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Abs t r ac t :  The connect ion between the f ie ld  t heo ry  and the pe r tu rba t ion  expans ion  of 
quantum e l e c t r o d y n a m i c s  is s tudied .  As a s t a r t i n g  point the usual Lagrangian  is 
taken but with the ba re  e l ee t run  m a s s  and the r e n o r m a l i z a t i o n  cons tant  Z 3 se t  
equal to ze ro .  This  theory  is e s s e n t i a l l y  equivalent  to the usual one; however ,  it 
does  not eontain any cons tant  of na tu re  and is di la ta t ional  and gauge invar ian t ,  
both i nva r i ances  being spon taneous ly  b roken .  The var ious  l imi t ing  p r o c e d u r e s  
impl ied  by the d i f fe ren t i a t ion ,  the mult i l ) l ieat ion and the r e n o r m a l i z a t i o n  of the 
field o p e r a t o r s  in the Lagrangian  are  combined  in a gauge invar ian t  way to a 
s ingle  l imi t .  P ro t i aga to r  equat ions  a re  de r i ved  which a re  the usual r e n o r r n a l i z e d  
ones .  except  for:  (i) a na tura l  cance l la t ion  of the quadra t i c  d ive rgence  of the vac-  
uum pola r iza t ion :  (ii) the p r e s e n c e  of tin e f fec t ive  cutoff at p ~ E -1; (iii) the r e -  
p l acemen t  of the r e n o r m a l i z a t i o n  cons tan t s  Z 1 and Z 2 by one gauge dependent  
function Z(~2); (iv) the l imi t  E ~ 0 which has to be taken.  The value Z(0) c o r t e s -  
ponds to the usual cons tan t s  Z 1 and Z 2. It is expec ted  that  in gene ra l  Z(0) =0, but 
this  poses  no p rob lem in the p r e s e n t  fo rmula t ion .  It is a rgued  that  the funct ion 
Z(C2). which is d e t e r m i n e d  by the equat ions ,  may  r e n d e r  the vacuum po la r i za t ion  
f ini te .  One may e l imina t e  the r e n o r m a l i z a t i o n  function f rom the p ropaga to r  equa -  
t ions and then p e r f o r m  the l imit  ~ ~ 0; this  r e s u l t s  in the usual pe r tu rba t i on  
s e r i e s .  I towever .  the r e n o r m a l i z a t i o n  funct ion is e s s e n t i a l  for  an unde r s t and ing  
of the high m o m e n t u m  behaviour  and of the re la t ion  between the f ie ld  t heo ry  and 
the pe r tu rba t ion  expans ion .  

1. I N T R O D U C T I O N  

1.1.  G e n e r a l  r e m a r k s  
At t h e  p r e s e n t  t i m e  o n l y  o n e  g o o d  w o r k i n g  q u a n t u m  f i e l d  t h e o r y  i s  k n o w n  

w h i c h  m i g h t  b e  of  a f u n d a m e n t a l  n a t u r e ,  n a m e l y  t h e  q u a n t u m  e l e c t r o d y n a m -  
i c s  (QED)  of  t h e  c h a r g e d  l e p t o n s .  H o w e v e r ,  t h o u g h  it i s  p o s s i b l e  to  o b t a i n  
f r o m  t h i s  t h e o r y  s e v e r a l  a c c u r a t e  p r e d i c t i o n s  w h i c h  h a v e  b e e n  w e l l  c o n -  
f i r m e d  by  e x p e r i m e n t s  [1],  t h e  c o n n e c t i o n  b e t w e e n  t h e  b a s i c  f o r m u l a t i o n  of  
Q E D  a s  a f i e l d  t h e o r y  a n d  t h e  r e s u l t s  of  c a l c u l a t i o n s  i s  f a r  f r o m  s t r a i g h t -  
f o r w a r d .  It i s  t h e  p u r p o s e  of  t h i s  p a p e r  t o  s t u d y  t h i s  c o n n e c t i o n  m o r e  
c l o s e l y .  A b e t t e r  u n d e r s t a n d i n g  of  h o w  t h e  f i e l d  t h e o r y  of  Q E D  o p e r a t e s  i s  
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of i n t e r e s t  on i t s  own r i g h t  in the  s tudy  of l e p t o n s  and  cou ld  a l s o  be  he lp fu l  
f o r  the  c o n s t r u c t i o n  of f i e l d  t h e o r i e s  d e s c r i b i n g  o t h e r  e l e m e n t a r y  p a r t i c l e s .  

It m igh t  be w o r t h w h i l e  to e x p l i c i t e  the  a r g u m e n t  fo r  the  p o s s i b l e  i m p o r -  
t a n c e  of the  s tudy  of QED f o r  e l e m e n t a r y  p a r t i c l e  p h y s i c s .  In s p i t e  of the  
i m p r e s s i v e  s u c c e s s e s  of the  m o r e  r e c e n t  d e s c r i p t i o n s  of s t r o n g l y  i n t e r a c t -  
ing p a r t i c l e s ,  it i s  e x p e c t e d  that  a d e t a i l e d  d y n a m i c a l  a p p r o a c h  wi l l  e v e n -  
t u a l l y  be  needed .  F o r  t h i s  p u r p o s e  the  a s s u m p t i o n  tha t  the  a s y m p t o t i c  b e -  
h a v i o u r  of a s y s t e m  of p a r t i c l e s  f a r  away  f r o m  t h e i r  i n t e r a c t i o n  r e g i o n  
shou ld  be u n d e r s t o o d  f r o m  the  l a w s  g o v e r n i n g  t h e i r  b e h a v i o u r  at  s m a l l  r e -  
l a t i v e  d i s t a n c e s  s e e m s  to us  m o r e  n a t u r a l  than  the  o p p o s i t e  h y p o t h e s i s  of a 
p u r e  S - m a t r i x  t h e o r y .  The  only  d y n a m i c a l  t h e o r y  which  i s  at  p r e s e n t  a v a i -  
l a b l e  f o r  a d e s c r i p t i o n  of the  b e h a v i o u r  at  s m a l l  r e l a t i v e  d i s t a n c e s  a p p e a r s  
to be  quan tum f i e l d  t h e o r y .  One way of s tudy ing  such  a t h e o r y  is  to s t a r t  
f r o m  s o m e  g e n e r a l  a s s u m p t i o n s  a s  in the  m e t h o d  of a x i o m a t i c  f i e l d  t h e o r y .  
It i s  h o w e v e r  not v e r y  r e a s s u r i n g  tha t  j u s t  QED d o e s  not  fu l f i l l  a l l  m a t h e -  
m a t i c a l  a x i o m s  u s u a l l y  r e q u i r e d  in t h i s  g e n e r a l  quan tum f i e ld  t h e o r y ,  l i ke  
p o s i t i v e  d e f i n i t e n e s s  of the  H i l b e r t  s p a c e  o r  l o c a l i t y .  

It s e e m s  t h e r e f o r e  i m p o r t a n t  to u n d e r s t a n d  b e t t e r  how n a t u r e  o p e r a t e s  
in the  on ly  r e a l i s t i c  t h e o r y  of i n t e r a c t i n g  f i e l d s  which  i s  known,  n a m e l y  in 
QED.  In t h i s  t h e o r y  one h a s  the  a d v a n t a g e  tha t  t h e r e  i s  v e r y  l i t t l e  f r e e d o m  
f o r  a s s u m p t i o n s ,  b e c a u s e  t h e i r  c o n s e q u e n c e s  can  be  v e r i f i e d  r a t h e r  i m m e -  
d i a t e l y .  A r e l a t e d  a d v a n t a g e  of s t udy ing  such  a r e a l i s t i c  t h e o r y  i s  that  one 
m a y  be  a b l e  o r  even  c o m p e l l e d  to m a k e  an u n u s u a l  c o n c l u s i o n  b e c a u s e  it i s  
u n a v o i d a b l e * .  In m o d e l  f i e l d  t h e o r i e s  which  a r e  b a s e d  on a b s t r a c t  a s s u m p -  
t i o n s ,  one wi l l  have  the  t e n d e n c y  to put  the  b u r d e n  of any  u n e x p e c t e d  r e s u l t  
on the  a r t i f i c i a l  input .  

Of c o u r s e ,  QED h a s  in the  p a s t  been  the  m o d e l  fo r  p r a c t i c a l l y  a l l  q u a n -  
t u m  f i e l d  t h e o r i e s  which  have  been  s tud ied .  We b e l i e v e  h o w e v e r  that  t h e r e  
i s  s t i l l  m o r e  to l e a r n  f r o m  it  and  t h i s  i s  the  m o t i v a t i o n  f o r  the  p r e s e n t  in -  
v e s t i g a t i o n .  F r o m  t h i s  po in t  of v iew,  it i s  e n c o u r a g i n g  to s e e  tha t  the  s tudy  
of QED h a s  r e c e n t l y  a g a i n  l e a d  to r e s u l t s  which  a r e  a p p l i c a b l e  e l s e w h e r e .  
We have  in m i n d  the  p r o b l e m  of s p o n t a n e o u s l y  b r o k e n  s y m m e t r i e s  (SBS). 
A s  was  f i r s t  r e m a r k e d  by H e i s e n b e r g  and  by N a m b u ,  it  cou ld  be  p o s s i b l e  
tha t  the  a p p r o x i m a t e  s y m m e t r i e s  o b s e r v e d  in n a t u r e  r e f l e c t  e x a c t  p a s s i v e  
s y m m e t r i e s  of the  b a s i c  t h e o r y  [2, 31 . In t h i s  way the  o b s e r v e d  a s y m m e t r y  
c o u l d  be  j u s t  a p r o p e r t y  of the  s o l u t i o n s  and not of the  f u n d a m e n t a l  e q u a -  
t i o n s  which  they  obey .  In sp i t e  of s o m e  i n i t i a l  s u c c e s s e s  such  i n t e r p r e t a -  
t i o n s  have  l o s t  the  g e n e r a l  s u p p o r t ,  m a i n l y  b e c a u s e  one d id  not  o b s e r v e  
the  c o n s e r v e d  c u r r e n t s  and  m a s s l e s s  b o s o n s  e x p e c t e d  f r o m  g e n e r a l  a r g u -  
m e n t s  [4] which  w e r e  c o n f i r m e d  in s e v e r a l  m o d e l s  [5]. A s tudy  of a s u i t a -  
b l e  U 2 ® U 2 s y m m e t r i c  f o r m u l a t i o n  of the  QED of e l e c t r o n s  and  m u o n s  
showed  h o w e v e r  tha t  in t h i s  r e a l i s t i c  SBS t h e o r y  n e i t h e r  the  SBS c u r r e n t s  
a r e  c o n s e r v e d  no r  G o l d s t o n e  b o s o n s  o c c u r  [6-8] .  It i s  in p a r t i c u l a r  i n t e r -  

* A classic example: The conclusions which lead to modern physics were at the time 
so unusual that they could almost only have been made in theories (thermodynam- 
ics and electrodynamics) which were understood to such a degree that there was 
hardly any freedom left to draw other conclusions. 
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T h e r e  a r e  two o t h e r  a s p e c t s  in which our  t r e a t m e n t  d i f f e r s  f r o m  the 
c o n v e n t i o n a l  one. We take  the b a r e  m a s s  of the f e r m i o n  equal  to zero .  Ex -  
p e r i e n c e  has  shown [21 ,22]  that  th i s  is  p r o b a b l y  a n e c e s s a r y  cond i t ion  for  
the m a s s  r e n o r m a l i z a t i o n  to be f in i t e  and the r e s u l t i n g  d i l a t a t i o n a l  i n v a r i -  
ance  of the t heo ry  is  a t t r a c t i v e  f r o m  a g e n e r a l  po in t  of v iew [23]. F u r t h e r -  
m o r e  we wil l  take Z3 =0 f r o m  the s t a r t ,  i .e.  we do not inc lude  a t e r m  c o r -  
r e s p o n d i n g  to the f r e e  Maxwel l  f ie ld  in the L a g r a n g i a n  [24 I. In o r d e r  not to 
i n t r o d u c e  al l  m o d i f i c a t i o n s  s i m u l t a n e o u s l y  we sha l l  in the next  s e c t i on  c o n -  
s i d e r  the i m p l i c a t i o n s  of t hese  l a s t  two a s s u m p t i o n s  for  the u s u a l  f o r m a l -  
i s m  in QED. In the t h i r d  s ec t i on  the new l i m i t i n g  p r o c e d u r e  is  d i s c u s s e d .  
In the s u b s e q u e n t  s ec t i on  we d e r i v e  the mod i f i ed  p r o p a g a t o r  e q u a t i o n s  and  
the r e l a t i o n  of ou r  a p p r o a c h  to the u s u a l  p e r t u r b a t i o n  theo ry ;  some  add i -  
t i ona l  r e m a r k s  a r e  p r e s e n t e d  in the l a s t  sec t ion .  An a p p l i c a t i o n  of the 
p r e s e n t  i deas  to a d i s c u s s i o n  of the f e r m i o n  p r o p a g a t o r  is  g iven  in ref .  [251. 
Th roughou t  the p a p e r ,  u n l e s s  o t h e r w i s e  s ta ted ,  we s h a h  u se  the no ta t ion  
of ref .  1261. 

