations (1) and (2). In this case, it is assumed that the vertical acceleration does not
have a significant effect on the velocity field in comparison with the horizontal acceleration, which is
the assumption usually applied for simulation of shallow waters (e.g. Jin and Ji, 2005; Cavalcanti et al.,
2016; Tang et al., 2017; Munar et al., 2018).

The volume conservation is expressed by the incompressibility condition and the continuity equation,
given by: 5 5 5

u v w
8x+8y+8270 @)
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Integrating equation (4) over depth leads to the following equation:

TTouw Ov Ow
/_h{aﬂc+5y z} /—dz+/ fdz+/ fdz 0 (5)

where h is the bathymetry measured from the theorical undisturbed water surface (zero referential).
Using the Leibniz integration rule, in each direction, in equation (5) aand using a kinematic condition at
the free surface leads to the following free-surface equation:

—+—/ dz+—/ vdz =0 (6)

Finally, the mass conservation of a conservative scalar variable may be expressed by the following
equation:

90, 0uC) | JwC) , dwC) _ 9 ,C 9 90 a(vac>

ot * on oy 5.~ o) T, K e e \ B e (7)

where C is the concentration of a conservative substance being transported (e.g., salinity); and K b and
K" aare the horizontal and vertical turbulent eddy diffusivity coefficients, respectively.

For both the velocity field and scalar transport solutions, the boundary conditions are implemented
under the assumption of “free-slip” boundaries. The Dirichlet and Neumann conditions were assigned
to represent the normal and tangential velocities in the solid boundaries, respectively. For the scalar
solution, a no-flux boundary condition is assumed in solid boundaries

The tangential stress boundary conditions for the momentum equations 1 at the free-surface are
specified by the prescribed wind stresses, which can be approximated as:

v %—W(ua u)w”af:):w(va—v); at z=n (8)
where u, and v, are the horizontal wind velocity components, and 7 is a non-negative wind stress
coefficient. The bottom friction is specified by:

I/”Z—Z = VBu,l/“g—z =vgv; at z=—h 9)

where g is a non-negative bottom friction coefficient, which is typically represented by means of a
Manning or Chezy coefficient.

2.2 Grid and Variable Locations

The computation grid can be described as a generic unstructured orthogonal grid, having N, elements,

each having an arbitrary number of sides S; > 3,i=1, 2, ..., N, (figure 1).
Let N be the total number of sides in the grid. The length of each side is Aj, j =1, 2, ..., N,. The
vertical faces of the i-th element are identified by an index j; 4y, I =1, 2, ..., S;, so that 1 < gy < Ns.

Similarly, the two polygons that share the j — th vertical face of the grid are identified by the indices
i(j,1) and i 9), so that 1 < 1) < Np and 1 <igj0y) < Ny The non-zero distance between centers of
two adjacent polygons that share the j-th side is denoted by §;.

Along the vertical direction, a simple finite difference discretization, not necessarily uniform, is
adopted. By denoting a given level surface as Az, 1 the vertical discretization step is defined by:

AZkZAZk+%—AZk7% k=1,2,..,,Ns (10)

The three-dimensional space discretization consists of elements whose horizontal faces are the polygons
of a given orthogonal grid, represented by the layers at k + 3 (upper face) or k — 3 (bottom face),
and whose height, for each layer, is Azy. The water-surface elevation (7), is located dt the barycenter
of the upper horizontal face for each i-th element. The velocity component normal to each horizontal
face is assumed to be constant over the face of each computation cell, which is defined at the point of
intersection between the face and the segment joining the centers of the two prisms that share the face.
The non-hydrostatic pressure component g;'; and the concentrations C7'; are located at the center of
the i-th computation cell, halfway between Azk 41 and Azk . Finally, the water depth h; is specified
and assumed constant on each vertical face of an element.
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Fig. 1: Model representation of the grid. (Source: Casulli and Lang, 2004)

2.3 Numerical Approach
2.3.1 RANS equations

We used a semi-implicit method (f-Method, Casulli, 1990) in a finite-difference finite-volume model,
with a Eulerian-Lagrangian Method (Casulli and Cheng, 1992) to solve the convective and viscous terms
of the RANS equations, and a fractional-step framework (Casulli and Lang, 2004) solve the pressure
component by splitting the pressure into hydrostatic and non-hydrostatic parts. The first step of the
hydrodynamic solution is to compute the provisional water velocity and surface elevation, neglecting
the implicit contribution of the non-hydrostatic pressure. In the second fractional step, the provisional
velocity (u, v and w) and provisional surface elevation (77) are corrected by non-hydrostatic pressure
terms. A complete description of the numerical solution for non-hydrostatic flows was provided by Casulli
and Lang (2004), and is here named CLO04. Here, we describe in detail only the Eulerian-Lagrangian
method in order to clarify where the high-resolution methods were applied.

One difficulty in the numerical treatment of RANS equations arises from the discretization of the
convective and viscous terms of the convection-diffusion equation in three dimensions (Equations 1-3).
The advection-diffusion equation without Coriolis and pressure terms can be described as:

%_%+ %4, 66 ac 8720+826 +2 % (11)
at ot Yor Ty "W TH 92T a2) T \V a2

where ¢ is a generic variable (e.g. velocity components u, v, w) (Casulli and Cheng, 1992). In order to
simply solve and improve the stability and accuracy of an explicit finite-difference method, consider
equation (11) in the Lagrangian form:

@ — & + — 820 + 2 v % (12)
at P \o2 82 ) a2 \V Bz
where the substantial derivative % indicates that the rate of change over time, which is calculated along

dt
the stream line, is defined by:

dx dy dz
E—u, E—/U, E—w (13)

An explicit discretization of equation (13) can be given by:

n+1 n+1 n+1 n+1
n+1 * v Glen =% _ V1 Cin =Gl
(C’. —C* ) k+3 Az 1 k—5" Az 1
gk J:k ikt k=3 N
= + MAth k (14)
At Aijk ’

where C* . denotes a generic variable at the j-th side of a grid at vertical level and time step n.

