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ABSTRACT: In this contribution, we re-assess some aspects of axionic electrodynamics
by coupling non-linear electromagnetic effects to axion physics. We present a number of
motivations to justify the coupling of the axion to the photon in terms of a general non-
linear extension of the electromagnetic sector. Our emphasis in the paper relies on the
investigation of the constitutive permittivity and permeability tensors, for which the axion
contributes by introducing dependence on the frequency and wave vector of the propagating
radiation. Also, we point out how the axion mass and the axion-photon-photon coupling
constant contribute to a dispersive behavior of the electromagnetic waves, in contrast
to what happens in the case of non-linear extensions, when effective refractive indices
appear which depend only on the direction of the propagation with respect to the external
fields. The axion changes this picture by yielding refractive indices with dependence on the
wavelength. We apply our results to the special case of the (non-birefringent) Born-Infeld
Electrodynamics and we show that it becomes birefringent whenever the axion is coupled.
The paper is supplemented by an appendix, where we follow our own path to approach
the recent discussion on a controversy in the definition of the Poynting vector of axionic

electrodynamics.
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1 Introduction

Axions are actively investigated in the literature ever since their proposal by Peccei and
Quinn to solve the problem of strong CP-violation [1, 2]. More generally, inspired by ax-
ionic QCD, Axion-like Particles (ALPs) are treated as pseudo Nambu-Goldstone bosons
that arise in various extensions of the Standard Model (SM), and are promising candidates
for a dark matter portion in the universe [3-5]. Unlike of the axionic QCD, in which axions
couple with the gluons, the scalar ALPs (¢) couple with the photon through the interaction
gay ¢ (E - B), where g, is a coupling constant with length dimension. Several efforts have
been made in an attempt to detect these particles, whether in astrophysical observations
or in terrestrial experiments such as particle accelerators, or high-intensity lasers. It is
important to emphasize the huge range of possibilities for the mass of the ALPs. In this
sense, there are two perspectives in the search for ALPs, the first one takes into account the
scattering processes that are capable of producing ALPs in the mass range eV — TeV. The
second one considers astrophysical observations, where it is capable to produce ALPs with
an upper bound for the mass which may be in the range of 1071 eV — 30 KeV [6]. For in-
stance, the Chandra’s data analysis for the active galactic nucleus NGC 1275 at the center



of the Perseus cluster provides the most stringent limit on the ALP-photon coupling con-
stant for very light ALPs, i.e., goy < (6.3 —7.9)x10713 GeV ! for mg < 10712 eV depending
on the magnetic field, at 99.7% confidence level [7]. Recent searches for ALP-Photon res-
onant conversion on magnetar SGR J1745-2900 exclude couplings g,, > 10712 GeV™! for
ma < 107%eV [8]. Another well-established limit was obtained in CAST, which searches for
axions coming from the solar core by converting the X-rays into axions via a magnetic field
up to 9.5T. They report the upper limit on the g,, ~ 0.66 x 10-10GeV ! for m, < 0.026V
at 95% confidence level [9].

For larger values of the ALPs masses, we must take into account the bounds obtained
by experiments in particle accelerators. As example, axions can be produced in the reaction
vy = ¢ — vy through the Primakoff-process at the LHC. In this case, there is a wide range
for the ALPs masses, ranging from eV to TeV scale [10-12]. For lead-lead collisions, the
exclusion limits for the ALP masses is m, ~ (5 — 100) GeV, for a coupling constant of
Jay =~ 0.05 TeV ™! at 95 % confidence level [13]. Since ALPs are searched for in experiments
with intense magnetic fields, it is reasonable to expect that non-linear effects might be
excited in this situation. They may arise whenever magnetic fields are close to the critical
Schwinger magnetic field, |B|s = m?/q. = 4.41 x 10°T [14]. In astrophysical searches
for ALPs, there are cases of blazars and magnetars with magnetic fields of the order or
higher than the critical Schwinger magnetic field [8, 15, 16]. In a recent work, it has been
discovered that non-linearities can also arise at low magnetic fields in a QED level for the
so-called Dirac materials. In this case, strong non-linear effects arise in dirac materials
for a magnetic field strength of approximately 1T [17]. Several non-linear theories are
candidates to extension of the Maxwell electrodynamics (ED) in the literature [18-24].
One of the most known is the Born-Infeld (BI) ED that was originally proposed to remove
the singularity of the electric field of a point-like charged particle at the origin [25]. It is
worth mentioning that BI electrodynamics was investigated in a scenario involving axions,
in which the analog of Snell’s law was found considering an axionic domain wall [26].
Currently, the BI ED emerges in scenarios of superstring theory, quantum-gravitational
models and magnetic monopoles [27-33]. The measurement of the light-by-light scattering
at the ATLAS Collaboration of the LHC imposes a lower bound 2 100 GeV on the BI
parameter [34]. More stringent bounds on the BI parameter are also discussed in the
electroweak model with the hypercharge sector associated with the BI model [35].