2. THE USUAL THEORY BUT WITH VANISHING BARE ELECTRON MASS 

AND Z 3 - 0 

We first review briefly the usual treatment of QED [9]. The Lagrangian 

is given by 

~(x)  - ~(u)(x)(i~'  - m(u))~(u)(x)+ .L)o(A(U)) - e(u) t~(u)(x)A(u)(x) t~(u)(x)  , (1) 

H e r e  and in the fo l lowing,  whe re  n e c e s s a r y ,  p r o p e r  s y m m e t r i z a t i o n  and 
s u b t r a c t i o n  of v a c u u m  expec t a t i on  v a l u e s  a r e  u n d e r s t o o d .  The s u p e r s c r i p t s  
(u) s t and  for  " u n r e n o r m a l i z e d " .  The  c a n o n i c a l  q u a n t i z a t i o n  l e a d s  to the 
w e l l - k n o w n  equal  t i m e  c o m m u t a t i o n  r u l e s .  

In o r d e r  that  the a s y m p t o t i c  f e r m i o n  f i e ld  and the t r a n s v e r s e  photon 
p r o p a g a t o r  have the n o r m a l i z a t i o n s  u s u a l  for  the f r e e  f i e ld s  and to exhib i t  
the p h e n o m e n o l o g i c a l  coup l ing  c o n s t a n t ,  r e n o r m a l i z e d  q u a n t i t i e s  a r e  i n t r o -  
duced by 

= Z2'2 h(u) , j u  = Zlg~yu ~ = Z 1 Z 2 1 ~ ( u ) y u ~ ( u ) .  

Z- ' :A  (u) 3e(u) A u  = 3 u ' e = Z ; 1 Z 2  Z . 

The L a g r a n g i a n  e x p r e s s e d  in  t he se  q u a n t i t i e s  is  

Jd(X) = Z2~(x)  (i~ - m(u))~(x)  + Z 3 ~o (A)  - eAu(x )  i f ( x )  = .Uo(X) + ~ ' ( x )  , 

(2) 

(3) 

with 
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22o(X ) = ~ ( x )  ( i$ - m ) ~ ( x )  + J_?o(A) , 

fd'(x) = (Z 2 - 1)~(x)  (i~ - In)~(x)  + (Z 3 - 1) .LJo(A ) 

+ Z2~(.v ) (~Jz -/~z(u))~(x) - e A  ~(x)j~(.v) , (4) 

w h e r e  ~ i s  the  e x p e r i m e n t a l  m a s s .  The  f a c t o r s  Z o c c u r  of c o u r s e  a l s o  in 
the  equa l  t i m e  c o m m u t a t i o n  r u l e s  of the  r e n o r m a l i z e d  f i e l d s .  

Us ing  the  d e c o m p o s i t i o n  of the  L a g r a n g i a n  a s  g i v e n  in eqs .  (3) and  (4) 
the  i n t e r a c t i o n  r e p r e s e n t a t i o n  i s  se t  up. In the  g r a p h i c a l  e x p a n s i o n  the  e f -  
f e c t  of a l l  t e r m s  in dd'(x) e x c e p t  e A v j  v can  be  i n c l u d e d  in the  p r o p a g a t o r s  
and  v e r t i c e s  m u l t i p l y i n g  t h e s e  wi th  f a c t o r s  Z~ 1, Z~ 1 and  Z 1. T h e s e  f a c t o r s  
a r e  a b s o r b e d  in the  de f i n i t i on  of the  fu l l  p r o p a g a t o r s  and  v e r t i c e s  and  o c -  
c u r  t h e r e f o r e  e x p l i c i t l y  on ly  in the  f r e e  ones .  F o r  i n s t a n c e  in re f .  [26] it  i s  
shown how t h e s e  r e m a i n i n g  f a c t o r s  can  be e l i m i n a t e d  to g ive  the  p e r t u r b a -  
t i on  e x p a n s i o n  in r e n o r m a l i z e d  q u a n t i t i e s .  

In t h i s  s e c t i o n  we want  f i r s t  to d i s c u s s  the  m a s s  r e n o r m a l i z a t i o n ,  r e -  
v i e w i n g  known r e s u l t s ,  and  then  c o m e  to the  p r o b l e m  of Z 3. 

The  m a s s  r e n o r m a l i z a t i o n  t u r n s  out  to be  in f in i t e  in any f in i t e  o r d e r  
p e r t u r b a t i o n  c a l c u l a t i o n .  M o r e  p r e c i s e l y ,  the  s e l f m a s s  c o r r e c t i o n  ~ - J~z(u) 
c a u s e d  by  the  i n t e r a c t i o n  i s  g iven  by a l o g a r i t h m i c a l l y  d i v e r g e n t  i n t e g r a l  
t i m e s  m. In p r a c t i c e  one a b s o r b s  rn(u) and  i t s  c o r r e c t i o n  in the  f e r m i o n  
p r o p a g a t o r ,  a d j u s t i n g  the  p o l e  to the  e x p e r i m e n t a l  m a s s  v a l u e ,  and  d o e s  
not  w o r r y  a n y m o r e  about  the  m e a n i n g  of the  u n r e n o r m a l i z e d  m a s s .  The  in -  
f i n i t e  m u l t i p l i c a t i v e  c o r r e c t i o n  to ~ S  u) s u g g e s t s  h o w e v e r  that  t h i s  b a r e  
m a s s  h a s  to be  t a k e n  z e r o  [27, 24, 23 ,28]  and a s e l f - c o n s i s t e n t  c a l c u l a t i o n  
[21 ,22]  s u p p o r t s  t h i s  v i ewpo in t .  It i s  v e r y  i n t e r e s t i n g  to o b s e r v e  tha t  wi th  
~ ( u )  = 0 no c o n s t a n t  of l eng th  d i m e n s i o n  o c c u r s  a n y m o r e  in the  b a s i c  t h e o r y .  
A f in i t e  n o n - z e r o  f e r m i o n  m a s s  can  only  c o m e  about  by the s p o n t a n e o u s  
b r e a k i n g  of the  d i l a t a t i o n a l  i n v a r i a n c e .  T h i s  po in t  and  i t s  i m p l i c a t i o n s  f o r  
e l e m e n t a r y  p a r t i c l e  p h y s i c s  in g e n e r a l  a r e  d i s c u s s e d  in r e f s .  [23, 28, 29]. 
In the  fo l lowing  we s h a l l  t a k e  rn(u) = 0. 

Wi th  r e s p e c t  to Z3 ,  a l l  p e r t u r b a t i o n  c a l c u l a t i o n s  which  have  b e e n  p e r -  
f o r m e d  up to now s e e m  to i n d i c a t e  tha t  t h i s  quan t i t y  v a n i s h e s .  We s h a l l  
t a k e  Z 3 = 0 f r o m  the  s t a r t ;  f r o m  eq. (3) t h i s  m e a n s  tha t  we o m i t  the  t e r m  in 
t he  L a g r a n g i a n  c o r r e s p o n d i n g  to the  f r e e  M a x w e l l  f i e ld .  Such a "Z 3 = 0 a p -  
p r o a c h "  h a s  b e e n  d i s c u s s e d  e a r l i e r ,  e .g.  in r e f s .  [30, 24]. 

T h e  L a g r a n g i a n  now b e c o m e s  

22 (x) = Z 2 ~ x ) i ~ C , ( x )  - e z l  ~ , ( x ) A ( x ) ~ ( x )  . (5) 

W e  keep  a t  p r e s e n t  the  u s u a l  equa l  t i m e  c o m m u t a t i o n  r u l e s  f o r  the  qJ-f ie ld  
and  the  o n e s  f o r  the  A - f i e l d  at  d i f f e r e n t  s p a c e  po in t s .  The  equa t ion  

~A v 
[:! = 0 ,  (6) 

~x v 

i s  t a k e n  a s  a s u b s i d i a r y  cond i t ion .  
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F r o m  the a s s u m e d  c o m m u t a t i o n  r u l e s ,  the s u b s i d i a r y  cond i t i on  and  the 
f i e ld  equa t i ons  fol low [31] for  a l l  x and  3' 

] - e A p  I 
~---?.x lz , A V(y)Ai = ia ayv- D ( x  - y) , 

~x ~ ' ~yV d 

[SA 
tl • 

= D ( x  , 

1 
]~-- , ~7(y)[ = - e a D ( x - y ) ~ ( y )  . (7) 
" ~ x  A 

The c o n s t a n t  a d e t e r m i n e s  the gauge  and  wi l l  be d i s c u s s e d  l a t e r  in t h i s  
sec t ion .  H e r e  we r e m a r k  that  eqs.  (7) a r e  d e r i v e d  ones  and that  a p l a y s  in 
t h i s  d e r i v a t i o n  the r61e of an i n t e g r a t i o n  c o n s t a n t  and  does  not  o c c u r  in the  
gauge  i n v a r i a n t  b a s i c  theory .  

We adopt the G u p t a - B l e u l e r  f o r m a l i s m  [9] and  to see  the c o n n e c t i o n  
b e t w e e n  the d e s c r i p t i o n s  with d i f f e ren t  v a l u e s  of a we c o n s i d e r  the fo l low-  
ing f o r m a l  o p e r a t o r  gauge t r a n s f o r m a t i o n s :  

'(x) = e - i e (  b - 1 ) O -  (x ) qJ(x) e - i e ( b - 1 ) O +  ( x)  , 

A v ( x )  = A v ( x ) + ( b - 1 )  ? O ( x ) ,  (8) 
2,x y 

with 

O(x) : ~ I i-lAY(x) : l i m  f D ( x - x ' )  "~AV(x') e - f l [ x °  d 4 x  . 
~x v g • 0 ~x ' v  

The t r a n s f o r m e d  o p e r a t o r s  a r e  aga in  r e n o r m a l i z e d  [17] as  one s e e s  d i -  
r e c t l y  by t ak ing  the m a t r i x  e l e m e n t s  be tween  the v a c u u m  and the r e l e v a n t  
one p a r t i c l e  s t a t e s .  B e c a u s e  !:J[i~iO(x)= 0, the  d e c o m p o s i t i o n  in p o s i t i v e  and  
n e g a t i v e  f r e q u e n c y  c o m p o n e n t s  O + and  O- i s  L o r e n t z  i n v a r i a n t .  The  o p e r -  
a t i on  _j-1 n e e d s  a m o r e  c a r e f u l  d i s c u s s i o n  [17, 31]; we in t end  to c o m e  back  
to t h i s  po in t  at a l a t e r  t ime .  At p r e s e n t  one ma y  a l t e r n a t i v e l y  c o n s i d e r  
O(x)  as  be ing  de f ined  by eqs.  (9). 

F r o m  the g iven  c o m m u t a t i o n  r u l e s  and  the f o r m a l  de f in i t i on  of O(x)  one 
f i nds  
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[O(x), AV(y)] : ia ~ - ~ x  1 D(x  - y) , 
aYv 

[o+(x), o-(y)] : 0 ,  

[O:~(x), ~P(Y)] : • i e a c ] x l D + ( x -  y ) ~ ( y )  , 

[O~(x), ~(y)] : + i e a [ ] - x l D ± ( x -  Y)tp(Y) . (9) 

Taking Z 1 = Z 2 and ignor ing  an infinite r e n o r m a l i z a t i o n  f a c t o r  c a u s e d  by 
the mul t ip l i ca t ion  of the loca l  f ie ld  o p e r a t o r s  at one point ,  to which we 
shal l  r e t u r n  in sect .  3, it m a y  be seen  that  the L a g r a n g i a n  (5) is i nva r i an t  
u n d e r  the t r a n s f o r m a t i o n s  (8). One m a y  note that  th is  is not the c a s e  for  
the usua l  L a g r a n g i a n  b e c a u s e  the f r e e  Maxwell  L a g r a n g i a n  cannot  be 
c h o s e n  to be of the m a n i f e s t l y  g a u g e - i n v a r i a n t  f o r m  F ~ VFt~v; as  is well  
known,  such a cho ice  g ives  th rough  the f ie ld  equa t ions  a c o n t r a d i c t i o n  with 
the  c o m m u t a t i o n  r u l e s  of the  c h a r g e  dens i ty  with the ~- f ie ld .  