In order to apply the Lagrangian discretization in a Eulerian grid, a backward stream line is required
to estimate the departure velocity at time “n” ((Lagrangian approach) required to reach the final position
“i k" at time “n + 1”7 (Eulerian approach). (Eulerian approach). To estimate the particle departure
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point, the ELM step-i interpolation is applied, which requires a particle-tracking method. A multi-step
backward Euler (MSE) was applied, but other methods can be satisfactorily applied as well (e.g. fifth-
order Runge-Kutta) (Oliveira and Baptista, 1998). However, the departure position is not a grid point,
and an interpolation formula using known node points must be used to define C7 (ELM step-i7).

A consistent semi-implicit finite difference discretization is used to calculate the provisional horizontal
velocity component from momentum equations (1-2) and takes the following form (CL04):

At

~n+1

wip = Fufy—(1-0)% [g(n?(]-,r) = Migay) + (i g~ q?(j,z),k)} -
J

ntl ~nil antl _gntt
99 Al (77n+1 — 7’]7L+1 ) + i VY 1 M —vY 1 M (15)
-\, i(4,0 b+ 5 k=2
& i) G AZLy | PR AZ}fk+% e AZZk—%

— n
k= Mg, Mj41,.-- ,Mj

where 7, denotes the horizontal velocity component normal to the j-th side of the grid at vertical
level k, and time step n; n?(j’r) is the free-surface level at the right neighbor i-th element from the j-th
side and 77?( il from left neighbor; qf( Frk denotes the non-hydrostatic pressure component; and F is
an explicit finite-difference operator, which accounts for the contributions from discretization of the air
pressure, Coriolis, baroclinic pressure, advection, and horizontal friction terms.

Analogously to equation (15), a semi-implicit finite-difference discretization for the provisional
vertical-velocity component (neglecting the non-hydrostatic pressure contribution) at the top of each
computation cell is derived from equation (3):

~n+1 n At n n At
wiy =Fw, 4~ (1- 9)7AZ” (4 — afx) + Azn
ik+g ik+1
~n+1 ~n+1 ~n+1 ~n+1 (16)
o Wikt: " Wigel ) Wil m Wi o .
Vik+1 AZT *Vi,kT k=m;mit1,..., M —1
ik+1 ik

where F'w aaccounts only for contributions from the discretization of the advection and horizontal-friction
terms. The Eulerian-Lagrangian method can be applied to discretize the finite difference operator F in
equations 15 and 16, given by:

M

J

Ful, =uj, + z/hAtAhuj’k + fAtv], — gm ng {p?(m),l = Pia).e| A% (17)
I =k
Fw}, = wZ‘JH% + yhAtAhw;kJr% (18)

where uj i denotes the horizontal velocity component normal to the j-th side of the grid interpolated

at time ¢" at the end of the Lagrangian trajectory; v, denotes the horizontal velocity component

orthogonal to u;‘ B W 41 denotes the vertical velocity component normal to the upper horizontal face
, k41

of element “i” at layer “k 4 %”. wg = % and wy = 1, for £ # k; Ah is the discretization of the horizontal
Laplacian. The Lagrangian trajectory is calculated by integrating the velocity backward in time from a
face’s (j,k) barycenter at "1 to its location at time ¢". The second step of the interpolation technique
is discussed further below.

2.8.2 Solute-Transport Equation

We used a conservative finite-volume scheme with a semi-implicit approach based on CL04 with time-
accurate local time stepping based on Cavalcanti et al. (2015), in order to discretize the solute-transport
equation. The CL04 approach yields a conservative solution, also respecting the max-min property.

Assume that S,j represents the set of vertical faces belonging to the computation cell (4,k) through
which water is leaving the respective computation cell; and S, represents the set of vertical faces through
which water is entering the same computation cell and , p(,j) is the neighbor of the computation cell
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(4,k) that shares the vertical face (4,j). For each computational cell, equation (7) for scalar transport is
discretized as follows:

P ORI = PAAIOR — A | D 1Q5 10— Y Q5 10T 5y
JES:T,c JES )
— At[IQuEY 1O — QU G| + At YT arEOICT . — Ol
jesusy, 19)
A |drt ot - ot = ant ot - oty
At .
= S [ QI (Cr = €l = 0 QU 1€ = )]
At o "
—-5 Z DERQTE(Cr gy — Cln)
jeSiJkaS;k
where
1
d:l;ril = max <0 Dl — 3 ‘szi% ) (20)
d"+9 = max <O,D§f - = |Q"+9|) (21)
where Q"+9 = \jAz] kuglze and Q?Zil = Pw"ﬁEl are the advective-flux coefficients, and D}, =

h

AjAZT jj"“ and D! 1 = PZA %3 are the diffusive-flux coefficients. In equation (19) the first term
iktd

on the right side is the mass in layer k at time n; the second is the horizontal-advection term; the third
is the vertical advection, followed by the horizontal and vertical-diffusion terms. The last two terms are
the numerical-diffusion reduction terms , which depend on the high-resolution scheme to estimate .

The 1 represents the flux limiter itself, and is given by:

(e

s

where @ is the partial flux limiter and ¢ is a function that assures the independence between the max-min
property and mesh size, and is given by:

n . QDZ &
@i =min [ 1,—= (23)
Qj
When the horizontal and vertical diffusion is set equal to zero, (,0;7 x = 0, hence 1/);’ E = (li;?’ x - The

Upwind scheme may be easily obtained when & (r) = 0.

3 High-resolution schemes to reduce numerical diffusion

For the hydrodynamic solution, two different interpolators at ELM step-ii were tested: a simple
bilinear interpolation (Casulli and Cheng, 1992) and a quadratic interpolator (Hodges et al., 2000), both
applied in a regular structure grid. Regarding the solute-transport solution, three different flux limiters
were used: MUSCL, Superbee and Ultimate Quickest, which performed best for coupled hydrodynamic
and transport simulations in previous studies (Hodges et al., 2000; Fringer et al., 2005; Casulli and
Zanolli, 2005; Ye et al., 2018).



242

243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259

260

261

262

263

264

265

266

267

268

269

270

271

8 A. Hugo F. Cunha et al.

3.1 Flux-Limiter

In order to retrieve some accuracy from the solute-transport first order upwind scheme, an additional
" anti-diffusive” term is used (equation 22), the so-called flux limiter function. The high-resolution
methods applied to the solute-transport solution are described as follows:

1. UpWind
B(rp) =0 (24)
2. MUSCL (Van Leer, 1979)
(ry) = max([@] ,;min(2ry; 0,5 + 0,575 2)] (25)
3. Superbee (Roe, 1986)
@(ry) = max([p] s min(1; 2ry); min(2,r )] (26)
4. Ultimate Quickest (Leonard, 1991)
.1 1 2 2
P(ry) = max [ 7 1o in <2(1 +re)+ 6(1 —rs)(1 —=2|C)); 1_7‘0‘; Cf)] (27)

where C, here is the Courant number.