It is known that the vacuum can be considered as a non-linear optical medium and
that this concept applies to the standard model of elementary particles [36]. In this sense,
non-linear ED models may present dichroism and vacuum birefringence phenomena. In
particular, the vacuum magnetic birefringence (VMB) is a macroscopic quantum effect
predicted by QED [37, 38] in which the difference of the refractive indices between parallel
and perpendicular polarized light is non-trivial in the presence of an external magnetic
field. The PVLAS (Polarisation of Vacuum with LASER) experiment carried out 25 years
of efforts in the search for the vacuum birefringence and dichroism, and although it did
not reach the values predicted by the QED, it established the best limits known so far [39-
42].  Although the VBM has not yet been directly detected, the indirect evidence has
been found in the neutron star RX J1856.5 — 3754, with magnetic fields on the order of



10'3 Gauss (G) [43]. It is interesting to notice that the VBM phenomenon can be a tool for
the detection of ALPs, where it is known that the conversion of photons into axions changes
the polarization of the incident beam by means of a magnetic background field. Thereby,
a measure of the birefringence can provide important limits on the axion mass and the
coupling constant g, [44, 45]. In this direction, we point out that the birefringence effects
related to the axion field in the presence of a laser beam were investigated in ref. [46]. We
also highlight that the birefringence phenomena associated with a pure electric background
field is due to the optical Kerr effect [47, 48].

At this stage, it should be mentioned that other extensions of the Maxwell electro-
dynamics (ED) coupled to the axion field have been investigated in the literature. For
instance, in a seminal paper by Raffelt and Stodolsky [49], the authors included the non-
linear effects of the Euler-Heisenberg electrodynamics and obtain the correspondent dis-
persion relations of the non-linear photon. We also highlight that the axion field theory
was considered in connection with high-order derivative Podolsky ED [50], where the ef-
fective photonic theory and the inter-particle potential were carried out. Similarly, the
axion field contributions were investigated in the context of non-commutative field theo-
ries [51, 52]. Furthermore, in the work of ref. [53], by using the Proca theory, the authors
analyzed the influence of a massive photon and its effects on the axion-photon mixing.
Later, the axion-Proca ED was obtained as an effective field theory in a Condensed Matter
system [54]. Recently, new extensions involving a hidden photon (another massive dark
matter candidate) coupled to the axion and photon fields have been proposal in the lit-
erature [55, 56]. The propagation effects in the presence of extra CPT-odd terms also
motivate other extensions of the Maxwell ED [57]. The study of the constitutive relations
on the wave propagation in bi-isotropic and anisotropic media has applications in material
physics [58]. Axionlike couplings can be generated via quantum corrections in a Lorentz
violation background [59].

In this paper, we propose the study of a general non-linear ED coupled to an ax-
ionic scalar field, that we call ¢, coupled to the non-linear sector through the interaction
go (Eo-Bg). We start the description of the model with a general non-linear kinetic
sector. We expand the 4-potential associated with electromagnetic (EM) fields (Eg, Bg)
around an EM background up to second order in the propagating EM fields. Thereby, we
have a general linearized ED propagating in an EM background field coupled to an axionic
scalar field. We explore the propagation effects for the plane wave solutions in which the
dispersion relations, the group velocities, the electric permittivity, and the magnetic per-
meability are obtained in a uniform and constant EM background fields. The Born-Infeld
(BI) non-linear theory is considered as an application of these results. Therefore, we discuss
the properties of the wave propagation, like the dispersion relations, group velocities and
the characteristics of the medium in the presence of an external magnetic field, and poste-
riorly, of an external electric field. We analyze the results in a regime of strong magnetic
field for the BI theory. The birefringence phenomena is also investigated in the BI theory
for the cases with magnetic and electric background fields, separately. In the case of the
birefringence with a magnetic background, we calculate the axion coupling constant using
the data of the PVLAS-FE experiment. For the birefringence with an electric background,
we make a connection with the optical Kerr effect.



The paper is organized with the following outline. In section 2, we describe the non-
linear ED-axion model in an EM background, and obtain the corresponding field equations
for the axion and photon. Next, section 3 focus on the properties of plane wave solu-
tions and we organize our results in two subsections: the first subsection 3.1 considers the
purely magnetic background case. The second subsection 3.2 discusses a purely electric
background. In section 4, we apply all the results of the previous section to BI ED, for a
magnetic background in subsection 4.1; next, we go into a purely electric background in
subsection 4.2. After that, in section 5, we investigate the birefringence of the axion-BI
model for a wave in a magnetic (subsection 5.1) and in an electric background (subsec-
tion 5.2). Section 6 casts our Concluding Comments. Finally, we include an appendix A,
where the energy-momentum tensor of a general non-linear ED and the corresponding
conserved quantities are obtained in a constant and uniform EM background.

Throughout this paper, we adopt natural units A = ¢ = 1 with 4mey = 1, and the
Minkowski metric n*¥ = diag(+1,—1,—1,—1). The electric and magnetic fields have
squared-energy mass dimension in which the conversion of Volt/m and Tesla (T) to the
natural system is as follows: 1Volt/m = 2.27 x 1072 GeV? and 1T = 6.8 x 1070 GeV?,
respectively.