The  photon p r o p a g a t o r  may  be de r i ve d  f r o m  the conven t iona l  D y s o n -  
Schwinger  equat ion  

Z 3 D  = D O - D o e 2 [ I D  , (10) 

with the v a c u u m  p o l a r i z a t i o n  

[I ~ v(k)  = - (gU vk2  _ k ~  k ~) l I (k  2) . (11) 

F o r  Z 3 = 0 fo l lows  f r o m  eqs.  (10) and (11) tha t  one ha s  to take  

v kgkV.~ k - 2  
O 

and that 

k2 

which r e p r e s e n t s  an equat ion  fo r  the photon  p r o p a g a t o r .  
Eq. (12) a l so  r e s u l t s  f r o m  the f ie ld  equat ion  

5L 
5 A T x  ) - J tl(x) = ~x-~ [~h(x) , (13) 

w h e r e  the L a g r a n g e  mul t ip ly ing  o p e r a t o r  A(x) a p p e a r s  as  a c o n s e q u e n c e  of 
the s u b s i d i a r y  condi t ion  (6). B e c a u s e  f r o m  eq. (13) J ~  has  no t r a n s v e r s e  
p a r t ,  it cannot  be the  e l e c t r o m a g n e t i c  c u r r e n t ;  we shal l  c o m e  back  to th i s  
point.  

To see  how eqs.  (12) and (13) a r e  r e l a t e d  c o n s i d e r  the g r a p h i c a l  expan-  
s ion  of 
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( 0 ! T { @(x)J p (y)~(z)}  I 0} . 

One h a s  in m o m e n t u m  s p a c e ,  u s i n g  eq. (13) 

: i(p - p')P (P - P')2 s - l ( p )  (0 i T{ @(x)A(0)~(z)} I 0) s- l (p ' )  , (14) 

in the  u s u a l  no t a t i on ;  in the  r . h . s ,  the  F o u r i e r  t r a n s f o r m  of the  T - p r o d u c t  
shou ld  be  t aken .  Eq. (14) can  be  w r i t t e n  

: i ( p - p ' ) ~ ( p - p ' ) 2 s - l ( p ) ( O i T { ~ P A ~  f - ' - - -~}  [ 0 ) s - l ( p  ') . (14 ' )  

M u l t i p l y i n g  eq. (14')  with (p -P ' ) I¢  and  s u m m i n g  o v e r  p ,  one o b t a i n s  a c o n -  
d i t i on  on the  L a g r a n g e  m u l t i p l i e r  A(x).  A m u l t i p l i c a t i o n  with 

g ~  (D-P')(~(D-P')tz 
(p _p ,)2 ' 

g i v e s ,  t o g e t h e r  wi th  eq. (12), an i den t i t y .  G r a p h i c a l l y  one m a y  s e e  tha t  eq. 
(12) and  s u i t a b l e  c o n d i t i o n s  on A(x) ,  a r e  s u f f i c i e n t  f o r  the  v a c u u m  e x p e c t a -  
t i on  of the  T - p r o d u c t  of J~x)- ~ A ~xp  with any se t  of f i e l d  o p e r a t o r s  to v a n -  
i sh ,  i . e .  f o r  J(~x) - ~A/~x. to v a n i s h .  One h a s  to t a k e  the  c o o r d i n a t e s  of the  
o t h e r  o p e r a t o r s  in a T-p~roduct wi th  JP(x) a l w a y s  d i f f e r e n t  f r o m  x in o r d e r  
to be  a b l e  to i n t e r c h a n g e  the  c - l i m i t ,  which  d e f i n e s  JtZ(x) ( s e e  s ec t .  3), wi th  
the  T - o r d e r i n g * .  It i s  h o w e v e r  e a s y  to s e e  tha t  a T - p r o d u c t ,  which  v a n -  
i s h e s  for  a l l  v a l u e s  of e ach  r e l a t i v e  c o o r d i n a t e  a r g u m e n t ,  e x c e p t  if a l l  f o u r  
c o m p o n e n t s  of one of t h e s e  a r g u m e n t s  a r e  z e r o ,  v a n i s h e s  i d e n t i c a l l y .  

The  s o l u t i o n  of eq. (12) i s  

Dp~,(k ) = _ (gp~ k' . _~'~ e _ 2 l i _ l ( k 2  ) k -  2 _ akP.kVk_ 4 (15) 
k2 / 

T h e  t e r m  akPkUk -4 c o m e s  about  in the  f o l l o w i n ~  way:  T h e  s o l u t i o n  of eq. 
(12) c o n t a i n s  an a r b i t r a r y  a d d i t i v e  t e r m  kPleUk-'ZDl(k) b e c a u s e  t h i s  c o m -  
p o n e n t  i s  a n n i h i l a t e d  by the  g t lVk2 -kPk  u f a c t o r  o c c u r i n g  in l lPV(k).  The  
f o r m  lePkUk-4 i s  c o m p e l l e d  by the  s u b s i d i a r y  c o n d i t i o n  (6) and  the  c o n s t a n t  
a i s  the  s a m e  a s  the  one o c c u r r i n g  in the  c o m m u t a t i o n  r u l e s  (7). 

Of c o u r s e ,  the  a r b i t r a r i n e s s  in the  s o l u t i o n  f o r  DtZV(k) d o e s  at  t h i s  p o i n t  
not  y e t  n e c e s s a r i l y  m e a n  tha t  a l l  v a l u e s  of a a r e  in f ac t  a l l o w e d .  T h i s  
q u e s t i o n  d e p e n d s  a l s o  on the  o t h e r  D y s o n - S c h w i n g e r  e q u a t i o n s  and  on the  
p h y s i c a l  i n t e r p r e t a t i o n .  In f ac t  the  s p e c i a l  v a l u e  a = 0 ( L a n d a u  gauge)  

* This is the reason why the lowest o rder  interact ion does not vanish. 
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is  exc luded ,  as  th i s  would f r o m  eqs.  (7) m e a n  that  ?L, Ar" v a n i s h e s  b e c a u s e  i t s  
v a c u u m  expec t a t i on  va lue  is  z e ro  and it is  wel l  known that  ~r'Ar" = 0 does  not 
l e ad  to an a c c e p t a b l e  loca l  t h e o r y  (see  eq. (16)). If how e ve r  one p o s i t i v e  
va lue  of a is  p o s s i b l e  (as  in  the F e r m i  gauge,  w he r e  a = 1), then  a l l  p o s i t i v e  
v a l u e s  a r e  al lowed.  T h i s  fo l lows f r o m  the gauge i n v a r i a n c e  of the theory  and 
the fact  tha t  u n d e r  gauge t r a n s f o r m a t i o n s  a is  m u l t i p l i e d  by a p o s i t i v e  n u m -  
b e r .  To see th i s  one may  i n v e s t i g a t e  the effect  of the gauge t r a n s f o r m a t i o n  
(8) on the c o m m u t a t i o n  r u l e s  (7). Us ing  eqs.  (7) and (9) one o b t a i n s  for  the 
t r a n s f o r m e d  o p e r a t o r s  aga in  the r u l e s  (7) but  with a new p a r a m e t e r  a' ab * 
The  t r a n s f o r m a t i o n  (8) with b = 0 ev iden t ly  t r a n s f o r m s  any gauge into the 
L a n d a u  gauge ,  in a g r e e m e n t  with ~ r'A 1 = 0 fol lowing f r o m  eq. (8) with b 0. 
C l e a r l y  the gauge t r a n s f o r m a t i o n  with b = 0 has  no i n v e r s e  and t h e r e f o r e  
does  not be long  to the i n v a r i a n c e  group ,  which is  n o n - c o m p a c t  with a p a r -  
a m e t e r  r a n g e  0 < b < ~. T h i s  po in t  and the effect  of the gauge t r a n s f o r m a t i o n  
on the f e r m i o n  p r o p a g a t o r  i s  d i s c u s s e d  in ref .  [25]. 

As  the gauge t r a n s f o r m a t i o n  (8) l e a v e s  the b a s i c  t heo ry  i n v a r i a n t ,  but 
c h a n g e s  the p r o p a g a t o r s ,  it cannot  be r e p r e s e n t e d  in H i l b e r t  space  by a 
u n i t a r y  t r a n s f o r m a t i o n  which l e a v e s  the v a c u u m  i n v a r i a n t .  It i s  t h e r e f o r e  
a s p o n t a n e o u s l y  b r o k e n  s y m m e t r y  (SBS). Solu t ion  (15) is  a n o n - n o r m a l  so -  
lu t ion  of eq. (12); the n o r m a l ,  n o n - p h y s i c a l ,  so lu t ion  is  g iven  by a - 0 ,  the 
L a n d a u  gauge so lu t ion .  The  p o s s i b l e  m a t h e m a t i c a l l y  n o n - e q u i v a l e n t  i r r e -  
duc ib le  r e p r e s e n t a t i o n s ,  which a r e  t yp i ca l  for  a SBS [32], may  in th i s  c a s e  
be l a b e l e d  by the p a r a m e t e r  a. The  gauge t r a n s f o r m a t i o n  (8) l e a ds  f r o m  
r e p r e s e n t a t i o n  a to r e p r e s e n t a t i o n  ab. O b s e r v a b l e  q u a n t i t i e s  a r e  i n v a r i a n t  
(i .e.  i ndependen t  of the r e p r e s e n t a t i o n ) ,  a s  is  r e q u i r e d  in any SBS theo ry  
for  the u n i q u e n e s s  of the p h y s i c a l  i n t e r p r e t a t i o n .  We expect  that  a c l o s e r  
i n v e s t i g a t i o n  wil l  show that  the s c a l a r  photons  p lay  the r61e of Go lds tone  
b o s o n s ,  e s s e n t i a l l y  b e c a u s e  the s y m m e t r y  c u r r e n t  is  c o n s e r v e d  in th i s  
ca se .  

We have a l r e a d y  seen  that  J ~(x) of eq. (13) canno t  s e r v e  a n y m o r e  as  the 
e l e c t r i c  c u r r e n t .  In any g iven  i r r e d u c i b l e  r e p r e s e n t a t i o n  a we def ine  the 
c u r r e n t  by 

JP'(X) =! ]A~-  [1-1~  \ r~J ? PAr' (16) 
a ~xp ~xr" 

T h i s  c u r r e n t  is  c o n s e r v e d  and  i n v a r i a n t  u n d e r  the t r a n s f o r m a t i o n  (8). F u r -  
t h e r m o r e  fJod3x  has  f r o m  eqs.  (7) the u s u a l  c o m m u t a t i o n  r u l e s  with the 
and  A f ie lds .  The  de f in i t i on  (16) shows the u n p h y s i c a l  c h a r a c t e r  of the 
Landau  gauge.  

The  exact  f o r m a l  gauge i n v a r i a n c e  of the L a g r a n g i a n  (5) exp l a in s  the fact  
tha t  QED shows so m a n y  of the p r o p e r t i e s  of a SBS t h e o r y  with a c o n s e r v e d  

* This relation is not trivial and was wrongly given in original manuscript .  As 
pointed out to us byJ.A.Swieca, one has to use that. from eq. (9). ? ~ l D ( x _ y )  is not 
a function of (x-y)  and that 

~ - I D (  )(x-y)-L~-ID ( ) ( y - x ) =  lim ~ A ( ) (x -y ) .  
x y m ~  0 ~m 2 m 
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s y m m e t r y  c u r r e n t .  We  m e n t i o n  the  g a u g e  d e p e n d e n c e  of the  d e s c r i p t i o n ,  
t he  i n v a r i a n c e  of o b s e r v a b l e  q u a n t i t i e s ,  the  d e g e n e r a c y  of the  v a c u u m  and  
the  p r e s e n c e  of the  long r a n g e  C o u l o m b  i n t e r a c t i o n  o r  s c a l a r  m a s s l e s s  
b o s o n s .  