The consecutive gradients (rgetor) playy an important role in the numerical diffusion of the mass-
transport equation. Several ways to estimate the rg,cor have been proposed (Darwish and Moukalled,
2003; Casulli and Zanolli, 2005; Li and Huang, 2008; Kong et al., 2013; Zhang et al., 2015; Ye et al.,
2018). The ractor proposed by Ye et al. (2018) and Kong et al. (2013) gave the best results among all
existing methods Ye et al. (2018). For the sake of simplicity, we adopted the rg,ctor proposed by Kong
et al. (2013), which we found to be easier to implement, since the rgctor is calculated only based on the
concentration of neighbor cells.

The rgactor is calculated only for horizontal and vertical water-leaving faces. For vertical faces
(horizontal flux) the consecutive gradient is given by:

= Clnk B C:“L(iyjn)vk (28)
cn Ci’fk

r(i.4).k

n
3,

where j, represents the opposite face from face j. For horizontal faces (vertical flux), the rector is given
by:
Ci = Ol

3
'f’i(.L 1= o (29)
Phoa Cz',kq *Ci,k
an - an 1
n _ T, 1,R—
T'j’k-}—é - C;:n,k+1 _ Clnk (30)

3.2 Bilinear Interpolator

For a structure rectangular grid, the bilinear interpolator Casulli and Cheng (1992) uses 8 node
points within a cell. The interpolated velocity component at ¢t can be found by:

Gajbi—a= (1 =d) (L =a) [(L=b)ui +bus] +a[(l - b)ui +bug]+d(1-a)

(31)
[(1=b)ul +bug] +al(l—0)ug + bul]

where a, b and d are the distances of the particle position at the end of a sub-time step (z,,yp,%p)
normalized by the position of the nodes in each direction, where u; was set as the initial position
(Zu1,Yu1,241). For the following example (figure 2), the normalized distances are set as:

_ ‘xp_xul‘ _ Y — Yu1l _ |Zp_Zu5|
‘xul - $u2‘ |yu1 - yu4| |Zu1 - Zu2‘
We used two different procedures to select the 8 node points used for bilinear interpolation of Fu and
Fuw at the end of the Lagrangian trajectory: Regarding Fu (figure 2.a), the interpolation process follows
the steps:

a

(32)
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Fig. 2: Example of the velocity points used in the bilinear interpolation for the a) vertical faces (left),
example for the particle stopped in up position, and b) horizontal faces (right), with the particle stopped
in the fourth-quadrant position.

oz 1. (1) For each time step, the particle starts at the barycenter of the j-th face at layer k, where the

273 multi-step backward Euler stream line is defined by linear interpolations to find the particle position
274 at the end of a sub-time step (ELM step-7);

a5 2. (2) For each sub-time step, the particle position is analyzed in relation to the initial position (up
276 right, up left, down right or down left);

a7 3. (3) Eight node points are selected in the cell, with four points in layer & (the same layer where the
278 particle stops), and four points in layer £+ 1, depending on the particle position (up or down). The
279 used point are always 4 faces barycenter and 4 edge center, except for the top and bottom cells,
280 which uses 2 faces barycenter, 4 edge center and 2 nodes;

21 4. (4) The node indices are defined anticlockwise, where the first node is the initial position of the
282 particle at time n+1;

23 5. Equation (31) is used to calculate the velocity component in the particle position in the sub-time
284 step;

25 6. Steps (1-5) are repeated until the end of the Lagrangian trajectory.

286 For Fw (figure 2.b), a similar procedure is adopted:

27 1. For each time step, the particle starts at the horizontal-face barycenter of the i-th element at layer

288 (k+ %), where the multi-step backward Euler stream line is defined by linear interpolations to find
280 the particle position at the end of a sub-time step (ELM step-i)

20 2. For each sub-time step, the particle position is analyzed in relation to the initial position (up or
201 down and in the direction of one of the four quadrants)

22 3. Eight node points are selected in the cell, with four points in layer (k+ %) (the same layer where the
203 particle starts), and four points in layer k — %7 if the particle goes down, or k+ %, if the particle goes
204 up. The used point are always 2 horizontal faces barycenter, 4 edge center and 2 nodes;

205 4. The node indices are defined anticlockwise, where the first node is the initial position of the particle
206 at time n+ 1.

27 5. Equation (31) is used to calculate the velocity component in the particle position in the sub-time
208 step.

20 6. Steps (1-5) are repeated until the end of the Lagrangian trajectory.

s0 3.3 Quadratic Interpolator

301 The Quadratic Lagrangian interpolation was adapted from Hodges et al. (2000), who extended
sz the 8-point Upwind bilinear stencil to a 27-grid point stencil using at least 8 computation cells. We
33 proposed to use 27-node points inside a single computation cell, using the calculated velocities at the
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Fig. 3: Example of model node point velocities for the quadratic interpolation. This illustration shows 27
points inside a computation cell, using information from nodes (in black), edge centers (in white) and
face barycenters (in gray). The subscripts (,m) denote the position of the vertical line (black lines) to
be interpolated in the first step. n denotes the bottom, middle or top of a computation cell. The orange
lines represent the second interpolation step, and the blue line represents the final interpolation step to
estimate velocity of the particle at time t".

face barycenters and interpolated velocities at the nodes, edge centers, face barycenters and element
center (figure 3).

The quadratic interpolation is more generic and uses the same procedure for the horizontal and
vertical faces. First, for each time step the particle starts at the face barycenter, where the backward
stream line is defined in 10 sub-time steps by linear interpolation to find the departure position at time
n (ELM step-i). Second, for each sub-time step the interpolation follows 3 major steps, illustrated in
Figure 3, in order to determine the Lagrangian polynomial coefficients (e.g., Hodges et al., 2000). The
Lagrangian polynomial coefficients are given by:

2P —z +a
L8 = _~  nxa 33
a:(])‘_£7£6 Zn+p T Fnta ( )

where each interpolation has 3 £ coefficients, one for each node used in the interpolation line. 2P is the
particle position after the backtrack, g is the analyzed node position in the Upwind direction, and « is
the other two points, both assuming values of 1, 2, or 3.