2 Non-linear electrodynamics coupled to an axionic scalar field

We start up with the Lagrangian (density) of the model
1 1
L= Lu(Fo,Go) + 5 (0u0)" = 5m*&* + g0 Go — Ju A", (2.1)

where L£,,;(Fo,Go) denotes the most general Lagrangian of a non-linear electrodynamics
that is function of the Lorentz- and gauge-invariant bilinears Fy = —%FOQW, and Gy =
—%Fom,ﬁou . We consider the antisymmetric field strength tensor as Fy"' = 9*Ay —
AL = (—Egi, —eijkBok>, and the correspondent dual tensor is ﬁo W = By 52 =
(—Boi, eijkEok), which satisfies the Bianchi identity 8M150” ¥ = 0. Therefore, in terms of
electromagnetic fields, the invariants are Fy = % (E2 — B2) and Gy = E¢ - By. In addition,
¢ corresponds to the axion field with mass m, and ¢ is the non-minimal coupling constant
(with length dimension) of the axion with the electromagnetic field, i.e., the usual coupling
with the Gp-invariant. There are many investigations and experiments to constraint the
possible regions in the space of the parameters g and m, which still remains with a wide
range of values, depending on the phenomenological scale in analysis. For more details, we
point out the recent reviews [60, 61].1

The action principle related to the Lagrangian (2.1) leads to the motion equations with
a classical external current J":

aEnl n% 8Enl 7 ,uz/) _ = pv v
(G B+ G R ) = o @ue) B4 0, (2.2a)
(D + m2) ¢ = gYo, (2.2b)

in which the current is conserved 9, J* = 0.

1See section 90 of [61]: Azions and Other Similar Particles.



We expand the abelian gauge field as AJ' = a* + A", with a* being the photon 4-
potential, and A" denotes a background potential. In this conjecture, the tensor Fy"”
is also written as the combination Fy"" = f* + FJ% in which f* = 0#a” — 9"at =
(_ei’ _(idkpk
F" = (—Ei, —eiik Bk ) corresponds to the EM background field. The notation of the
4-vector and tensors with index (B) indicates that it is associated with the background.

) is the EM field strength tensor that propagates in the space-time, and

At this stage, we consider the general case in which the background depends on the space-
time coordinates. Under this prescription, we also expand the Lagrangian (2.1) around the
background up to second order in the propagating field a* to yield the expression

1
E(Q) = _1 1 - C2 fou 7GB/U/ fw/"i_ gQB,LLI/H)\ fMVf'fA 5 ( u¢) - 7m ¢2

_§Q¢FBnuf“V+g¢gB - Jua“ - J;LABu'f'»Cnl (fB)gB) y (23)
where the background tensors are defined by

GB/J,I/ = (1 FB,LLI/ + c2 ﬁB,uz/v

QBuvrr = d1 Fpuy Fex +do Fuy Fpex + d3 FpuwFpex +ds FpuFpeyn,  (24)

and L, (Fp,Gp) is the non—linear Lagrangian as function of the Lorentz invariants Fg =

—1F%, =E?*-B%and G = — F,, Ff"” = E-B, both in terms of the EM background

field, and ﬁ’BW = P Fp,p/2 = (—Bl , ”kEk) is the dual tensor of Fp,,. Furthermore,
the coefficients c1, co, dq, do and ds3 are evaluated at E and B, as follows:

a‘Cnl o a‘Cnl a2£nl a2£nl

c o do — a2£nl
0F e’ © 0G0 les 0F3 |gp e

0F00G EB
(2.5)
that depend on the EM field magnitude and it may also be functions of the space-time

C1 = 3 =

EB

coordinates. Following the previous definitions of the tensors, we have that G, = —GRy,
and QB is symmetric under exchange uv <+ kA, and antisymmetric when p <+ v or
k <> A. Note that the current J# also couples to the external potential A4, but this term
and L, (Fp,Gp) are irrelevant for the field equations in which we are interested. If we
consider the scalar potential as V(¢) = m?¢?/2—g ¢ Gp, it has a minimal at ¢g = g Gg/m?>.
Writing ¢ = ® + ¢o, the term g » Gp can be eliminated in the Lagrangian (2.3):

1 1 Ny 1 v 1 v rK
£ == fin, = J 2 fuw " = 5 Hpw " + 5 Qs [ f + 3 (00— 5 m* &
1 ~~ 2g2
390 F g = Ty = Jy A" + Lot (Fp.G8) + 522 (2.6)

where Hp,,, = G +9 2Gp F Buv/ m?2. In this context, the scalar field gb is reinterpreted as
the axion field with mass m. It should be noted that ¢q is non-trivial only in the presence
of both electric and magnetic background fields.

Using the action principle in relation to a*, the Lagrangian (2.6) yields the EM field
equations with source J#

_ 1 -
0" |c fuu + c2 f,uzz - 5 QB/U/m\ fﬁ)\ =9 (au¢) FB/,LV - 8MHB;W +J, (27)



and the Bianchi identity remains the same one for the photon field, namely, 0, f“” = 0.
The action principle related to ¢ in eq. (2.6), now yields the axion field equation evaluated
at the EM background:

(D + m2) ¢ = —% 9 Fpu (2.8)

Notice that, when we fix ¢y = 1 and d; = do = d3 = 0, the non-linear effects disappear,
and we have the usual Maxwell ED coupled to the axion field and EM background. In
the limit ¢ — 0, the axion uncouples the photon field, and we have a simple combination
of a massive free scalar field with the Maxwell ED. Moreover, the Maxwell equations also
are recovered in eq. (2.7) by taking the aforementioned considerations and turn-off the
background fields, Fig,, = 0.