If one i n t r o d u c e s  in the  L a g r a n g i a n  (5) an  u n r e n o r m a l i z e d  f i e l d  A(u) by  
the  de f i n i t i on  

A~(U)(x) = e A r ' ( x )  , (17) 

no c o n s t a n t  of n a t u r e  o c c u r s  a n y m o r e  in the  t h e o r y .  A f t e r  hav ing  s o l v e d  
t h i s  f o r m  of the  t h e o r y ,  the  c o u p l i n g  c o n s t a n t  e would  be  found to be  the  
r e n o r m a l i z a t i o n  c o n s t a n t  n e c e s s a r y  in eq. (17) to r e n o r m a l i z e  the  pho ton  
p r o p a g a t o r .  The  c o u p l i n g  c o n s t a n t  i s  t h e r e f o r e ,  wi thout  the  t r a n s f o r m a t i o n  
(17), d e t e r m i n e d  by  the  c o n d i t i o n  tha t  the  pho ton  p r o p a g a t o r  i s  r e n o r m a l -  
i z e d ,  t ha t  i s  f r o m  eq. (15) 

e2II(0) = 1 . (18) 

To have  a r e a l i s t i c  a p p r o x i m a t i o n  of QED it  i s  a t  l e a s t  n e c e s s a r y  to i n -  
t r o d u c e  a l s o  the  muon  f i e ld .  T h i s  can  be a c h i e v e d  by doub l ing  the  n u m b e r  
of c o m p o n e n t s  of the  f e r m i o n  f i e ld ,  i n t r o d u c i n g  an i s o t o p i c  sp in  f o r m a l i s m  
[33, 34]. By t h i s  m o d i f i c a t i o n  one s t i l l  h a s  not  i n t r o d u c e d  a c o n s t a n t  of n a t -  
u r e  in the  L a g r a n g i a n .  It i s  c l e a r  t ha t  to be  r e a l i s t i c  the  v a c u u m  p o l a r i z a -  
t i on  in eq. (18) c e r t a i n l y  shou ld  a l s o  c o n t a i n  the  c o n t r i b u t i o n s  f r o m  the  
muon  f i e ld .  F o r  a d i s c u s s i o n  on the  p o s s i b i l i t y  of u n d e r s t a n d i n g  in p r i n c i -  
p l e  the  r a t i o  of the  e l e c t r o n  and  muon  m a s s e s  in such  an  a p p r o a c h  s e e  r e f s .  
[27, 23, 28, 331 . 

The  p r e s e n t  f o r m u l a t i o n  s t i l l  c o n t a i n s  the  w e a k n e s s e s  of the  u s u a l  f o r -  
m u l a t i o n  of QED. To b e g i n  wi th ,  one h a s  a q u a d r a t i c  d i v e r g e n c e  in the  
pho ton  p r o p a g a t o r  which  h a s  to be  s u b t r a c t e d  on the  b a s i s  of a g e n e r a l  
g a u g e  i n v a r i a n c e  a r g u m e n t .  Of c o u r s e ,  a f t e r  one h a s  s t a r t e d  f r o m  a g a u g e  
i n v a r i a n t  L a g r a n g i a n ,  i t  shou ld  not  be  n e c e s s a r y  to invoke  g a u g e  i n v a r i a n c e  
a g a i n  a s  an  e x t r a  cond i t i on .  A s  we s h a l l  s ee ,  the  r e a s o n  f o r  t h i s  l a c k  of 
c o n s i s t e n c y  i s  t ha t  the  L a g r a n g i a n  (5) i s  on ly  f o r m a l l y  g a u g e  i n v a r i a n t ,  but  
i s  not  a c t u a l l y  so,  a s  long a s  one h a s  not  s t a t e d  how the  o c c u r i n g  s i n g u l a r  
p r o d u c t s  of f i e l d  o p e r a t o r s  shou ld  be  def ined .  F u r t h e r m o r e ,  and  much  
m o r e  s e r i o u s ,  the  e l e c t r o n  s e l f - e n e r g y  and  the  c h a r g e  r e n o r m a l i z a t i o n ,  
i . e .  e s s e n t i a l l y  the  v a l u e  of the  1.h.s.  of eq. (18), t u r n  out  to be  l o g a r i t h -  
m i c a l l y  d i v e r g e n t  wi th  a p o s s i b l e  e x c e p t i o n  f o r  the  e l e c t r o n  s e l f - e n e r g y  in 
a v e r y  s p e c i a l  g a u g e  [21, 22]. We  u s e d  the  w o r d  " p o s s i b l e "  b e c a u s e  it 
s e e m s  to us  l i k e l y  tha t  t h i s  s p e c i a l  g a u g e  i s  e x a c t l y  the  f o r b i d d e n  L a n d a u  
gauge ;  t h i s  p r o b l e m  wi l l  be  t r e a t e d  e l s e w h e r e  [25]. I t  i s  t h e r e f o r e  n e c e s -  
s a r y  to i m p r o v e  the  de f i n i t i on  of the  L a g r a n g i a n  (5), and  we s h a l l  now t u r n  
to  t h i s  p r o b l e m .  

3. I N T E R A C T I O N  D E F I N I T I O N ,  D I F F E R E N T I A T I O N  AND R E N O R M A L I -  
ZATION 

F i r s t  the  p r o b l e m  of the  q u a d r a t i c  d i v e r g e n c e  of the  v a c u u m  p o l a r i z a t i o n  
wi l l  be  d i s c u s s e d  a long  the  l i n e s  of r e f s .  [18, 19]. 
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F r o m  g e n e r a l  a r g u m e n t s  it has  been  shown [35-38]  that  the e l e c t r o m a g -  
ne t ic  c u r r e n t  ha s  to conta in  an expl ic i t  dependence  on the v e c t o r  poten t ia l .  
F u r t h e r m o r e  it is  well  known that  a p r o d u c t  of the type  ~ ( x ) y ~ ( x )  should  
be def ined by a l imi t ing  p r o c e d u r e  b e c a u s e  of the s ingu la r  p r o p e r t i e s  of the 
loca l  f ie ld  o p e r a t o r s .  The  gauge  inva r i an t  def in i t ion  of the c u r r e n t  [39, 11] 

x + e  

j ~ ( x ) =  l i m  ¼{[~(x-e),  ~ ( x + e ) ] × e x p { - i e  f AU(s)dsu} +(< ~ -~)}  , 
e -* 0 x - e (19) 

ha s  the r e q u i r e d  dependence  on the A - f i e l d  and i ts  u se  in the f ie ld  equa t ions  
a p p e a r s  to inc lude a u t o m a t i c a l l y  [40] the s u b t r a c t i o n  t e r m s  n e c e s s a r y  to 
cance l  the q u a d r a t i c  d i v e r g e n c e  of the v a c u u m  p o l a r i z a t i o n .  

Th i s  p r o c e d u r e  to get  r i d  of the q u a d r a t i c  d i v e r g e n c e  is h o w e v e r  s t i l l  
not  qui te  s t r a i g h t f o r w a r d .  N a m e l y  if the c u r r e n t  is  t aken  to be exp l ic i t ly  
dependent  on A ~ ,  then the  i n t e r a c t i on  t e r m  in the L a g r a n g i a n  dens i ty  c a n -  
not  be of the g e n e r a l l y  a s s u m e d  f o r m  j ~ ( x ) A g ( x ) ,  as  th is  would  r e s u l t  in 

j u(x) - - j u(X) + A U (x) - -  , (20) 
5A U(x) OAv 

which c o n t r a d i e t s  Oj~/OA v ¢ 0. T h e r e f o r e  the def in i t ion  (19) r e q u i r e s  a 
r ede f in i t i on  of the L a g r a n g i a n .  

A su i tab le  L a g r a n g i a n  dens i ty  has  been  given in r e f s .  [18, 19]; fo r  ou r  
c a s e  with m (u) =0,  Z 3 = 0 th i s  def ini t ion r e d u c e s  to 

~2(x) = ~  l i m  2e - v a e .  exp. val .  , (21) 
v e t O  

with 

h(x, ~f) = - ~(x + E;z)i+];z<o(x, e f)q~(x - e l )  , 

and fi(u) be ing  a uni t  v e c t o r  in the d i r e c t i o n  of the rich axis .  The  two s ign 
i nd i ce s  of h ind ica te  h e r e  and in the fo l lowing the  p a r t  of h which is s y m -  
m e t r i c  u n d e r  the two c o m m u t i n g  o p e r a t i o n s  of c h a r g e  con juga t ion  (upper  
index) and h e r m i t i a n  con juga t ion  ( lower  index),  i .e.  

h + : ~(h+h c +h ~ +k ~c) . (22) 

The  o p e r a t o r  ~o is e s s e n t i a l l y  g iven  by 

E 

~o(x,efi) = T c e x p { - i e f  f i .A (x+<' f i )de ' }  , (23) 
- e  

w h e r e  T e m e a n s  t i m e - o r d e r i n g  when e is  a p o s i t i v e  n u m b e r  and a n t i - t i m e -  
o r d e r i n g  when e is  n e g a t i v e . t W i t h  th i s  conven t ion ,  which is suggested}T~ by 
gauge  i n v a r i a n c e ,  one ha s  ~o (x, eft) = ~o(x, - eft) and t h e r e f o r e  h (x, e~) = 
- h ( x ,  -<h).  We shal l  c o m e  back  to the def in i t ion  of qo a f t e r  having made  
s o m e  m o r e  g e n e r a l  r e m a r k s .  
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The Lagrangian  (21) is, neglecting the s ingular  p rope r t i e s  of the field 
ope ra to r s ,  identical to the one d i scussed  in the preceding  section. F rom 
this  naive point of view one would write definition (21), using h$(x,~(~')) = 
- h ( a ' , - ~ ( ~ ) )  s imply as 

. ) )  + 

±~(.v) = ~ \ ~c I~ = 0 
d 

:~{[~,( i~p -eAp)yP~h]+ [~-y~(- z ' ~  -eA~)y~,~l}  • (24) 

The line integral  in the exponential r ender s  the integral  formal ly  gauge 
invariant  also for finite c. As is shown in ref. [19] the non- l inear i ty  of the 
exponential in t roduces  extra  graphs,  containing v e r t i c e s  with more  than 
one photon line. which p rec i se ly  cancel  the quadratic d ivergence  of the 
vacuum polar iza t ion  and make it t r ansver sa l .  In this way the usual ad hoc 
subtract ion or  redefinit ion of the cur ren t  become unnecessary .  

Clear ly  the definition (21) is not manifes t ly  Lorentz  invariant  because  
the direct ion of the coordinate  axes plays  a p r e f e r r e d  r61e. But exactly the 
same is t rue in the definition of the differentiat ion p r o c e s s  occur r ing  in the 
Lagrangian  of any quantum field theory.  For  example a t e r m  of the type 
~ p  is in our notation defined by 

u ~(x+En(u)) - @(x" -¢n(')) (25) ~ = lira ~ ~(x) 9, 2 ~ - -  
~ 0  

The Loren tz  invar iance of such an express ion  implies cer ta in  continuity 
p rope r t i e s  of the l imit  (see for  example eq. (33)) and is consequently an 
assumpt ion  concerning the solution of the theory,  the validity of which 
should in pr inciple  be ver i f ied  a pos te r io r i .  For  a c l ass ica l  field such a 
ver i f ica t ion  is t r ivial ,  but this is not neces sa r i l y  t rue for  quantum fields 
with their  infinitely many matr ix  e lements  and, by definition, s ingular  
p roper t i es .  We shall re turn  to this point in sect. 4. 

Now we come to a d iscuss ion of the definitions (19) and (23). One may 
look at the exponential in a slightly different way, writ ing 

E 

t~(x+ ~ )  T c exp{-  ie f ~.A(x+~'~)dE'} ¢ ( x -  E~) 

: ~p~(x)exp(cfi~) T( exp{ - i e f  ~-A(x+~'fi)dE'} exp(-  ( f i~p(x)  . (26) 

The identity 

exp (~h~-) T~ exp{-  ie f f i 'g(x+ ¢'fi)d~'} exp (- efi~) : exp{ -  2e(7+ied)"  fi} , 
- c ( 2 7 )  
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w i t h ~  =½(~ - ~ )  i s  e a s i l y  p r o v e n  by r e a l i z i n g  tha t  both  s i d e s  obey  the  s a m e  
f i r s t  o r d e r  d i f f e r e n t i a l  equa t ion  in ( ,  with i d e n t i c a l  b o u n d a r y  c o n d i t i o n s  at 
~ = 0 .  

I n s e r t i n g  r e l a t i o n  (27) in de f i n i t i on  (21), one o b t a i n s  

h(a', ¢ ~) = - ~--(x)iy~ exp { - 2c (~'+ i¢A)" ;z} ~(.v) . (28) 

T h i s  f o r m  shows  i m m e d i a t e l y  the  gauge  i n v a r i a n c e  of o u r  de f i n i t i on  and 
a l s o  s u g g e s t s  t h a t  b e s i d e s  the  e x p o n e n t i a l ,  t h e r e  wi l l  be  o t h e r  n o n - l i n e a r  
f u n c t i o n s  of ~(~ + i e A )  which  migh t  be  u s e d  in the  L a g r a n g i a n .  T h i s  c o r r e s -  
p o n d s  to the  p o s s i b i l i t y  of g a u g e  i n v a r i a n t l y  s m e a r i n g  the  f e r m i o n  f i e l d s  
i n s t e a d  of d i s p l a c i n g  t h e m .  B e c a u s e  of the  i n s e n s i t i v i t y  of the  p r o p a g a t o r  
e q u a t i o n s  a g a i n s t  the  cutoff  in m o m e n t u m  s p a c e ,  to be  d i s c u s s e d  in s ec t .  4. 
we b e l i e v e  tha t  it  d o e s  not  m a t t e r  which  p r e c i s e  func t ion  of e( ) '+  leA) one 
u s e s * .  T h i s  s i t u a t i o n  r e m i n d s  of the  s i m i l a r  one in the  n o n - l i n e a r  p h e n o m -  
e n o l o g i c a l  L a g r a n g i a n s  of h a d r o n  p h y s i c s  [41], with the  d i f f e r e n c e s  that  in 
o u r  c a s e  one m a y  c a l c u l a t e  in a r b i t r a r i l y  high o r d e r  and  h a s  to p e r f o r m  the  
l i m i t  c -~ 0. 