In summary, the interpolation process follows these steps:

1. (1) First, 9 z-direction interpolations are carried out (black lines in figure 3). Each vertical interpolation
generates a velocity component in the horizontal plane that passes through the z-position of the
particle, given by:

~ _ pl 2 3
Uity,mad = Loy maypWity,m+vn + Ly mpp Wity mtpnt1 T Ly g Wiy, mnt2 (34)

“l”

where each £° is multiplied by the respective velocity node and v and 1) are the and “m” displacement,

respectively, to indicate which vertical line has been interpolated.

1. (2) 3 z-direction interpolations are carried out (orange line), using the estimated velocities found in
step (1), resulting in 3 new velocity components (white diamonds in figure 3), given by:

. 1 ~ 2 ~ 3 ~
Umtp = Ly Ulm+d T Lip1 mtp Wit mty + Lo mppWlt2,m+e (35)

1. One interpolation is made to compute the y-direction displacement and find the final velocity for the
particle at time t"
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n _ prl- 2 — 3 -
Ui jph—a = Lju; + L5 U1 + L7 oUj40 (36)

1. A new departure velocity is used to define the particle position in the next sub-time step.
2. Steps (1) to (4) are repeated until the end of the Lagrangian trajectory.

4 Numerical Experiments

The proposed numerical approaches were used in three consolidated benchmarks usually use to
verification and validation of numerical models Dingemans (1994); Jankowski (1999); Casulli and Lang
(2004); Yuan and Wu (2004); Fringer et al. (2005); Liu et al. (2017); Yin et al. (2017). The first
two experiments tested the numerical diffusion produced by the hydrodynamic solution, and the last
experiment evaluated the numerical diffusion of the coupled hydrodynamic and solute-transport solution.
Each numerical experiment had a different purpose, as follows:

1. Standing waves in a three-dimensional closed basin. This test case verifies the capability of the
model to simulate 3D linear waves, including phase and amplitude representation (Yuan and Wu,
2004; Monteiro and Schettini, 2015; Liu et al., 2017). The motion in the basin is caused only by the
initial condition of the free surface. When the roughness, viscosity and diffusivity coefficients are
set equal to zero, the motion of the free surface should not lose energy. However, a wave damping
is caused by the numerical diffusion of the hydrodynamic solution. We evaluated the differences in
the numerical diffusion between the bilinear and quadratic interpolations, applied in ELM step-ii,
as well as the numerical diffusion considering the no-advection scheme. The numerical diffusion
was evaluated in terms of the cumulative wave damping, comparing the waves after 30 seconds of
simulation. Regarding the case of the no-advection scheme, u*, v* and w* (equations 17 and 18) are
set directly equal to the horizontal and vertical face velocities. The performance between methods
was evaluated with a few metrics (RMSE, BIAS, Volume Error, KGE, NSE). We also compared the
mass conservation of the computation domain for each time step, the cumulative mass conservation
over the course of the simulation, and the mean computation time of one time-step simulation, using
an Intel® Xenon® CPU-E5-1620 3.7 GHz computer with 32 GB of RAM memory in a Fortran
based numerical model.

2. The wave propagation over a submerged bar was an experimental model idealized by Beji and Battjes
(1993), and has been frequently used to validate numerical models (e.g., Beji and Battjes, 1994;
Dingemans, 1994; Stelling and Zijlema, 2003; Zijlema and Stelling, 2005; Yuan and Wu, 2004; Cui
et al., 2012; Yin et al., 2017). The experiment was used to evaluate the accuracy of representing an
irregular wave pattern caused by physical changes at the bottom, by comparing the quadratic and
bilinear interpolations used in ELM step-ii. The performance between methods was evaluated with
a few metrics (RMSE, BIAS, Volume Error, KGE, NSE);

3. The gravity-wave test consisted of a finite-amplitude deep-water standing wave in an inviscid fluid in
a non-equilibrium situation, where the baroclinic pressure makes a major contribution to promote
flow. The experiment evaluated the numerical diffusion in terms of density interface expansion,
analyzing the difference between the combined uses of the interpolation techniques used in ELM
step-it and different flux-limiter schemes applied in a solute-transport solution. This test case also
evaluated the individual effect of each interpolation technique used in the hydrodynamic solution on
the solute-transport solution, using different flux limiters. We also compared the mean computation
time of one time-step simulation.

4.1 3D standing waves in a closed basin

A closed cubic basin with 10 m of edge and the wave amplitude set to 0.1 m was used (figure
4). The spatial domain was discretized using a regular grid with 0.5 m resolution, resulting in 8,000
computation cells. The time step was 0.01 s and the total simulation time was 30 s. We evaluated the
numerical diffusion produced by ELM, comparing the free-surface elevation at x = y = 0.25 m with the
exact solution. We also compared the mass conservation between bilinear and quadratic interpolators,
neglecting the convective terms.

The analytical solution of the free-surface water elevation is given by:

1 = Acos (kyx) cos (kyy) cos (27r%> (37)
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Fig. 4: The initial free-surface profile for a linear 3D standing wave oscillation in a closed basin. source:
Yuan and Wu (2004)

0.15

Surface Water Elevation (m)
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Fig. 5: Comparisons of the free-surface elevation at = y = 0.25 m. The solid black line is the analytical
results, the dash-dot line is the quadratic interpolator results, the solid red line is the bilinear interpolator
results, and the dashed black line is the results with no advection scheme

Table 1: Metrics between the analytical and simulated results each method for 30 seconds of simulation

Metrics Quadratic Bilinear No Advection
RMSE (mm) 21.86 20.80 20.70
BIAS (mm) 0.18 0.52 0.56
Error (%) 27.22 25.94 25.79
KGE 0.87 0.66 0.64
NSE 0.90 0.91 0.91

where ¢ is the time (the initial condition of the free surface may be obtained by setting ¢ = 0), T is
the wave period equal to 3.1 s, with the wave number kx = ky = n/L and the total wave number
k= ./k2+ ki = 0.44%‘1. The analytic solution for each velocity component is described as follows:

w Agk, cosh [ki(h + 2)]

w cosh (kyh) sin (k) cos (kyy) sin (wt) (38)
v Ai]@y Cosigiy((:y—g)z)} cos (kyx) sin (kyy) sin (wt) (39)
w — Agk, sinh [k, (h + 2)] cos (k) cos (kyy) sin (wt) (40)

w cosh (k.h)

w = y/gK tanh (Kh) (41)