3 The dispersion relations in the presence of magnetic and electric back-
ground fields

In this section, we obtain the dispersion relations (DRs) associated with the axion and pho-
ton fields in the presence of a uniform and constant electromagnetic background. Thereby,
from now on, all the coefficients defined in eq. (2.5) are not dependent on the space-time
coordinates. We start with the equations written in terms of the fields e and b. For the
study of the wave propagation, we just consider the linear terms in e, b and gg, as well as
the equations with no current and source, J = 0 and p = 0. Under these conditions, the
modified electrodynamics from eq. (2.7) and Bianchi identity is read below:

V-D =0, Vxe+g—?:0, (3.1a)
D
Vb0, VxH—%—tzo, (3.1b)

where the vectors D and H are given by

D=ce+dEE-e)+daBB-e)—d,EB-b)+d:B(E-b)+g¢B, (3.2a)
H=cb-—d BB -b)—dE(E -b)+dB(E-e)—dE(B-e)—goE. (3.2b)
Observe that, in egs. (3.2a) and (3.2b), we have eliminated the terms with dependence

on the coefficient d3, since dg3 = 0 in the non-linear ED model in which we will consider
ahead. The axion field equation (2.8) leads to

(O+m*)6=g(e-B)+g(b-E). (3.3)

We write the Fourier integrals for the fields e, b and gz~5 such that the field equa-
tions (3.1a), (3.1b) and (3.3) in momentum space are given by:

k-D():O, kxeo—wbon, (34&)
k-by=0, k x Hy +wDy =0, (34b)
(K~ w?+m?) 6o = g (B-e) + g (E-by), (3.4c)



where the amplitudes Dy; and Hy; are functions of the k-wave vector and the frequency w.
In terms of the electric and magnetic amplitudes ey; and bg;, we obtain

Doz‘(k, w) = Eij(k, w) ep; + O’z‘j(k, w) boj , (35&)
Hoi(k,w) = —oji(k,w) eg; + (1 )ij(k, w) boj , (3.5b)

in which the electric permittivity symmetric tensor €;;(k,w) and o;j(k,w) are defined by

9* B B;
k2 — w2 4 m?2’
9* B; E;
k2 — w24 m2’

cij(k,w) = c1 645 + d1 E; Ej + dp B; Bj + (3.6a)

oij(k,w) = —dy E; B; + dy B; E; + (3.6b)

In addition, ;! stands for the inverse of the magnetic permeability symmetric tensor, with
the components

g’ E; E;

(,u,il)ij =C (Sij —d1 B; Bj —do F; Ej - m .

(3.7)

The inverse of eq. (3.7) yields the following expression for the magnetic permeability

1 (1—dBB2—dEEQ)(Sij—l—dBBiBj—l-dEEiEj—i-dBdE(EXB)i(EXB)j

i kv = )
'LL]( w) Cc1 1*dBB2*dEE2+dBdE(EXB)2
(3.8)
where we adopted the shorthand notations
dy da 9*/c1
dp := — d dgi=—+ +—"""+— 3.9
B c1 an E 01+k2—|—m2—w2’ (3.9)

for simplicity of the equations. In both the cases in which E = 0 or B = 0, we have

0ij(k,w) = 0. Moreover, it is important to note that the dependence of electric permittivity

and magnetic permeability on k and w is exclusively due to the presence of the axion

coupling, see egs. (3.6a) and (3.8), as well as the above definition for the coefficient df.
The eigenvalues of the electric permittivity matrix are given by

Ae = €1, (3.10a)
dgE?  dpB?2 dgE?  dpB2\?
Noc=cp [14+ 2= 4 2E — (B -2 >+dBdE(E-B)2,(3.1Ob)
2 2 2 2
dgE?  dpB?2 dgE?  dpB2)\?
A3e = ¢ <1+ 32 + E2 ) 01\/< 32 - E2 )+dBdE(E-B)2.(3.1OC)

The correspondent eigenvectors are known as the optical axes of the system. If these
eigenvalues are positive, it satisfy the conditions

;>0 and 14+dgB?+dpE?+dpdp (ExB)? >0, (3.11)

and the electric permittivity matrix will be defined positive.



The eigenvalues of the magnetic permeability matrix are
1

My = —, (3.12a)
C1
\ | 2—dBB2—dEE2—\/(dBB2—dEE2)2+4dBdE(E BY .
T 90, 1—dgB2 —dgE2 +dpdg (E x  (3:12b)
\ | 2—dBB2—dEE2+\/(dBB2—dEE2)2+4dBdE(E BY .,
K 1—dpB?2 —dpE? +dpdg (E x B)? » (3:12¢)
where the permeability is positive if we impose the conditions
c1>0 and 1—dgB?—dpE*+dpdr (ExB)?>0. (3.13)

However, situations with negative eigenvalues are also acceptable and this would indicate,
according to the references [62-64], that the vacuum manifests the behaviour of a category
of metamaterial.

If we just consider the magnetic background field (E = 0), the electric permittivity has
two degenerated eigenvalues, A1 = Aoc. Analogously, if the background is purely electric
(B = 0), the magnetic permeability has the two degenerated eigenvalues, Ai, = Ag.
In the limit ¢ — 0, the conditions (3.11) and (3.13) are reduced to c? + c;dy B% +
c1doE? + dy do (E x B)2 > 0and ¢? —¢1d; B? — c1do E? + dy do (E x B)2 > 0, respec-
tively. For the particular case of Maxwell ED coupled to the axion field in which ¢; = 1
and d; = d2 = 0 in egs. (3.11) and (3.13), we arrive at the following constraints on the
frequency: —vk2 +m2 + ¢?E2? < w < vk? +m?2 + g2 E2 (for the positive permittivity)
and —/k2 + m? — g2 E? < w < \/k2 + m? — g2 E? (for the positive permeability).