The  de f in i t i on  of T~ e x p { - i e  f ~ . A ( ~ ' + e ' h ) d e ' }  h a s  i t s  p r o b l e m s .  In the  
-£  

e x p a n s i o n  of the  e x p o n e n t i a l  o c c u r  p r o d u c t s  of l i ne  i n t e g r a l s ,  which  a r e  not 
d e f i n e d  b e c a u s e  the  l i n e a r  s m e a r i n g  of A i s  not  su f f i c i en t .  F o r  e x a m p l e ,  
one f i nds  fo r  a f r e e  f i e l d  and e > 0 

( 

( 0 1 T e x p { - i e f  ~'A(x+¢'~))d¢'} [0} 
- (  

E 
: e x P l - ½ e 2 j "  de 'J"  d("~) ~ )u iD~U((~ ' - e"2 )}  . 

T h e  exponen t  i s  l o g a r i t h m i c a l l y  d i v e r g e n t ,  a s  one s e e s  t a k ing ,  fo r  i n -  
s t a n c e ,  

iD~U(x) : ( 2 ~ ) - l g ~ x - 2  . 

M o r e  g e n e r a l l y  one h a s  f o r  d i f f e r e n t  x i ' s  and s u f f i c i e n t l y  s m a l l  ~i > 0 

~k el  

{OlTl-[i~(xi,eih(i))lO} = e x p { - ½ e 2  E E  f de~ f d~}' 
k l - e k  - ~ l  

×fi(k)fi(1)iDUU(:t" Xl+ e'k~(k) _ " # u F k - elfi(l))} . (29) 

T h e  d i v e r g e n c e s  in the  exponen t  c o m e  only  f r o m  the  t e r m s  k =l; t h i s  s u g -  
g e s t s  tha t  a good  d e f i n i t i o n  of the  e x p o n e n t i a l  m a y  be  

* B. Liberman has recent ly  shown that this is indeed the case .  
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~': <o{ ~Io>-1~. 
For the free field case one has now 

<oT ~'Io> = I, 

and 

• k • l  

(O}T]-[~(i) lo>=exp{-e2~ f d•'k f d•"/ 
k< l - • k  - • l  

(30) 

× ~(k)^(1)iDtZU, x Xl+ •;fz (k) • ' ~ ( / ) ) }  n n u F ~ k -  - ' 

which  i s  f i n i t e  fo r  d i f f e r e n t  x i ' s .  In the  d i a g r a m m a t i c  p e r t u r b a t i o n  e x p a n s i o n ,  
the  d i v i s i o n  by the  v a c u u m  e x p e c t a t i o n  v a l u e  (0 [ ~o 10) m e a n s  tha t  pho ton  
l i n e s  c o m i n g  f r o m  the  s a m e  p o i n t  shou ld  not  be  c o n t r a c t e d ;  c l o s e d  l o o p s  of 
the  pho ton  p r o p a g a t o r  do not  o c c u r .  

A l though  the  de f i n i t i on  (30) m a y  s e e m  s a t i s f a c t o r y ,  i t  g i v e s  r i s e  to a 
new p r o b l e m  b e c a u s e  the  d e n o m i n a t o r  s p o i l s  the  g a u g e  i n v a r i a n c e  of the  
L a n g r a n g i a n  (21). A s  the  g a u g e  i n v a r i a n c e  i s  one of o u r  l e a d i n g  p r i n c i p l e s ,  
t h i s  would  s e e m  to be  a s e r i o u s  t r o u b l e .  It w i l l  h o w e v e r  soon b e c o m e  c l e a r  
t ha t  the  s tudy  of the  r e n o r m a l i z a t i o n  l e a d s  to a n a t u r a l  f o r m u l a t i o n  in which  
the  g a u g e  i n v a r i a n c e  i s  r e s t o r e d .  

We s h a l l  now d i s c u s s  the  r e n o r m a l i z a t i o n  of the  f e r m i o n  f i e ld .  If one 
c a l c u l a t e s  wi th  the  he lp  of the  u s u a l  g r a p h i c a l  t e c h n i q u e  the  f e r m i o n  s e l f -  
e n e r g y  and the  v a c u u m  p o l a r i z a t i o n ,  one f i n d s  in g e n e r a l  l o g a r i t h m i c a l l y  
d i v e r g e n t  i n t e g r a l s ,  a s  w a s  r e m a r k e d  in s ec t .  2. 

The  o c c u r r e n c e  of t h e s e  d i v e r g e n c e s  i n d i c a t e s  tha t  the  l i m i t  in o u r  
L a g r a n g i a n  (21) m a y  not  e x i s t  and  fo l l owing  r e f .  [20] we f i r s t  g e n e r a l i z e  
the  l i m i t i n g  p r o c e d u r e .  The  l i m i t  (21) i s  of the  g e n e r a l  f o r m  

• n(u)) _ Q(x, - •n(u)) 
l i m  ~ 7u_.(x,O 2• 

• --+0 P 

o r ,  n a i v e l y  (31) 

(~Q(x,  •))  

with  Q = h + = h + h c. L e t  u s  t h e r e f o r e  f i r s t  c o n s i d e r  the  e x p r e s s i o n  

l i m  Q(x' •n(u)) -Q(x '  -•n(U)) (DQ(x, •)] 
• -~0  2• - \ ~ u  / • = 0 "  

A p r i o r i  i t  i s ,  of c o u r s e ,  not  c e r t a i n  w h e t h e r  the  t h e o r y  h a s  a s o l u t i o n  
f o r  which  the  l i m i t  (32) e x i s t s  and  we s h a l l  show tha t  r e l a x i n g  t h i s  c o n d i -  
t i on  i n t r o d u c e s  the  r e n o r m a l i z a t i o n  in a n a t u r a l  way.  F i r s t  we de f ine  

0 / ~ •  u ( o m i t t i n g  f r o m  now on the  s u b s c r i p t  • = 0) in an i n v a r i a n t  way by 

(32) 
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demanding that for any sufficiently small four-vector •: 

Q(x, ~) - Q(x, - •) = 2£v{~?v+RV(•)} 

with  ~Q,/~• v i n d e p e n d e n t  of •2  and 

(33) 

l i m  RV(•) = 0 . 
• - * 0  

Suppose  now tha t  the  c o n d i t i o n  (33) f o r  a c e r t a i n  o p e r a t o r  func t ion  Q(x, •) 
canno t  be  fu l f i l l ed .  It m igh t  in t h i s  c a s e  s t i l l  be  p o s s i b l e  to de f ine  a g e n -  
e r l a l i z e d  g r a d i e n t  g~Q/~•  v at  • = 0 by w e a k e n i n g  eq. (33) to 

)g~Q+ } Z(•2){Q(x, •) - Q(x,- •)} = 2• v t O•v RV(•) ' (34) 

where Z(• 2) is a function of the Lorentz invariant •2 which may be suitably 
chosen, keeping otherwise the same conditions. It is easily seen that, if 
there exists any function Z(• 2) which gives a finite non-zero result for 
g~Q/~e v in eq. (34), then this operator is unique up to a multiplicative con- 
stant; we exclude very singular situations. The same is true for the leading 
dependence of Z(• 2) in the neighbourhood of e = 0. This means that the ra- 
tios of a l l  m a t r i x  e l e m e n t s  of g~Q/'~• v a r e  d e f i n e d  f o r  the  g iven  o p e r a t o r  
func t ion  Q(x, •). In QED,  and  in o t h e r  c a s e s  we have  c o n s i d e r e d ,  t h i s  t u r n s  
out  to be  su f f i c i en t  to d e t e r m i n e  the  p h y s i c s ,  b e c a u s e  the  a r b i t r a r y  m u l t i -  
p l i c a t i v e  c o n s t a n t  can  a l s o  be  l o o k e d  upon a s  r e s u l t i n g  f r o m  a f in i t e  f i e l d  
r e n o r m a l i z a t i o n  u n d e r  which  the  p r e d i c t i o n s  of a t h e o r y  a r e  wel l  known to 
be  i n v a r i a n t .  

In c o n n e c t i o n  wi th  the  l i m i t i n g  p r o c e d u r e  (34), the  fo l lowing  p o i n t s  m a y  
be  no ted :  

(i) T h e  o p e r a t i o n  g~/~•  v h a s  not  the  l i n e a r  c h a r a c t e r  of the  d i f f e r e n t i a -  
t ion ,  i . e . ,  in g e n e r a l  

gO(Q1 + v2) goVl  g~V2 
+ (35) 

b e c a u s e  the  l e a d i n g  • - d e p e n d e n c e  fo r  • ~ 0 of the  f u n c t i o n s  Z ( •  2) b e l o n g i n g  
to Q1 and  Q2 wi l l  in g e n e r a l  be  d i f f e r e n t .  S i m i l a r l y ,  u n d e r  a u n i t a r y  t r a n s -  
f o r m a t i o n  

gOUQU-1 U g~Q U -1 • c o n s t a n t  
- ~•~' ¢ ~ • v  

(36) 

except when the Z-function belonging to g~UQU-1,/~E v has the same leading 
E-dependence as the one of g~Q/~• w In agreement with the well known fact 
that the renormalization constant Z2(= Z1) changes by an infinite constant 
under an operator gauge transformation [i0, 17], one finds [25] that the 
leading •-dependence of Z(• 2) varies with the gauge. From the inequality 
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(36) fo l lows  then  that  the o p e r a t o r  gauge t r a n s f o r m a t i o n  of the L a g r a n g i a n  
can  in g e n e r a l  not be r e p r e s e n t e d  by a u n i t a r y  t r a n s f o r m a t i o n .  

(ii) In a f r ee  f ie ld  t heo ry  Z((2) may  ev iden t ly  be c h o s e n  to be a n o n -  
z e r o  c o n s t a n t  and the l i m i t  (34) r e d u c e s  to the u s u a l  one. In QED it t u r n s  
out that Z(c 2) is  in a gauge a of the f o r m  (m2~2) ac~/477, which is  n e a r l y  a 
c o n s t a n t  for  not too s m a l l  an (2 .  T h e r e f o r e ,  in QED the l i m i t  (34) is  for  
c a l c u l a t i v e  p u r p o s e s  often n e a r l y  e q u i v a l e n t  to the u s u a l  one. F o r  f ie ld  
t h e o r i e s  of s t r o n g l y  i n t e r a c t i n g  p a r t i c l e s  the d i f f e r e n c e  is expec ted  to be 
d r a s t i c .  

(iii) As  r e m a r k e d ,  we f ind that  in QED Z(~ 2) ~ (m2c2)acr 4T;; the u s u a l  
l i m i t  (31) is  then  c l e a r l y  in f in i te .  Loose ly  speak ing  the d e n o m i n a t o r  < in 
eq. (31) is  jus t  too s m a l l ;  to ob ta in  a f in i t e  a n s w e r  one should  have d iv ided  
by ~ ( l ' a n  2~,) ins t ead .  F r o m  de f in i t i on  (34) fo l lows  that  now Q(x, ~) i s  not 
de f ined  for  l i g h t - l i k e  <. In t h i s  c a s e  t h e r e  ex i s t  in p r i n c i p l e  two d i f f e r e n t  
g e n e r a l i z e d  l i m i t s ,  n a m e l y  for  ~2 -~ + 0 and  ~2 -. _ 0. At p r e s e n t  we sha l l  
a s s u m e  that Z(¢ 2) =Z(-~2) ~ 0, which is  b o r n  out by an exp l ic i t  c a l c u l a t i o n  
[25 I. 

With the i n t r o d u c t i o n  of the g e n e r a l i z e d  d i f f e r e n t i a t i o n ,  the L a g r a n g i a n  
(21) b e c o m e s  

+ ,  {12 + >~l c) h(x, 6n ))+ 
- lira ~ Z ( ¢  2) (37) 

L ~(x) = ~¢u c " 0 u 2e 

As  a lways  the v a c u u m  expec t a t i on  va lue  is  supposed  to be s u b t r a c t e d .  In 
the nafve  ¢ - l i m i t  one ob t a in s  

ZJ(x) = ,' Z(O)f(x)(i~- e~C)gJ(x) + c h a r g e  conj .  , (38) 

which is  the L a g r a n g i a n  (5) with Z 2 = Z 1 = Z(0). By the c o m b i n a t i o n  of the 
t h r e e  l i m i t i n g  p r o c e d u r e s  i m p l i e d  in the d i f f e r e n t i a t i o n ,  the o p e r a t o r  m u l -  
t i p l i c a t i o n  and the r e n o r m a l i z a t i o n ,  the c o n s t a n t s  Z 1 and Z 2 have  b e c o m e  
one and the s a m e  quant i ty .  