The results showed that the numerical diffusion can be reduced when a higher-order interpolation is
used (figure 5). The numerical diffusion of the quadratic interpolator (measured in terms of the amplitude
error compared to the analytical solution) is ca. 10 times smaller than the bilinear interpolator after 30 s
of simulation. The bilinear scheme did not show a substantial improvement over the simulation neglecting
the convective terms (the numerical diffusion was only 10% lower). The Quadratic results show best

where w is giving by:
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Fig. 6: Comparisons of the mass conservation of computational domain over the simulation (top) and the
cumulative mass conservation (bottom) over the simulation time for the tested methods: No Advection
(red dashed line), Bilinear (blue doted line) and Quadratic (black solid line)

performance between methods (Bias 0.18 mm and KGE 0.87, see table 1), indicating best agreement
with the analytical solution, despite similar RMSE and NSE to the other methods. All analyzed metrics
shows that bilinear and no advection had similar performance. The phase representation showed good
agreement with the analytical solution, showing a cumulative phase error of only 0.3 s at the end of the
simulation, which is similar to previous studies (Yuan and Wu, 2004; Monteiro and Schettini, 2015). As
expected, the simulation neglecting the convective terms had a shorter computation time (ca. 1.65 s)
than the bilinear (ca. 2.23 s) and quadratic interpolations (ca. 2.37 s). The computation cost using a
quadratic interpolation was slightly higher (ca. 6%) than the bilinear interpolation.

The mass conservation analysis showed a more conservative behavior for the quadratic simulation
(Figure 6). The simulation neglecting the convective terms showed a substantial decreasing pattern after
5 s of simulation, differently from when the bilinear was used, in which the pattern appeared after 20 s.
The quadratic interpolation showed a more conservative pattern than the bilinear interpolation.

4.2 Wave propagation over a submerged bar

A scheme of the experiment of the wave propagation over a submerged bar with an uneven bottom is
seen in (Figure 6) (Beji and Battjes, 1993). At the upward slope of the bar, the shoaling wave becomes
non-linear due to the generation of a bound higher harmonic. At the downward slope, the depth increases
rather fast and these harmonics become free, resulting in an irregular pattern of waves (Dingemans,
1994). The numerical reproduction of this pattern has proven to be very demanding with respect to the
accuracy of the computed dispersion frequency (Stelling and Zijlema, 2003).

The computation domain has a total length of 30 m, with an initial undisturbed water level of 0.4 m,
and was discretized using a regular grid of 0.025 m resolution. The time step was 0.005 s and the total
simulation time was 39 s. At the left boundary, a sinusoidal wave condition, with period T'= 2 s and
amplitude A = 0.01 m, was imposed to represent the wave generator of the original experiment. At the
right outflow boundary, the experimental absorbed beach was computationally represented by a 5-m
sponge layer with a combination of a sponge layer technique (Park et al., 1999) and a Sommerfeld-type
radiation boundary condition, applied to minimize wave reflection, given by:

Ti—Tio 2 Zm—2 .
€ = {B (17) (m) Uj lf Zi 2 Tio (42)
0 Zf x; <0
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Fig. 7: Scheme of experimental bottom geometry and location of wave-level gauges. Source: Modified
from Beji and Battjes (1993)

where ¢; is the sponge layer coeflicient, x;, is the initial point, and I; the total length. This term must be
added in the right side of equation (1) and (2).

The methods performance was compared by a few metrics (RMSE, BIAS, Volume Error, KGE,
NSE), and also through graphic visualization (Figure 8) of the wave pattern among the 6 stations. We
evaluated the capability of the model to correctly represent the measured free-surface water elevation at
between 33 and 39 s of simulation, comparing the bilinear and quadratic interpolation solutions with the
experimental results for the “low-amplitude waves” (LW), generated by the shoaling process, and the
“higher-amplitude waves” (HW).

The results indicated that the shoaling process on the upward slope was well described by both
interpolation techniques, although the bilinear interpolation poorly represented the LW at station
“A” At the beginning of the downward slope, at station “B”, the bilinear simulation showed higher
free-surface elevation, poorly representing the LW minimums (B at 34.7 and 36.7 s), which is physically
incoherent with the measurements and simulations by others (e.g., Stelling and Zijlema, 2003), due to an
over-increased velocity in the de-shoaling process. The quadratic simulation more accurately represented
the de-shoaling process, although it did not accurately represent the maximum height of HW (35 and 37
s). Moreover, the simulation without advection scheme was not able to represent the de-shoaling process
and was numerically unstable due to a larger over-increase in velocity at the same point as the bilinear
interpolation over-increased it.

The bilinear overestimation of the free-surface level was propagated to the other stations. For the
other four stations, the bilinear case better represented the HW maximum amplitudes than the quadratic
simulation, but poorly represented the LW phase and shape (see “D” and “F” LW over the oscillation
pattern for the bilinear interpolation).

The quadratic interpolator had the best performance among methods table 2. The Quadratic method
better represented the amplitude and the wave patter for all stations (NSE between 0.47 and 0.94,
and RMSE between 2.17 and 4.29 mm). The results had high Volume Error (between 23% and 83%),
overestimating the free-surface level for most cases (except for some method at stations b, ¢, d and f),
and with low performance in KGE parameter for most cases. In summary, the quadratic solution was
better in interacting with uneven bottoms to represent complex non-linear wave simulations. Similar
results to the quadratic interpolation solution were reported by Dingemans (1994); Chen (2003); Walters
(2005); Cui et al. (2012); Monteiro and Schettini (2015).

4.3 Gravity Wave

This benchmark setup is use to evaluate the numerical diffusion of numerical models under sharp
density gradients (Fringer et al., 2005). The equation that represents the initial density condition is:

Ap 2tanh !« k
plx,z) = -5 tanh {kﬁ <kz —kC+ 2)} (43)
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Fig. 8: Comparisons between experimental (circles) and computed data with a Bilinear interpolator
(dashed line) and Quadratic interpolator (solid line), at 6 different level gauges.