Using the equations in momentum space (3.4a)—(3.4c) and the constitutive rela-

tions (3.5a) and (3.5b), we obtain the wave equation for the components of the electric
amplitude:

Miei =0, (3.14)
where the matrix elements M% are given by
M = a6 +-bk' I + cp B' B! + cp B' BV + d (B-X) (B'k + B/ i)
+dp (B-Kk) (B'K + B/ K') - dgw |[E' (B x k) + BV (B x k)'|

+dpw B (Exk) + B (Bxk)|, (3.15)
whose the coefficients a, b, cg and cg are defined by
a=w?—k?>+dp(kxB)?+dg(k x E)?, (3.16a)
b=1-dgB? - dpE? (3.16b)
cp=dpw® —dpk® cp =dpw? —dpk?. (3.16¢)

The non-trivial solution of eq. (3.14) implies that the determinant of the matrix M¥ is
null. It is difficult to analyze the situation with both E # 0 and B # 0. The frequency
solutions are feasible for the cases with E = 0 or B = 0. In what follows, we investigate
these two particular cases separately.



3.1 The magnetic background case

Let us consider E = 0 in the matrix elements (3.15):

M

o= a8 +bp k'K +cp B'B +dp (B k) (B'W +BK),  (3.17)

where ap = w? — k2 +dp (k x B)? and bg = 1 — dg B2. The determinant of (3.17) is
det(M)|g_y = aB { aQB +2apdp (B - k)2 +ap (CBB2 + ka2) +

+bpep (kx B)’ —d} (B-k)? (kx B)? |, (3.18)

and imposing that det(M)|g_, = 0, we obtain the first solution ap = 0, that yields

d ~
wip(k) = K| \/1 - LB xk)?2. (3.19)
The other solutions come from the polynomial equation
w? (PB w4 Qpuw? + RB) =0, (3.20)

where the coefficients are defined by

Pp = 1+@B2, (3.21a)
c1
_ 2 9 d2 o9 2 do 2 92 2
Qp = -2k = m? - 2 B? (K +m?) - 2 (k- B)’ - = B?, (3.21b)
Cc1 C1 €1
d 2
Rp = K2 (k% +m?) + ?2 (k% +m?) (k- B)? + % (k- B)2. (3.21c)
1 1

The second solution is the trivial w = 0. Solving the above polynomial equation, one
can show that the non-trivial solutions correspond to

2 2R2 2
9 5y  m*  g°B® —da(B x k)
:k R
(JJ2B + 2 + 2(Cl+d2B2)

_ {kz Lm? B - dy(B x k)T_ o (B K + (2 + m?)(e1 + do(B - k)?)
2 2(61 —+ d2B2) c1 + d2B2 )
(3.22a)
2 2R2 2
2 o, m*  g°B?—dyB xk)
k2
w3p + 5 + 31 + daBY)
N {kQ N m? N g°B2 — dy(B x k)2r_ o 2(B - k)2 + (K2 + m2?)(c; + do(B - k)?)
2 2(e1 + ngZ) c1 + do B2 .
(3.22b)

The equations (3.22a) and (3.22b) indicate that the dispersive character of the refractive
index is exclusively due to the presence of the axion. The non-linearity alone does not yield
dispersion, as the equation above show.



At this stage, it is interesting to analyse the approximation of the very small axion
coupling constant. Using ¢g? |B| < 1, the previous frequencies are reduced to

dy (B x k)2

wop(k) ~ Vk2+m2 + O(¢g*) and wsp(k) =~ |k| \/1 —
In this approximation, wop leads to the usual DR for a massive particle, while the results
for wip and wsp, egs. (3.19) and (3.23), confirm the DRs obtained in ref. [65] for a general
non-linear ED in a uniform magnetic background. The refractive index associated with the
DRs are defined by

|

WiB

nig = (i=1,2,3). (3.24)
We point out that, for the DR in eq. (3.19), the refractive index only depends on the
direction of the magnetic field B with the wave propagating direction k. On the other hand,
for the DRs in egs. (3.22a) and (3.22b), the refractive index depends on the wavelength
(A = 2n/|k|) due to the presence of the axion mass (m) and the coupling constant (g). In
the limit m — 0 and g — 0, all the refractive indices do not depend on the wavelength in
the non-linear EDs.

Since we have three solutions for the frequencies, each solution has a different group
velocity. For the frequency in eq. (3.19), we obtain

N dy o~
VoBly_y, =k \/1 — 2 (kxB)2. (3.25)
The polynomial equation (3.20) has the correspondent group velocity:

. dw —k (dRB 2dQB)

_pW 3.26
VOB =% 0k T 2w (202P5 + Qp) \ dk | ° Tdk (3:26)

where w is now evaluated at the DRs w = wop and w = wsp, in which k£ = |k|. Using the
definitions of Pp, @p and Rp, the expression (3.26) is read below

(B-k)* - *(B- k)
1})2 — ¢°B?

v k 2¢1 (w? —k?) — cym? — d2(B - k)? + daw?B? + do(w? — k? — m?)