The e x p r e s s i o n  (37) is  s t i l l  not gauge i n v a r i a n t ,  b e c a u s e  of the o c c u r -  
r e n e e  of the d e n o m i n a t o r  (0 IT c e x p { - / e  f a d e ' }  i0} which i n t r o d u c e s  an 
in f in i t e  c o n s t a n t  by a gauge t r a n s f o r m a t i o n .  We wil l  now give  a s l igh t ly  d i f -  
f e r e n t  de f in i t ion  which does  not have  t h i s  defec t  and  is  s t i l l  i d e n t i c a l  to the 
L a g r a n g i a n  (5) in the na ive  ~ - l i m i t .  

C o n s i d e r  the e x p r e s s i o n  

/o~fi(x,¢) = t~c~(X+¢)¢(x,z)t~fi(x-<) + , (39) 

in which ~ is  now a f o u r - v e c t o r  and the s ign  s y m b o l s  a r e  those  def ined  
a f t e r  eq. (21). The  v a c u u m  expec t a t i on  va lu e  

<o[ l ~ ( x , ~ ) l o >  : G~(c)  , 

i s  i ndependen t  of x b e c a u s e  of the L o r e n t z  i n v a r i a n c e  of the v a c u u m .  We 
4 x 4  m a t r i x  in the s p i n o r  i n d i c e s  and  def ine  l~vl(¢) by c o n s i d e r  a s  a 

l~lB(e)lflv(e) = 6c~ v • 
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One m a y  now de f ine  the  L a g r a n g i a n  by 

-4 l~  -l?(¢~( U))l flot(x, ~(v)) _ l l (40) ~)(x) : l i m  ¢ r (~ 2) l 
~ 0  

w h e r e  the  1 at  the  r . h . s ,  i s  the ,  now e x p l i c i t l y  s u b t r a c t e d ,  v a c u u m  e x p e c -  
t a t i o n y a l u . e , a n d  r(¢ 2) h a s  to be  c h o s e n  such  tha t  the  l i m i t  e x i s t s .  The  f a c -  
t o r  l~(e~ tu)) e l i m i n a t e s  a g a i n  in a d i a g r a m m a t i c  e x p a n s i o n  a l l  c l o s e d  p h o -  
ton  l o o p s ,  i nc lud ing  t h e i r  h i g h e r  o r d e r  c o r r e c t i o n s .  In the  n a i v e  l i m i t  ~ - '  0 
t he  d o m i n a n t  b e h a v i o u r  of 1 /~(e)  i s ,  f r o m  the  de f i n i t i on  (39), g iven  by 
s ~ l ( 2 e ) ,  t ha t  i s ,  by  an e x p r e s s i o n  of the  t ype  f l¢2)  (e~(~ '¢4)-1 .  In t h i s  l i m i t  
one  f i n d s  t h e r e f o r e  

J2(x) = r (0) f (0)  E-~01im ~u (+),  fioz { lfi°~(x' En~Vll -(O l lfi°~(x' cn(')) lO)} 

~-(x+ cg~))~v~ '(x, E)~(x- c~(vl)~ 
= Z(0) l i m  ~ - 2~ - - - v a c .  exp.  va l .  

E--~0 8 
1 = ~ Z(O)~(x) (i~- eA)~(x) + c h a r g e  conj .  - vac .  exp.  va l .  , (41) 

a s  e a r l i e r .  The  func t ion  r ( c 2 )  in de f in i t i on  (40) i s  g a u g e - i n d e p e n d e n t  and  we 
s u s p e c t  tha t  one can  t a k e  it equa l  to a cons t an t .  F o r  the  d e r i v a t i o n  of the  
D y s o n - S c h w i n g e r  e q u a t i o n s  t h i s  po in t  i s  of no d i r e c t  i m p o r t a n c e  a s  r ( c  2) i s  
a b s o r b e d  in the  r e n o r m a l i z a t i o n  func t ion  Z(c2).  The  L a g r a n g i a n  (40) h a s  
s t i l l  a s o m e w h a t  s y m b o l i c  m e a n i n g  b e c a u s e  of the  c a n c e l l a t i o n  of the  i n f i -  
n i t e  f a c t o r s  c o n t a i n e d  in l and  1-1 a s  a r e s u l t  of the  c l o s e d  pho ton  l o o p s  
d i s c u s s e d  a f t e r  eq. (30). At  p r e s e n t  we do not  s e e  much  h a r m  c a u s e d  by 
t h i s  f e a t u r e .  C o m p a r i n g  the  d e f i n i t i o n s  (40) and (37) one s e e s  tha t  Z(E2) 
h a s  the  m e a n i n g  

z _ l ( ~ 2  ) = c3(Ol~(x+~)~(x,~)~(x-e)[0) r - l ( ~ 2 )  . (42) 

<ol~(x,~)io> 

4. D E R I V A T I O N  O F  THE DYSON-SCHWINGER EQUATIONS 

In the  fo l lowing  the  p r o p a g a t o r  e q u a t i o n s  a r e  d e r i v e d  in a way  which  i s  
c l o s e  to the  u s u a l  d e r i v a t i o n .  T h i s  h a s  the  a d v a n t a g e  tha t  i t  b e c o m e s  c l e a r  
why o u r  f o r m u l a t i o n  shou ld  c o n t a i n  at  l e a s t  a l l  the  r e s u l t s  of the  u s u a l  p e r -  
t u r b a t i o n  t h e o r y .  

Wi th  t h i s  p u r p o s e  in mind ,  we c o n s i d e r  the  L a g r a n g i a n  (37) o r  (40) a s  
the  l i m i t  f o r  ~ ~ 0 of a r e n o r m a l i z e d  t h e o r y  with  f i n i t e  c.  We  a s s u m e  tha t  
the  u s u a l  v a n i s h i n g  equa l  t i m e  c o m m u t a t i o n  r u l e s  a r e  t r u e  f o r  s p a c e  d i s -  
t a n c e s  much  l a r g e r  than  ¢. The  d y n a m i c s  i t s e l f  d e t e r m i n e s  the  t y p e  of 
s i n g u l a r i t i e s  which  o c c u r  f o r  ~ -~ 0 in the  c o m m u t a t o r s  a t  equa l  s p a c e -  
t i m e  po in t s .  F o r  f i n i t e  c the  D y s o n - S c h w i n g e r  e q u a t i o n s  c o n t a i n ,  of c o u r s e ,  

a s  a p a r a m e t e r  and  the  e q u a t i o n s  a r e  not  L o r e n t z  i n v a r i a n t .  In the  l i m i t  
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E -~ 0 one ob t a in s  f o r m a l l y  the u s u a l  r e n o r m a l i z e d  f o r m  of the equa t ions .  It 
t u r n s  out. howeve r ,  that  t h i s  l i m i t  of the equations does  not ex is t  b e c a u s e  
Z(0) = 0 and e x p r e s s i o n s  of the type 0 • ~o a r i s e .  T h i s  is  a s o u r c e  of i n c o n -  
s i s t e n c i e s  in the u s u a l  f o r m a l i s m .  

On the o the r  hand  it i s  c o n c e i v a b l e  that  the solu[ions SE, D E and  F~  of 
the equa t i ons  for  f in i t e  E ha~,e f in i t e  l i m i t s  S, D and  F for  E ~ 0. The  s a m e  
wi l l  then  be t r u e  for  the S - m a t r i x  e l e m e n t s .  J u s t  b e c a u s e  SE, D E and F¢ p 
a r e  r e n o r m a l i z e d ,  it i s  r e a l l y  not s u r p r i s i n g  that  they app roach  f in i t e  l i m -  
i t s  (which a r e  of c o u r s e  s t i l l  c o r r e c t l y  n o r m a l i z e d ) .  E l s e w h e r e  [25] it i s  
shown for  the ca se  of the f e r m i o n  p r o p a g a t o r  tha t  t h i s  is  i ndeed  a v e r y  n a t -  
u r a l  s i tua t ion .  It a l lows  a r e p r o d u c t i o n  of the u s u a l  p e r t u r b a t i o n  r e s u l t s  
and  l e ads  to a b e t t e r  u n d e r s t a n d i n g  of the gauge c o v a r i a n c e  of the p r o p a g a -  
t o r  and r e n o r m a l i z a t i o n  " c o n s t a n t s " ,  which now may  v a n i s h  (and in fac t  do 
so) without  any i n t e r n a l  i n c o n s i s t e n c y .  

F o r  our  p r e s e n t  p u r p o s e  we i g n o r e  a l l  p r o b l e m s  c o n n e c t e d  with the ex -  
i s t e n c e  of the i n t e r a c t i o n  r e p r e s e n t a t i o n .  In the u s u a l  way we choose  a 
s u i t a b l e  L o r e n t z  i n v a r i a n t  ze ro  o r d e r  L a g r a n g i a n ,  which we take  as  the 
b a s i s  of an i n t e r a c t i o n  r e p r e s e n t a t i o n  and  expand  the p e r t u r b i n g  L a g r a n g i a n  
(which c o n t a i n s  the f in i te  c o n s t a n t  e) in a po w e r  s e r i e s  of e (or  A). In the 
cutoff  r eg ion  p/~ ~ e -1 an u n c e r t a i n t y  o c c u r s  in t h i s  p r o c e d u r e ,  c a u s e d  by 
the fact  that  we have to take  t i m e - o r d e r e d  p r o d u c t s  of a n o n - l o c a l  p e r t u r -  
ba t i on  L a g r a n g i a n .  As we sha l l  see ,  the L o r e n t z  i n v a r i a n c e  of the t heo ry  
d e m a n d s  anyhow that  the de t a i l ed  b e h a v i o u r  of the o c c u r r i n g  i n t e g r a n d s  at 
the  cutoff r e g i o n  be u n e s s e n t i a l  in the l i m i t  E -~ 0 and  t h e r e f o r e  the m e n -  
t i oned  u n c e r t a i n t y  is  of no i m p o r t a n c e .  We sha l l  u se  c o n v e n i e n t  e x p r e s -  
s i o n s  for  the p r o p a g a t o r s  in the cutoff  r eg ion .  The  r e s u l t  of the p e r t u r b a -  
t ion  e x p a n s i o n  can  be r e p r e s e n t e d  by F e y n m a n  d i a g r a m s ;  the W a r d - T a k a -  
ha sh i  iden t i ty  may  as  u s u a l  be d e r i v e d  up to a r b i t r a r y  o r d e r  in the coup l ing  
c o n s t a n t  and by s u m m i n g  in f in i t e ly  m a n y  g r a p h s  the D y s o n - S c h w i n g e r  e q u a -  
t i o n s  can  be w r i t t e n  down. F r o m  our  L a g r a n g i a n  one f inds  the c o n v e n t i o n a l  
d i a g r a m m a t i c  e x p a n s i o n  [26], but  with the fo l lowing m o d i f i c a t i o n s :  

(i) Each  ful l  p r o p a g a t o r  and  ful l  v e r t e x  ha s  an index  c. 
(ii) Each  exp l i c i t l y  o c c u r r i n g  Z 1 o r  Z 2 i s  r e p l a c e d  by Z(~2). 

(iii) Each  Z 1 is  a c c o m p a n i e d  by the cutoff  f a c t o r  

tflJ.(p,p',c) : s i n ( p - P ' ) / ~ E  c o s [ c ( p + p ' ) / x ]  . (43) 
(p -p')~E 

(iv) The  n o n - l i n e a r i t y  in A c a u s e d  by the e xpone n t i a l  (23) o c c u r r i n g  in 
the  L a g r a n g i a n  (37) g ive s  r i s e  to v e r t i c e s  with m o r e  than  one outgoing  
photon  l ine .  Each  e x t r a  l ine  is  a c c o m p a n i e d  by a f a c t o r  E, s t e m m i n g  f r o m  
the  l ine  i n t e g r a l .  T h e r e f o r e  in the l i m i t  E ~ 0 on ly  su f f i c i en t ly  d i v e r g e n t  
i n t e g r a l s  can  c o n t r i b u t e .  It t u r n s  out tha t  the only  c o n t r i b u t i o n s  which s u r -  
v i v e  the l i m i t i n g  p r o c e d u r e  E ~ 0 a r e  g iven  by the v a c u u m  p o l a r i z a t i o n  d i a -  
g r a m s  of the type 
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~ = - e  2 l i m  Z(e2) f d4p 15t~v2e ( s i n k V e ) 2  

e - 0 (27;) 4 \ kV~ - 

×sin(2pve)Tr{~VSF(P)}l , (44) 

T h i s  d i a g r a m  [19] (which of c o u r s e  a l s o  o c c u r s  in the  e x p a n s i o n  (14) if the  
L a g r a n g i a n  (37) i s  used)  j u s t  c a n c e l s  the  u s u a l  q u a d r a t i c  d i v e r g e n c e  of the  
v a c u u m  p o l a r i z a t i o n .  