Table 2: Metrics between simulated and experimental results for the six stations for bilinear and quadratic

443

444

445

446

results
M Station a: x = 13.5 m Station d: x = 17.3 m
Bilinear Quadratic Bilinear Quadratic
RMSE (mm) 3.57 2.17 5.18 1.29
BIAS (mm) 2.01 0.18 0.87 -0.56
Error (%) 47.52 23.65 83.78 60.00
KGE -0.90 0.82 0.23 0.46
NSE 0.83 0.94 0.56 0.70
Station b: x = 14.5 m Station e: x = 19.0 m
RMSE (mm) 4.79 4.25 4.97 3.81
BIAS (mm) 0.14 -0.64 2.49 0.76
Error (%) 64.77 50.22 52.79 45.31
KGE 0.39 0.35 -6.12 -1.18
NSE 0.33 0.47 0.60 0.76
Station c: x = 15.7 m Station f: x = 21.0 m
RMSE (mm) 4.66 3.51 4.04 3.67
BIAS (mm) -0.19 -1.25 1.34 -0.28
Error (%) 56.71 39.63 57.48 43.84
KGE 0.65 -1.07 -4.92 -0.26
NSE 0.67 0.81 0.69 0.75

where a = 0,99, k = 7 is the wave number, ka represent the fluid interface inclination, k¢ is the non
dimensional interface thickness, and k(¢ is the interface initial condition, giving by (Thorpe, 1968):

<) =k |1

The constant values follow those used by Fringer et al. (2005). ka = 0.1, k6 = 0.05, the density
difference between the layers is %03 = 0.03, with an analytical wave period of 9.43 s. In this test the

(ka)®

6l (44)

)2
> cos(kzx) — % cos(3kx)
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Fig. 9: Comparisons of densitys profiles between the exact no-diffusive solution, and the No Advection
(left), Bilinear (middle) and Quadratic (right) interpolators for several flux-limiter schemes, after two
wave periods.

bottom roughness and diffusion coefficients were both equal to zero. The spatial domain was a 1 m x 1
m, discretized using a regular grid of 0.0125 m resolution, resulting in 6,400 computation cells. The time
step was 0.0236 s and the total simulation time was two wave periods.

Because the vertical and horizontal diffusion were set equal to zero (i.e. pure advection transport),
the initial and final shape of the gravity wave must be the same. We evaluated the numerical diffusion
produced, neglecting the convective terms, and using both bilinear and quadratic interpolations in ELM
step-ii combined with different flux-limiter schemes. The model outcomes (i.e. water density profiles) were
compared with the exact solution. In order to evaluate the effects of different schemes and interpolation
techniques on the numerical diffusion, we calculated the Leyor norm of the density (Table 3), and
compared the simulated vertical density profiles at x = 0.0 m and at x = 0.4 m with the exact solution.

The Leyror was calculated using the following expression:

N; N -
I — Doimt Dk |/)1211; — Pike|0A; 1
- N; Ni |~
Zi:l Zkil ‘pi,k|5Ai,k

where j is the density from the exact solution, and the p?T is the simulated density after two wave
periods, and JA; . is the area of grid cell (7,k), which in our case is equal for all computation cells.

The comparison between the simulated density profiles and the exact solution is shown in Figure 9.
Our findings indicated that the numerical diffusion produced by the hydrodynamic solution had a major
influence on the total numerical diffusion.

The Upwind scheme showed a higher numerical diffusion than the high-resolution schemes, considering
the two interpolation techniques in ELM step-ic (RMSE ca. 2.8 times bigger, table 4). For the high-
resolution schemes, the numerical diffusion was reduced mainly when combined with the quadratic
interpolation in ELM (RMSE ca. 3 times smaller). A similar numerical diffusion pattern was found when
the convective terms were neglected or when a bilinear interpolation was used in ELM step-ii, with

(45)
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Fig. 11: Comparisons between density profiles of the exact solution, and the No-Advection (top), Bilinear
(middle) and Quadratic (bottom) interpolations for all flux-limiter schemes, after two wave periods, at

2 =0.0m (left) and z = 0.4 m (right).

Table 3: Relative errors (%) for the different advection schemes after two wave periods, for the bilinear

and quadratic interpolators

Flux limiters LNoAdve LBitinear LQuadratic Fringer et. al 2005
UpWind 5.10 4.98 4.98 3.9
MUSCL 1.66 1.23 0.48 0.6
Ultimate-Quickest 1.40 0.94 0.46 0.4
SuperBee 1.36 0.88 0.30 0.4

Table 4: Root Means Square errors (kg/m?) for the different flux limiter schemes after two wave periods,
for the No advection scenario, bilinear and quadratic interpolators.

Flux limiters RMSENoAdvc RMSEBilinea'r RMSEQuad'ratic
Upwind 2.08 1.97 1.97
MUSCL 1.16 0.72 0.38

Ultimate-Quickest 1.15 0.69 0.28
Superbee 1.16 0.70 0.24

a higher diffusive behavior in the middle of the spatial domain and an anti-diffusive pattern near the
boundary domain for the higher-resolution schemes, as seen in Figure 11 and 9.

The Upwind scheme showed a higher relative error (Lepor norm ca. 5%) for all simulations. The
results showed that the high-resolution methods substantially reduced the relative errors compared
to the Upwind scheme, and the Superbee performed best among the higher-resolution schemes. The
quadratic and Fringer et al. (2005) had similar results to the tested high-resolution methods, however
the hydrodynamic discretization and its influence in the result was not discussed in Fringer et al. (2005)



475

476

477

478

479

480

481

482

483

484

485

486

487

488

489

490

492

493

494

495

496

497

498

499

500

502

503

504

505

506

507

508

509

510

511

512

513

515

516

517

518

519

520

521

522

523

524

525

526

527

528

529

18 A. Hugo F. Cunha et al.

work. The Leor indicated that the bilinear interpolation substantially improved the representation of the
density profile compared to the simulations neglecting the convective terms. Regarding the computation
cost, the higher-resolution methods had similar computation times for each time step, differing only with
the interpolation technique, with 1.25, 1.51 and 1.62 s for the No-advection, Bilinear and Quadratic
interpolations, respectively. The Upwind scheme had a shorter computation time, with 1.01, 1.15 and
1.61 s for the no-advection, bilinear and quadratic interpolations, respectively.