BT 2¢1(w? — k?) — eym? + doB?2(2w? — k2 — m?) — da(B -

(3.27)

Substituting the frequencies wop and w3p in eq. (3.27), the group velocities in the approx-
imation g2 |B| < 1 are given by:

~ d2 (B X IA{)2
ol =1 2B o) (3.250)
k
VgB|w:w3B = Wiy +0(g%) . (3.28Db)

The results (3.25) and (3.28a) show the dependence of the group velocity on the angle
between the magnetic background B and the propagation direction k. It is important to
highlight that the Maxwell limit recovers the known results for the group velocities (3.25)
and (3.27), i.e., v, = ck (with ¢ = 1), when d; = dg = 0 and ¢; = 1.
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3.2 The electric background case

The electric background case is obtained with B = 0 in eq. (3.15):

MY

=apd +bpk' K + cp B'E +dp (B-k) (B'W + ETK) . (3.29)

where ap = w? —k? +dp (k x E)2 and bg = 1 — dg E2. The correspondent determinant is
similar to the result (3.18):

det(M)|g_y = ar { a} +2apdp (E-%)* + ap (cxB? + bpk?)
+bgen (k x B)’ — d} (B k) (k x E)? } . (3.30)

The null determinant in eq. (3.30) implies the first condition ap = 0, or equivalently
w? — k% +dp (k x E)® = 0, that yields the solutions wiy, = + w; (k) and wiy = + wap(k),
where the DRs are given by

2y m2 d 2 g2
K) = k2+ 2 -2 Exk [ 2 B kQ} 9 (Exk)? (331
np(l) = \[K2+ 7 — 22 (B x k)2 - \/ e ®x12| + L (B X (331

2 2c1 2 2c1 c1

2 d 2 d 2 2
wop(k) = \|K2 + = — 2 (B x k)2 + \/{m + 2 (B x k)?} + 7 (Ex k)2 (3.31b)
The second condition for eq. (3.30) to be null leads to the polynomial equation

2[(1+‘11E2> w2_k2_@(E k)}zo. (3.32)

C1 C1

The first root in eq. (3.32) is w = 0, and the non-trivial solutions are wi}, = + wsp(k), with

dl E x k
W3E ’k‘\/ o1 +d1E2 . (333)

Therefore, we obtain three possible DRs for the axionic non-linear ED in an electric back-
ground. However, only the frequencies wip(k) and wep(k) contain contributions of the
axion field.

The refractive index in an electric background field is

nip = k] (1=1,2,3). (3.34)
WiE
The DR (3.33) yields a refractive index that depends on the direction of E with the k-wave
propagation. In the case of the DRs (3.31a) and (3.31b), the refractive indices depend on
the wavelength if we consider m # 0.
From the condition ag = 0, the correspondent group velocity is given by

-1

2 2
g (E x k)
-1+
VgE o +Cl 0 —o? 1 m2)? X
da co g0 (Exk)? ¢> (Exk)?
1- =2 (Exk)P? -2+~~~ 4+ ‘
Xl 01( < k) el k2—w24+m2?2 ¢ (K2 —w24+m2)2|’ (3.35)
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where w must be evaluated at the dispersion relations wig and wep. Substituting the
frequencies (3.31a) and (3.31b) in eq. (3.35), we obtain the results

N d ~
ng\w:le ~k \/1 — C—f (E x k)2 + (’)(92) , (3.36a)
K d )
VgE|w:w2E ~ \/ﬁ |:1 — a (E X k)2:| —+ 0(92) . (336b)

The third possible solution for the group velocity comes from the eq. (3.32). In this case,
we obtain the group velocity

(3.37)

VgE:; c1 + di E?

kll_dl(Exf{)Q]

Using the dispersion relation (3.33) in eq. (3.37), the correspondent group velocity reads

~ d1 (E X 12)2
V9E|w=w3E =k \/1 - m . (338)

In the Maxwell limit, d; = d2 = 0 and ¢; = 1, the group velocities (3.36a) and (3.38)
reduce to the usual case when g — 0: vyp = ck (with ¢ = 1). Still in this limit, the group
velocity (3.36b) is reduce to the result of a wave-particle of mass m. Analogously to the
magnetic background case, the results obtained in this subsection also depends on the angle
between the electric background and the wave propagation direction. In all the results,
the dispersion relations and the group velocities depend on the coefficients c¢1, di and do,

which are fixed by the non-linear ED as functions of the magnetic or electric background
fields.

4 Application to the axion-Born-Infeld model

In this section, we apply the Born-Infeld (BI) theory as an example of non-linear elec-
trodynamics in the model (2.1). Therefore, we can discuss the results of the previous
section applied to a well-known non-linear ED in the literature. The BI electrodynamics
is described by the Lagrangian

_ 2[ Fo G ]
Lpr(Fo,Go)=p" |1 -1 =25 ——1 |, (4.1)
g B

where [ is a scale parameter with dimension of squared energy (in natural units). It
can be interpreted as a critical field in the theory, and has the same dimension of the
electromagnetic field. The BI Lagrangian is CP-invariant since it depends on the G3. The
limit of  — oo yields the Maxwell Lagrangian. The measurement by ATLAS of the
light-by-light scattering in Pb-Pb collisions constraints a stringent lower bound on the
p-parameter [34], namely,

VB 2 100GeV, (4.2)
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in the case of a pure quantum electrodynamics with the Born-Infeld theory associated with
the Abelian U(1) symmetry. Keeping this in mind, we shall consider /3 = 100 GeV as the
scale of the BI theory in our future analysis. In what follows, let us examine the dispersion
relations and group velocities, as well as the properties of the permittivity and permeability
tensors of the axion-BI model for the cases of magnetic background field (subsection VI.A),
and posteriorly, in the presence of an electric background field (subsection VI.B).