One o b t a i n s  the  fo l lowing  D y s o n - S c h w i n g e r  e q u a t i o n s :  

Z(E ) ' (23-- p ' O 

P v ~  p , , , ~  p- 7(6')~,~ + p, 

(45) 

wi th  bY'(p,p ', e) and  the  f e r m i o n  loop d i a g r a m  g iven  in eqs .  (43) and (44). 
T h e  o t h e r  s y m b o l s  a r e  in the  no t a t i on  of re f .  [26], with the  u n d e r s t a n d i n g  
t ha t  a l l  fu l l  p r o p a g a t o r s ,  v e r t i c e s  and the k e r n e l  have  an index  e. 

In e a c h  e q u a t i o n  we have  l e f t  out  c o n t r i b u t i o n s  which  o b v i o u s l y  v a n i s h  
f o r  e -~ 0 wi th  at  l e a s t  one p o w e r  of e h i g h e r  than  the  c o n t r i b u t i o n s  we have  
kep t .  

The  equa t ion  fo r  the  pho ton  p r o p a g a t o r  i s ,  up to the  f a c t o r  Z(e 2) and  the 
cutoff ,  e s s e n t i a l l y  the  s a m e  a s  eq. (14')  and  the  r e m a r k s  fo l lowing  tha t  
e q u a t i o n  app ly .  

A r e m a r k  on the  L o r e n t z  n o n - i n v a r i a n c e  of the  e q u a t i o n s  c a u s e d  by the  
cutof f  func t ion  bt~(p,p ', e) i s  in o r d e r .  A s  w a s  d i s c u s s e d  in the  p r e c e d i n g  
s e c t i o n ,  the  L o r e n t z  i n v a r i a n c e  m a y  be  v i e w e d  a s  fo l lowing  f r o m  c e r t a i n  
c o n t i n u i t y  c o n d i t i o n s  put  on the  so lu t ion ,  which  shou ld  be  v e r i f i e d  a p o s t e r -  
i o r i .  Le t  us  a s s u m e  tha t  t h e r e  a r e  s o l u t i o n s  Se, D e and F ~  which  fo r  e ~ 0 
r e a c h  c e r t a i n  l i m i t s  S, D and F ~ .  We s h a l l  now show tha t  if t h i s  i s  the  
c a s e ,  then  the  d e t a i l s  of the  cutof f  func t ion  b#(p,p ', e) do not p l a y  a r61e,  
in the  s e n s e  tha t  the  c h o i c e  of a d i f f e r e n t  func t ion  b~(p,p', e) wil l  s o m e w h a t  
c h a n g e  the  s o l u t i o n s  f o r  Se,  De,  F ~  and  Z(e2) ,  but  not  t h e i r  l i m i t s  fo r  
e -~ 0. Of c o u r s e  the  change  in the  cu tof f  func t ion  h a s  to be m a d e  in such  a 
way  tha t  the  W a r d - T a k a h a s h i  i d e n t i t y  i s  m a i n t a i n e d .  To s e e  t h i s ,  one m a y  
f i r s t  o b s e r v e  tha t  the  f a c t o r s  Z(e 2) in eqs .  (45) o c c u r  so s i m p l y  tha t  they  
m a y  be  e l i m i n a t e d .  One j u s t  s o l v e s  e a c h  of the  e q u a t i o n s  fo r  Z(¢ 2) o r  
z - l e e 2 )  and,  f o r  e x a m p l e ,  d i f f e r e n t i a t e s  once  t o w a r d s  the  f r e e  m o m e n t a  
o c c u r r i n g  o r  m a k e s  a s u b t r a c t i o n .  The  r e s u l t i n g  e q u a t i o n s  do not c on t a in  
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Z((2)  a n y m o r e .  However  an i n t e g r a l  which d i v e r g e s  for  c -~ 0 can  only 
m a k e  s e n s e  if it is  m u l t i p l i e d  with Z(c2).  T h e r e f o r e  if t h e r e  e x i s t s  at a l l  a 
so lu t ion ,  as  we a r e  a s s u m i n g ,  it should  be p o s s i b l e  to c o m b i n e  the r e s u l t -  
ing i n t e g r a l s  in such a way that  they c o n v e r g e  without  a cutoff  and thus  the 
l i m i t  ~ ~ 0 can  be p e r f o r m e d  s e p a r a t e l y  in SE, De, F~  and  b~(~) ,  g iv ing  S, 
D, F p and 1 r e s p e c t i v e l y .  B e c a u s e  of the b o u n d a r y  c o n d i t i o n s  g iven  by the 
fact  that  S, D and F/1 a r e  r e n o r m a l i z e d ,  the r e s u l t i n g  L o r e n t z  i n v a r i a n t  
equa t i ons  wil l  s t i l l  have  un ique  so lu t i ons  (of c o u r s e ,  up to the m u l t i p l i c i t y  
i n t r o d u c e d  by the s p o n t a n e o u s l y  b r o k e n  s y m m e t r i e s  as  d i l a t a t i o n a l  and 
gauge i n v a r i a n c e ) .  T h i s  r e a s o n i n g  shows that  the d e t a i l s  and in p a r t i c u l a r  
the n o n - L o r e n t z  i n v a r i a n c e  of bP(p,p',~) have no i n f l ue nc e  on the l i m i t s  of 
the  p r o p a g a t o r s ,  when t h e s e  l i m i t s  ex i s t  at a l l ,  a l though,  of c o u r s e ,  S~, 
D c , F~  and Z(~ 2) wil l  s l igh t ly  change  with the cutoff  func t ion  b. In c e r t a i n  
r e s p e c t s  the s i t ua t i on  is  somewha t  s i m i l a r  to the wel l  known one in s c a t -  
t e r i n g  t heo ry  where  one d e t e r m i n e s  the den s i t y  of s t a t e s  by n o r m a l i z i n g  in 
a f in i te  box. F o r  t h i s  p r o c e d u r e  to make  any s e n s e  at a l l ,  the p r e c i s e  
b o u n d a r y  c o n d i t i o n s  m u s t  be u n i m p o r t a n t ,  though t h e i r  e x i s t e n c e  is  e s s e n -  
t ia l .  The above m e n t i o n e d  p r o c e d u r e  in which Z(~ 2) is  e l i m i n a t e d  may  be 
s een  m o r e  exp l i c i t l y  in a d i s c u s s i o n  of the f e r m i o n  p r o p a g a t o r .  

5. CONCLUDING REMARKS 

It a p p e a r s  that  the p r e s e n t  f o r m u l a t i o n  of the l i m i t i n g  p r o c e s s e s  in the 
b a s i c  t heo ry ,  for  the m o m e n t  d i s r e g a r d i n g  our  cho ice  of a v a n i s h i n g  b a r e  
f e r m i o n  m a s s  and  Z 3 = 0, should  at l e a s t  be  ab le  to r e p r o d u c e  the e x p e r i -  
m e n t a l  p r e d i c t i o n s  of the u s u a l  theory .  T h i s  may  be s e e n  in two ways.  If 
one does  not take  the l i m i t  ~ -~ 0 but c h o o s e s  ~ v e r y  s m a l l  but  f in i t e ,  it 
s e e m s  p h y s i c a l l y  p l a u s i b l e  that  th i s  gauge i n v a r i a n t  n o n - l o c a l  u n r e n o r m a l -  
i zed  v e r s i o n  of ou r  a p p r o a c h  is  qui te  e q u i v a l e n t  to the u s u a l  QED, as  long 
a s  one l i m i t s  o n e s e l f  to t r a n s i t i o n s  be tween  s t a t e s  with m o m e n t a  which a r e  
much  s m a l l e r  than  c -1. T h i s  is  b e c a u s e  the na ive  l i m i t  < ~ 0 r e s u l t s  in the 
u n r e n o r m a l i z e d  e x p r e s s i o n  t~(u)(x)(i~ -eA(x)t~(u)(x) of the u s u a l  L a g r a n -  
gian.  The  f in i t e  r e n o r m a l i z a t i o n  of the n o n - l o c a l  t h e o r y  does  of c o u r s e  not  
change  th i s  e q u i v a l e n c e  and  the f ina l  l i m i t  ~ ~ 0 t a ke s  away the r e s t r i c t i o n  
put  on the c o n s i d e r e d  m o m e n t a .  Also  the p r o p a g a t o r  e qua t i ons  we d e r i v e  
a r e  for  f in i t e  < i den t i c a l  to the u s u a l  ones ,  except  for  a cutoff  and  for  the 
r e p l a c e m e n t  of the r e n o r m a l i z a t i o n  c o n s t a n t s  by func t ions .  Al l  m a n i p u l a -  
t i o n s  which a r e  made  in the u s u a l  t h e o r y  to e l i m i n a t e  the r e n o r m a l i z a t i o n  
c o n s t a n t  Z 2 ( = Z  1) may  a l so  be p e r f o r m e d  to e l i m i n a t e  Z(c2) ;  the r e s u l t i n g  
e q u a t i o n s  a r e  t h e r e f o r e  in the l i m i t  ~ ~ 0 i de n t i c a l  to the u s u a l  r e n o r m a l -  
i z ed  ones .  

It is  i n s t r u c t i v e  to see  why exac t ly  the c o n v e n t i o n a l  t r e a t m e n t  (see  e.g. 
ref .  [26]) is  i n c o n s i s t e n t .  F r o m  our  po in t  of v iew one can  r e p r o d u c e  th i s  
me thod  by t ak ing  the l i m i t  c - 0 in the u n r e n o r m a l i z e d  n o n - l o c a l  f i e ld  theo-  
ry  and only a f t e r w a r d s  r e n o r m a l i z e  the o p e r a t o r s .  C o m p a r e d  with ou r  
t r e a t m e n t  one has ,  for  e x a m p l e  
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If h o w e v e r  Z ( 0 ) =  0 and  

h a s  

S (u)¢ = Z ( ¢ 2 ) S  . 

l i m  S c = f i n i t e ,  which  i s  found to be the  c a s e .  one 
~ - ~ 0  

l i m  S (u) = 0 . 
c ~ 0  

T h e  u n r e n o r m a l i z e d  p r o p a g a t o r  and  t h e r e f o r e  a l s o  the  u n r e n o r m a l i z e d  
f i e l d  o p e r a t o r s  v a n i s h  in the  l i m i t  ~ - 0. No f in i t e  f a c t o r  wi l l  a n y m o r e  r e -  
n o r m a l i z e  a quan t i t y  once  i t  h a s  v a n i s h e d ;  one shou ld  have  r e n o r m a l i z e d  
b e f o r e  going  to the  l i m i t  and  tha t  i s  j u s t  what  we do. 

The  p r e s e n t  de f in i t i on  of the  l i m i t i n g  p r o c e s s e s  m a y  have  s o m e  o t h e r  
a d v a n t a g e s  b e s i d e s  be ing  (hopeful ly)  c o n s i s t e n t .  The  u s u a l  l i m i t i n g  p r o c e -  
d u r e s  in quan tum f i e l d  t h e o r i e s  a r e  l a r g e l y  m o d e l e d  a f t e r  f r e e  f i e l d  t h e o -  
r i e s  and  a f t e r  QED. F o r  the  f i r s t  m e n t i o n e d  e a s e  the  u s u a l  d i f f e r e n t i a t i o n  
and  m u l t i p l i c a t i o n  of f i e l d  o p e r a t o r s  a r e  i d e n t i c a l  to the  p r e s e n t  de f in i t i on  
which  f o r  t h i s  c a s e  g i v e s  Z(0) = c o n s t a n t  ¢0.  In QED the  r e n o r m a l i z a t i o n  
func t ion  i s  n e a r l y  a l s o  a n o n - v a n i s h i n g  c o n s t a n t  and t h e r e f o r e  h e r e  the  
" f r e e "  l i m i t s  a r e ,  a t  l e a s t  fo r  low m o m e n t a ,  s t i l l  v e r y  good  a p p r o x i m a -  
t i ons .  B e c a u s e  [20] 

Z(~ 2) ~ (1~2~ 2)c~/4~ , (46) 

Z(E 2) i s  of the  o r d e r  one a s  long a s  one can  t ake  ~2 >> m - 2  e x p ( - 4 v  c~). 
wh ich  m e a n s  f o r  e n e r g i e s  up to the  o r d e r  of m exp (2v c~). T h i s  i s  f a r  
a b o v e  any e x p e r i m e n t a l  p o s s i b i l i t y  in the  f o r e s e e a b l e  fu tu re .  If h o w e v e r  a 
s i m i l a r  s i t u a t i o n  would  be  t r u e  fo r  s t r o n g  i n t e r a c t i o n s  one f i n d s  f r o m  eq. 
(46) r e p l a c i n g  a by  a s t r o n g  coup l ing  c o n s t a n t  tha t  the  u s u a l  l i m i t i n g  p r o -  
c e d u r e s  f o r  i n t e r a c t i n g  h a d r o n  f i e l d s  cou ld  we l l  be  p o o r  at  any e n e r g y .  