5 Discussion

The numerical experiments in the hydrodynamic solution showed that the quadratic interpolation
method, using 27 node points in a single computation cell, substantially reduced the numerical diffusion
in the hydrodynamic solution, which had a positive effect on the solute-transport solution. This is the
first study to verify and validate the quadratic interpolation method in ELM step-ii.

The results of the first experiment showed a good amplitude representation of the waves, with a
satisfactory phase representation only 0.3 s slower than the analytical result. This was expected, since the
phase representation is more related to the non-hydrostatic pressure and vertical momentum discretization
(Yuan and Wu, 2004; Zijlema and Stelling, 2005). The second experiment successfully validated the
proposed interpolation, which proved to be capable of representing complex wave problems. The bilinear
interpolator applied at ELM step-i7 had a numerical diffusion ca. 10 times higher than the quadratic
interpolation. Moreover, the bilinear interpolation did not yield a substantial improvement in terms
of numerical diffusion, compared with the simulations neglecting the convective terms. The quadratic
interpolation also substantially improved the mass conservation over the course of the simulation,
indicating that a high-resolution method can be applied to find mass-conservative solutions in free-surface
simulations in complex wave problems, including shallow or deep waters. Higher numerical diffusion
was also observed when the bilinear interpolator in ELM step-ii was used with different flux-limiter
schemes in the mass-transport solution (Cheng et al., 1984), indicating that high-resolution schemes
can be successfully used to attenuate the numerical diffusion for coupled hydrodynamic and transport
solutions. The set of numerical experiments showed that the quadratic interpolation is a powerful and
promising method to reduce numerical diffusion, with a slight increase in computation cost related to a
bilinear interpolator (7.3% more), and also can be applied in 1D, 2D or 3D models. Other key factors
related to the numerical solution are also responsible for the numerical diffusion, such as the fractional
step error (Chen, 2003), caused by splitting the pressure solution into hydrostatic and non-hydrostatic
modules, which was appropriately treated here following Casulli (1999); and the interpolation method
used to define the stream line trajectory in ELM step-i (Staniforth and Cété, 1991).

In this study, we used different flux-limiter schemes to efficiently solve the mass-transport equation,
which also proved to be an accurate alternative to reduce the numerical diffusion when coupled with a
quadratic interpolation in ELM. The last numerical experiment showed that the Upwind scheme has
serious numerical-diffusion problems (Lepor norm ca. 5%), and can be considered inappropriate for
modeling stratified basins. The SuperBee flux limiter showed the best results among the high-resolution
methods used in this study (Leror norm ca. 0.3% with quadratic interpolation). Although further
investigation is still needed to indicate the best flux limiter, the SuperBee has been used as a default in
some models (e.g., Hodges et al., 2000; Casulli and Zanolli, 2005; Ye et al., 2018; Zhang et al., 2018),
has proven to be capable of simulating stratified basins with or without sharp gradients, and has also
been mass conservative. Despite the satisfactory results, the flux limiters used here are only non-linear
second-order schemes (Fringer et al., 2005; Waterson and Deconinck, 2007). Numerical diffusion can
be reduced even more by a different linear or non-linear higher-order discretization, but this usually
requires a complex numerical solution, which is computationally expensive and also may be vulnerable
to unphysical spatial oscillations (wiggles) under some circumstances (Leonard, 1991).The flux limiter is
a simple approach that is easily implemented, especially when Kong’s re,ctor is applied.

The results indicate that high-resolution schemes are suitable for reducing numerical diffusion, but
combining their use in hydrodynamic and solute-transport solutions can improve the overall result
even more. When the Upwind scheme was used, the differences between interpolation techniques were
overcome by the higher Upwind numerical diffusion, although when flux-limiter methods were also used,
the differences were clearer. The combined use of high-resolution methods shows that the interpolation
technique in the hydrodynamic solution has a substantial effect on the mass-transport solution, and that,
despite the improvement over Upwind, applying linear interpolators at the ELM step-ii still yields a
relative error that is 2 to 3 times larger than with a non-linear interpolator, with a similar behavior to
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the no-advection solution, which may generate unsatisfactory results for the transport solution in cases
of sharp stratification.

A higher diffusive behavior in the middle of the spatial domain of gravity wave than in the nearby
boundary domain was found for all simulations, as expected. Fringer et al. (2005) showed that in regions
of the flowfield where the local Courant number is reduced (the middle), the interfacial diffusion is
increased, which makes a zone that is sensitive to the velocity field. The results of the gravity-wave
experiment were strongly influenced by the diffusion-over-time steps, since as the interface became more
diffuse, the wave period and velocity field changed; that is, the use of a more diffusive method in a
hydrodynamic solution may generate cumulative errors, leading to unsatisfactory results. The quadratic
interpolation proved to better reduce the numerical diffusion in these critical areas, due to the less
diffusive behavior in the hydrodynamic solution, and better predicted the sharp change of the velocity
field in the middle region of the wave. Moreover, the results for the quadratic interpolation indicated
that it performed better than the bilinear interpolation and similarly to the results reported by Fringer
et al. (2005) in the transport solution. The bilinear interpolation, although it had a smaller relative error
than the no-advection solution (1.5 times less), showed the same unsatisfactory diffusive behavior in the
middle region.

The proposed combined use of the quadratic interpolation applied at ELM step-ii and the flux-limiter
technique substantially reduced the numerical diffusion in solving mass-transport problems, showing
that high-resolution methods must be implemented in the numerical solution to properly simulate more
complex real situations. These methods can be easily implemented, as proposed here.

6 Conclusion

The combined use of high-resolution methods (quadratic interpolation and flux-limiter functions)
showed to be an suitable alternative to reduced numerical diffusion, and with low cost of implementation
in relation to higher order discretizations.

The analyses in a coupled numerical model allowed to understand how the numerical diffusion at one
solution may affect the other. The numeric diffusion at hydrodynamic solution promoted by low-resolution
methods (low-order interpolation at ELM) may have a substantial impact on solute transport solution,
even if a high-resolution method were applied at solute transport solution (Relative error and RMSE ca.
3 times bigger).

When a low-order method are used in solute transport solution (Upwind scheme) the numerical
diffusion differences between methods in hydrodynamic solution were overcome by the higher Upwind
numerical diffusion. Thus, in order to accurately modeling stratified flows in real situations the combined
use of high-resolution methods is mandatory.