4.1 The axion-BI model in a magnetic background

From eq. (2.5), we obtain the correspondent coefficients c¢1, d; and ds for the BI theory,

p BI B BI ’ 1

eoon = Ve @ lecon = @rE 4 oo = guErEe Y

with co = d3 = 0. All these coefficients are positive and the axion-BI model reduces to the

o1

usual Maxwell theory coupled to the axion in the limit 8 — oo, i. e., limg ., 0{31 ‘E:O B 1

. Bl _ . . . .
BB limg_,o d5 ‘E:O,B = 0 . Substituting these coefficients in the

and limg_, d’lgl’
results (3.19), (3.22a) and (3.22b), we obtain the dispersion relations in a uniform and

constant magnetic field B:

B x k)2
W8 (k) = k| 1_<ﬁ2x+B)2' (4.42)
(BI) 2 12 m2_ (BXk)2 g2B2
whs W] =K+ - 211 BZ/52
B k2+m72_ (BXk)2 N g2B2 2
> 2@+ BY) a1 B
Bxk?] #£®B-k? 7
—K? (k2—|—m2> [1_%2113)2 _ jﬁ} 7 (4.4b)
(BI) 2 9 mQ_ (Bxk)2 g2B2
Wi 0] =K+ 2(Z+BY) 2 /i1 B
, m2  (Bxk)? #B2 1
+{ K 2(ﬁ2+B2)+2,/1+B2/52
Bxk?] £2®B-k? 7
—Kk? (k2+m2> [1_(&21]3)2 _\/gﬁ} . (4.4c)

At this stage, it is interesting to comsider particular limits. For instance, under an
intense magnetic background field, 7. e., |B| > 3, the dispersion relations are reduced to

wgn (k) = wég”(k) ~ |k - B| and wggn (k) ~ vk2? + m2, in which we have also considered
g%’B < 1 in the frequencies wégl) and wégl). In the strong magnetic field regime, the DRs

wgn and wégn are not dependent on the magnetic field magnitude, and depend only on

the angle between the wave vector k and the direction of the magnetic background field.

On the other hand, when g — oo, we recover the photon DR in the frequency wggn, while
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wégn and wégl) reduce to the expressions:
_ 2 4 2 B2 2 4 2B2\?2
Bh_{r;o wégl) (k) = | k2 + m 29 - (m 29 ) +¢2(Bxk)?, (4.5a)
_ m2 + ¢2 B2 m2 + ¢2 B2\ ?
Jim WD (k) = | K2 + 29 + \/ < 29 ) F@Bxk?.  (4.5b)

The dependence of the DRs with the angle between B and k remains in egs. (4.5a)
and (4.5b). In the regime g?|B| < 1, the previous frequencies lead to

g 42
wap (k) = [k| |1 - 5 (B x k) ] , (4.6a)
2 B2 2 (B xk)?
wip(k) = VK2 +m2 + —2 49 (Bxk (4.6D)

2vVk2+m2  2m? VKkZ 4+ m?

Using the results (3.25) and (3.28a), the group velocity for the axion-BI model is

. (B x k)?
vasilgn = Vastlygo =k 1~ gy

As expected, the 8 — oo limit recovers the result of usual electrodynamics group velocity

(4.7)

vy = k, in natural units. Under a strong magnetic field, the group velocities also depend
on the angle of k with the B-direction:

VgBI|w§g1) = V9B1|w£113;1) ~k[k-B|=k|cosd|. (4.8)

Substituting the coefficients (4.3) in the eigenvalues of the electric permittivity matrix,

we obtain
(BI) (B B B
)‘15 ‘E:O - )\26 ’E:O - /7/82 T B2 ) (493‘)
(BI) B B2 92 B2
MO =1+ Zr e (4.9b)

Similarly, the eigenvalues of the magnetic permeability are

3/2
(BI) _ \(BI) o B2 (BI) B B2
Al Ee0 Aoy B0 1+ @ s gy ’E:O = (1 + ? . (4.10)

With these expressions, we conclude that the eigenvalues of egs. (4.9a) and (4.10) are
positive, while that in eq. (4.9b) is positive if the w-frequency satisfies the inequality:

2 B2 232
—\/k2+m2 J <w< [k2+m24 2 (4.11)

TR S —
V1+B?/p° V1+BZ/3?
In the limit 8 — oo, the results (4.9a) and (4.10) go to one, but in eq. (4.9b), we obtain a
contribution of the axion coupling with the Maxwell ED:
(BI)

2 B2
lim As, =

B—00 ‘E:O - k2 4+ m?2 — w2’ (4.12)
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4.2 The axion-BI model in an electric background
In this case, the coefficients c¢1, di and do at B = 0 are given by

CBI‘ _ B dBI‘ _ B dBI‘ _ L

L EB=0 32 _E2’ ' lEB=0  (2—E2)3/2° ? leB=0 B3./32 _E2’
and cg = d3 = 0, in which the magnitude of the electric background must satisfy the
condition 5 > |E| for these coefficients to be real. When |E| > [, the coefficients are
complex and can bring interesting consequences for the DRs and the wave propagation.