A n o t h e r  b a s i c  a d v a n t a g e  of u s i n g  the  m u l t i p l i c a t i v e  func t ion  Z( (2 )  in -  
s t e a d  of i n f in i t e  s u b t r a c t i o n s  in a p e r t u r b a t i o n  e x p a n s i o n ,  a p p e a r s  in the  
s tudy  of the  a s y m p t o t i c  b e h a v i o u r  of the  p r o p a g a t o r s .  T h i s  m a y  be s e e n  in 
a d i s c u s s i o n  of the  f e r m i o n  p r o p a g a t o r .  A s  r e m a r k e d  e a r l i e r  [20[ a l s o  the  
q u e s t i o n  of the  f i n i t e n e s s  of the  v a c u u m  p o l a r i z a t i o n  s e e m s  a g a i n  to be  
open.  B e c a u s e  Z ( 0 ) = 0 ,  the  func t ion  Z(c2)  migh t  be  ab l e  to c a n c e l  the  d i -  
v e r g e n c e  which  o t h e r w i s e  o c c u r s  in the  v a c u u m  p o l a r i z a t i o n  if the  cutoff  i s  
m o v e d  to in f in i t e  by t a k i n g  the  l i m i t  ~ -~ 0. The  e x p r e s s i o n  (46) shows  tha t  
such  a s i t u a t i o n  m i g h t  in p e r t u r b a t i o n  t h e o r y  be  r e p r o d u c e d  by s u c c e s s i v e  
s u b t r a c t i o n s  of l o g a r i t h m i c  d i v e r g e n c e s .  

A r e m a r k a b l e  f e a t u r e  of the  p r e s e n t  f o r m u l a t i o n  i s  tha t  it  c o n t a i n s  no 
c o n s t a n t  of n a t u r e .  W h e t h e r  t h i s  i m p l i e s  tha t  the  c o n s t a n t s  o c c u r r i n g  in 
QED,  n a m e l y  the  coup l ing  c o n s t a n t  and  the e l e c t r o n - m u o n  m a s s  r a t i o ,  can  
be  c a l c u l a t e d  in t h i s  d e s c r i p t i o n  d e p e n d s  p r i m a r i l y  on the  q u e s t i o n  of 
w h e t h e r  the  i s o l a t e d  t h e o r y  i s ,  a s  i t  s t a n d s ,  r e a l l y  m a t h e m a t i c a l l y  c o n s i s -  
t en t ,  o r  can  be  m a d e  to be  so wi thout  i n t r o d u c i n g  p h e n o m e n o l o g i c a l  c o n -  
s t a n t s .  E v e n  if t h e s e  c o n s t a n t s  c o u l d  be  c a l c u l a t e d ,  the  v a l u e s  found can  
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on ly  be s a t i s f a c t o r y  if the a p p r o x i m a t i o n  of i s o l a t e d  QED is  p h y s i c a l l y  a 
good one. T h i s  s e e m s  at p r e s e n t  an open q u e s t i o n  which would have an a f -  
f i r m a t i v e  a n s w e r  if the v e c t o r  d o m i n a n c e  mode l  in h a d r o n  p h y s i c s  could  be 
t aken  l i t e r a l l y .  F r o m  the l ep ton  poin t  of v iew the to ta l  effect  of the s t r o n g l y  
i n t e r a c t i n g  p a r t i c l e s  would be to c r e a t e  in the photon p r o p a g a t o r  a p p r o x i -  
m a t e  po l e s ,  c o r r e s p o n d i n g  to the n e u t r a l  v e c t o r  m e s o n s ,  with r e s i d u e s  of 
the o r d e r  c~ as  c o m p a r e d  to the r e s i d u e  at the photon  pole .  T h i s  would be a 
s m a l l  p e r t u r b a t i o n  for  the lep ton  s t r u c t u r e ,  a l though it would in p r i n c i p l e  
d e t e r m i n e  the r e l a t i o n  of the m a s s  s c a l e s  of h a d r o n s  and  l ep tons  [23, 291. 
As  long as  one does  not know m o r e ,  it s e e m s  sound  to s t a r t  with the m o s t  
s i m p l e  a s s u m p t i o n  which a p p e a r s  r e a s o n a b l e ,  n a m e l y  to ne g l e c t  the h a d r o n  
c o n t r i b u t i o n s  to the v a c u u m  p o l a r i z a t i o n .  
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A b s t r a c t :  The f e r m i o n  p r o p a g a t o r  equa t ion  d e r i v e d  in tile p r e c e d i n g  p a p e r  has  been  
so lved  us ing  the fol lowing a p p r o x i m a t i o n s :  (i) the f r ee  photon p r o p a g a t o r  in an 
a r b i t r a r y  gauge is used:  (ii) for  the v e r t e x  a funct ional  of the f e r m i o n  p r o p a g a t o r  
which a p p r o x i m a t e l  5 obeys  the W a r d - T a k a h a s h i  ident i ty  is taken:  (iii) in tile r e -  
su l t ing  equa t ion  a s m a l l  t e r m  is neg lec ted .  Closed  e x p r e s s i o n s  for  the f e r m i o n  
p r o p a g a t o r  and the r e n o r m u l i z a t i o n  funct ion a r e  obta ined  in an a r b i t r a r y  gauge.  
The gauge dependence  found for  the f e r m i o n  p r o p a g a t o r  is in a g r e e m e n t  with the 
one which fol lows d i r ec t l>  f r o m  the gaup, e t r a n s f o r m a t i o n  of the t ime  o r d e r e d  
p roduc t  def in ing  the p r o p a g a t o r .  One r e c o v e r s  the we l l -known r e s u l t  tha t  Z 1 = 
Z 2(=Z(O)) can  only he a f ini te  n o n - z e r o  n u m b e r  in one spec i a l  gauge.  F r o m  a 
d i s c u s s i o n  of the o p e r a t o r  gauge t r a n s f o r m a t i o n  it s e e m s  l ike ly  tha t  th i s  f in i te  
gauge is n o n - p h y s i c a l  and that  in al l  phys i ca l  gauges  the e l e c t r o n  p r o p a g a t o r  is 
m o r e  s i n g u l a r  than the f r ee  one and that  Z ( 0 ) = 0 .  In c o n t r a d i s t i n c t i o n  to the usua l  
s i tua t ion  th i s  r e s u l t  c a u s e s  in the p r e s e n t  f o r m u l a t i o n  no di f f icul ty  and may  be 
e s s e n t i a l  for  the f i n i t e n e s s  of the v a c u u m  p o l a r i z a t i o n .  

1. INTRODUCTION 

In  a r e c e n t  r e f o r m u l a t i o n  [1,  2] of t h e  L a g r a n g i a n  of q u a n t u m  e l e c t r o -  
d y n a m i c s  (QED)  t h e  t h r e e  s m a l l  d i s t a n c e  l i m i t i n g  p r o c e d u r e s ,  i m p l i e d  b y  
t h e  d i f f e r e n t i a t i o n  of  t h e  f e r m i o n  f i e l d ,  b y  t h e  d e f i n i t i o n  of  t h e  i n t e r a c t i o n  
a n d  b y  t h e  r e n o r m a l i z a t i o n  p r o c e d u r e ,  h a v e  b e e n  c o m b i n e d  in  a g a u g e  i n -  
v a r i a n t  way .  In  a d d i t i o n  t h e  b a r e  f e r m i o n  m a s s  a n d  t h e  r e n o r m a l i z a t i o n  
c o n s t a n t  of  t h e  M a x w e l l  f i e l d  w e r e  t a k e n  e q u a l  to  z e r o .  In t h e  f o l l o w i n g  we  
s h a l l  d i s c u s s  t h e  e q u a t i o n  of  t h e  f e r m i o n  p r o p a g a t o r  r e s u l t i n g  f r o m  t h i s  
f o r m u l a t i o n  of  t h e  t h e o r y .  

In  s e c t .  2 we  f i r s t  c o n s i d e r  a n  e a r l i e r  a p p r o x i m a t i o n  of  t h e  f e r m i o n  
p r o p a g a t o r  e q u a t i o n  in  o u r  a p p r o a c h  a n d  we  s h o w  t h a t  t h e  e x a c t  s o l u t i o n  of  
t h i s  e q u a t i o n  i s  f i n i t e  b u t  h a s  u n s a t i s f a c t o r y  p r o p e r t i e s .  In  s e c t .  3 a n  i m -  
p r o v e d  a n s a t z  f o r  t h e  v e r t e x  i s  m a d e ,  r e s u l t i n g  in  a s a t i s f a c t o r y  e q u a t i o n  
w h i c h  i s  s o l v e d  w i t h  t h e  f r e e  p h o t o n  p r o p a g a t o r  in  a n  a r b i t r a r y  g a u g e .  A s  

* Sen io r  R e s e a r c h  Fel low,  Conse lho  Naciona l  de P e s q u i s a s .  
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expec t ed  [3], the so lu t ion  fo r  the f e r m i o n  p r o p a g a t o r  and a l so  the r e n o r -  
m a l i z a t i o n  funct ion Z(~ 2) a r e  dependent  on the gauge  chosen ;  in g e n e r a l  
Z(0) = 0. A d i s c u s s i o n  of the r e s u l t s  is g iven in the las t  sec t ion.  The  gauge  
dependence  of the c a l c u l a t e d  p r o p a g a t o r  is shown to be in a g r e e m e n t  with 
the dependence  d i r e c t l y  found f r o m  the o p e r a t o r  gauge  t r a n s f o r m a t i o n  of the 
t i m e - o r d e r e d  p r o d u c t  defining the f e r m i o n  p r o p a g a t o r .  

2. DISCUSSION OF AN E A R L I E R  T R E A T M E N T  

Our  s t a r t i ng  point  will  be the fol lowing f o r m  of the D y s o n - S c h w i n g e r  
equa t ion  fo r  the f e r m i o n  p r o p a g a t o r ,  de r i ved  in re fs .  [1, 2]: 

s - l ( p )  _- Z( 2 ) { p  / a  v , v , p , 
4~ a fb (p,p ,e)y Se( p )F~ (p ,p)Devp( p -p )d4p  ' (1) 

The  r e n o r m a l i z a t i o n  funct ion Z(e 2) is d e t e r m i n e d  by the equat ion i tse l f  and 

bU(p ,p ,, c ) _ sin (p - p ')PE c o s [ e ( p + p ' ) ~ ]  . 
(p -p')ue 

A s s u m i n g  the cutoff  independence  of the l imi t  of se(p) fo r  van i sh ing  e,  ap -  
p r o x i m a t i n g  the v e r t e x  by 

r ~ ( p ,  p') = ½ [ f (_p2)  +f(_p ,2)]yp 

and taking the f r e e  photon p r o p a g a t o r  in the F e r m i  gauge ,  it was  shown 
tha t  

-I  ,2 

i °~ l s (s')s f ¢ ( s )  = Z(¢ 2) l + 8 ~ f e ( s )  s-2 f de 
2 

0 S ' +  m 
e 

ds' 

s 1 
+ f  2 d s '  + ~  s - 2 f  ~ 2  d s ' + /  2 

S S ' + D t  0 s ' + m  S S '+; 'n  
6 6 6 

- - d s l t  /2, 

with s = _p2 and S - I ( p ) =  f ( _ p 2 ) [ ~ _  m(_p2)] .  Th i s  p a r a m e t r i z a t i o n  of S is 
s o m e w h a t  m o r e  conven ien t  than the one of ref .  [1]. It was  r e m a r k e d  that  
the f i r s t  t e r m s  at the r .h . s ,  domina te  o v e r  the two las t  ones ,  which w e r e  
neg lec ted .  The  r e su l t i ng  equat ion  gave  a solut ion with r e a s o n a b l e  p r o p e r -  
t i e s  f r o m  a p h y s i c a l  point  of view. 

We shal l  now show that  if one does  not neg lec t  the two las t  t e r m s  of eq. 
(2) one f inds  a s l ight ly  modi f i ed  solut ion which is s t i l l  f ini te  but not a n y -  
m o r e  qui te  s a t i s f a c t o r y .  F o r  th i s  p u r p o s e  we apply the g e n e r a l  me thod  fo r  
e l imina t ing  Z(c 2) which was  d i s c u s s e d  in ref .  [2]. Eq. (2) is mul t ip l i ed  by 
f ~ l ( s )  and d i f f e r en t i a t ed  t o w a r d s  s,  r e su l t i ng  in 