Numerical models that use low-resolution methods usually neglected the diffusive part of the transport
equation (eq. 7) (diffusivity coefficients equal to zero), assuming the numerical diffusion as the physical
diffusion, which may difficult the Model’s calibration. The applied high-resolution methods allowed
using the diffusivity coefficients as parameters to the model calibration. Therefore, we recommended the
application of the implemented methods at real situations to evaluated the Model’s performance in the
representation of the temperature dynamic of stratified flows in deep lakes or reservoirs.
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CaprfTurLo 6

Conclusao

O trabalho foi desenvolvido em grandes temas, passando pela implementacdo e tratamento
adequado do termo de pressao nao-hidrostatica, identificacdo das relacoes da difusdo numérica
gerada na solucao hidrodinamica e de transporte e utilizacao de solugdes numéricas mais completas

de alta resolucao para simulacio de escoamentos estratificados em geometrias complexas.

O algoritimo utilizado para implementacao da aproximacgao ndo hidrostatica no modelo
IPH-ECO se mostrou capaz de simular adequadamente a celeridade e a dispersao de frequéncia de
ondas estacionarias em condicao de dguas profundas (%>0.5m) utilizando uma resolugao vertical
mais flexivel (10-layers ou mais) que um modelo nao-hidrostéatico classico, sem tratamento na
condicao de contorno (20-layers ou mais). Apesar da melhoria, o resultado ainda é limitado pela
discretizagao utilizada para equacido do momento vertical, enquadrando o método como de baixo

custo de implementacao e eficiéncia média.

A discretizacao utilizada tem uma dependéncia do perfil vertical de velocidades, que é
menos preciso a medidas que a resolucao vertical utilizada na simulacdo aumenta. Isto faz com que
o modelo precise de uma resolucgao vertical apropriada para obter resultados satisfatorios. Quando
comparado com a abordagem classica de implementacdo da aproximacdo nao-hidrostatica, o
método proposta tem um ganho substancial, gerando resultados semelhantes utilizados uma
resolucao vertical 2 vezes menor. Este resultado permite que modelos hidrodindmicos semelhantes
melhorem sua solugdo numérica com um baixo custo de implementacao, aplicando um tratamento
simples na condi¢ao de contorno da pressio nao-hidrostatica na superficie livre, consequentemente

dmelhorando a performance em simulagoes hidrodindmicas nao-hidrostaticas.

Ainda quanto a melhoria do médulo hidrodindmico, o interpolador bilinear aplicado
ao passo-ii do ELM teve difusdo numeérica ca. 10 vezes maior que a interpolagdo quadratica.
Além disso, a interpolagdo bilinear nao apresentou melhoria substancial, em termos de difusao
numérica, em comparac¢ao com a simulagdo sem esquema de advecgao (negligenciando os termos
convectivos). A interpolacao quadrética diminuiu substancialmente a difusdo numérica e melhorou
a conservacgao de massa sobre a simulagdo, indicando que métodos de alta resolugcao podem ser

utilizados para alcancgar solugoes conservativas em simulacoes de superficie livre.

A maior difusdo numérica também foi observada quando o interpolador bilinear, aplicado
ao passo-ii do ELM, foi utilizado em conjunto com diferentes esquemas de Limitadores de
Fluxo na solu¢ao de transporte de massa (Cheng et al., 1984), indicando que esquemas de
alta resolucao podem ser usados com sucesso para atenuar o difusdo para solugoes de modelos

acoplados hidrodindmicos e de transporte. O conjunto de experimentos numéricos mostrou que
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a interpolagio quadratica é um método poderoso e promissor para reduzir a difusdo numérica,
com um ligeiro aumento do custo computacional em relagdo a um interpolador bilinear (7.3 % a

mais) e também pode ser aplicado em modelos 1D, 2D ou 3D.

Quanto ao Tranporte de Soluto, a andlise da difusdo numérica gerada mostrou que o
esquema Up Wind tem sérios problemas de difusdo numérica (Lepror ca. 5%) e pode ser considerado
um modelo ndo adequado para simulagao de escoamentos estratificados. O Limitador de Fluxo
SuperBee teve os melhores resultados dentre os métodos de alta resolugao testados (Leyror ca.
0,3% e RMSE ca. 0,24 kg/m? utilizando interpolacido quadratica). Apesar de maiores analises
ainda serem necessarias para definir o melhor limitador de fluxo, o Superbee vem sido utilizado
co sucesso por alguns modelos (e.g. Hodges et al., 2000; Casulli e Zanolli, 2005; Ye et al., 2018;

Zhang et al., 2018), o que prova ser capaz de simular escoamentos estratificados.

Esquemas de alta resolucao sdo adequados para reduzir a difusdo numérica, mas o uso
combinado deles em soluc¢des Hidrodindmica e de Transporte de Soluto pode melhorar ainda
mais o resultado geral. Quando o esquema Up Wind foi usado, as diferengas entre as técnicas de
interpolacao foram mascaradas pela elevada difusdo numérica do esquema, entretanto, quando
métodos de alta resolugao foram utilizados na solugdo do transporte, as diferencas foram claras
(eficiénceia ca. 3 vezes maior). O uso combinado de métodos de alta resolugdo mostra que a técnica
de interpolagdo na solu¢ao hidrodindmica tem um efeito substancial na solugdo de transporte de
massa, e que, apesar da melhoria dos Limitadores de Fluxo em relacao ao Upwind, a aplicacao
de interpolagoes lineares no passo-ii do ELM mostra um Erro relativo de 2 a 3 vezes maior que
quando usado um interpolador nao-linear, se aproximando do comportamento de uma solucao

sem termos advectivos.

A difusado numérica gerada por métodos de baixa resolugao na solugao hidrodindmica pode
ter grande impacto na solucao do transporte, por tanto, para simular com maior precisao situagoes
reais (dindmica de escoamentos estratificados em reservatérios profundos) o uso combinado de
métodos de alta resolucdo se mostrou necessario, ainda sendo de baixo custo de implementacao,
em relacao a discretizagoes de alta ordem das equagOes governantes, e com elevada eficiéncia na
reducdo da difusdo numérica. Os resultados alcancados neste trabalho permitem que modelos
mais difusivos, como o IPH-ECO (Fragoso Jr et al., 2009), passem a considerar a difusdo fisica
real ao invés da difusd@o numérica em suas modelagens, e portanto utilizar o coeficiente de difusao

como um parametro de calibragdo do modelo.
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