(4.13)

Phenomenologically, the constraint of |E| > /8 is not usual since that, in general, electric
fields with strong magnitude of |E| > 10* GeV? are not suitable. Using these coefficients in
the dispersion relations (3.31a), (3.31b) and (3.33), we arrive at the following frequencies
for the axion-BI model in a uniform and constant electric background:

m2 E x k)? m2 E x k)22 E?
wggf)(k)_ k2+2_(2132)_ |:2+(252)] +92(Exk)2H,

(4.14a)
2
wiBD (k) = k2+”;2— (E;;;{)ZJF [WQLZJF(EQXBQI()Q] + 2(E x k)24 /1 - g’j
(4.14b)
k)2
wip (k) = K| (E;Qk) (4.14c)

where > |E x 1A<| in the frequency (4.14c). Notice that the Maxwell limit yields the photon
DR in eq. (4.14c). Moreover, the solutions (4.14a) and (4.14b) are, respectively, reduced to

ma wﬁél)( k) = k2+—\/+g (E x k)?, (4.15a)
—00
Jim wiBD (k) = k2—|—+\/—|—g (E x k)2, (4.15b)
—00

For a weak electric field, the previous DRs assume the form

g2
wip(k) ~ [K| l1 - 2— (Ex k) ] : (4.16a)
¢ (Exk)?
w k2 +m + —— 4.16b
(k) = v e (4160)
The group velocities associated with these dispersion relations can be read below:
N E x k)2
Vgl 81y = vg| By =k /1 - %, (4.17a)
“iE “sp B
k (E x k)2
= 1-— , 4.17b
Viluzn = e l 7 1 (1T
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where the condition 8 > |E x k| constraints the velocity (4.17b) in the same direction of
the wave propagation.

Analogously to the magnetic background case, we insert the expressions (4.13) in the
eigenvalues of the electric permittivity and magnetic permeability matrices. Thereby, we
obtain for the electric permittivity:

ol _aen o B en|  ___ B

In addition, for the magnetic permeability, we arrive at the following eigenvalues

(BI) (B _, E?
S = AL = o (4.19a)
—1
(BI) B E? g* E?
Ml = [ - E e | (4.19D)

Observe that the eigenvalues (4.18) and (4.19a) are real with the condition 8 > |E|. The
eigenvalue (4.19b) is positive if the w-frequency satisfies the condition:

2 |2 2 |2
—\/k2+m2— J <cw< | kK+m2— 2 (4.20)

VI-E2/3? VI-E}/52
5 The birefringence in the non-linear ED axion model

The vacuum birefringence is one of the phenomena present in some non-linear EDs. We
back to the wave equation (3.14) to investigate the birefringence in a uniform and constant
magnetic background and also for the electric background case in the linearized axion-BI
model.

5.1 Birefringence in the axion-BI model with a magnetic background field

The birefringence analysis requires that we impose some considerations on the wave prop-
agation. We assume the propagation direction k = k% and the magnetic background
B = Bz. In the first situation, we consider the electric wave amplitude parallel to B,
with ey = eg32. In this case, the wave equation (3.14) (with E = 0) yields the relation
oz (k,w) esz(k,w)w? = k?, where the parallel refractive index is defined by

d 2 B2
niP) (k) = faah, ) s, ) = \/ 1+ 2pe i — . 6

c1 c1 k? —w? +m?
The second situation is when the electric wave amplitude is perpendicular to the magnetic
background field, with eg = ep2 ¥. In this case, the wave equation leads to the relation
p33(k,w) e22(k,w) w? = k2, in which the perpendicular refractive index is

“1/2
1) (,0) = \fgs (s ) e () = {1 _ CsB?] . (5.2)
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Using the coefficients of the axion-BI model in eq. (4.3), the difference between these two
refractive indices, AnsgBI)(k, w) = n|(|B)(k, w) — nS_B)(k, w), is given by

(B) B B2 g2B2 B2 B2

From eq. (5.1), we expect that the variation of the refractive index depends on the w-
frequency. Thereby, we can have the birefringence phenomena associated with the three
DRs from (4.4a), (4.4b) and (4.4c), respectively. The limit g — 0 recovers the well-known
result in which the pure BI theory does not exhibit birefringence, 4. e., limg_o Ang? (k,w) =
0. Substituting the dispersion relations (4.4a), (4.4b) and (4.4c) in eq. (5.3), we obtain the
differences of the refractive indices:

9B B(B”+ 6%

AP (ke = AP (K ~ 5.4
npp (k) B0 np; ( )‘wggﬂ 2 m2(B2+ 32) + B2k2 (5.4a)
k B2
AP (k ~ 0 1y 5.4b
BI( )‘wéBl) \/m BQ ( )

where we have used the approximation g2 B < 1. Notice that in eq. (5.4a), a very small
(residual) birefringence remains in the model with g2-dependence. The result (5.4b) re-
covers the usual Maxwell ED when 8 — oo, and if we consider a very small mass for the
axion-particle m =~ 0.

The PVLAS-FE experiment presented the following result for the vacuum magnetic
birefringence in ALPs [39]:

AnPVLAS-FE
B2

= (419£27) x 10721772, (5.5)

In this situation, we have that B = 2.5 T and the wavelength of A\ = 1064 nm (or equiva-
lently, £ = 0.185€V). Let us consider the axion mass at m = 1 meV and BI parameter of
V/B = 100 GeV. Using the results in egs. (5.4a) and (5.5), we estimate the axion coupling
constant as

g ~9.065 x 1077 GeV !, (5.6)

which is consistent with the upper bound g < 6.4 x 1078 GeV ! (95% C.L.) reported in this
experiment.

5.2 Birefringence in the axion-BI model with an electric background field

The case with an electric background is similar to the previous subsection. We consider the
same wave propagation direction, with the electric background E = E Z. In the first situa-
tion in which the electric wave amplitude e is parallel to E, the correspondent refractive

d
= 1+ L B2, (5.7)
I o
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On the other hand, when eg is perpendicular to E, the refractive index leads to

~1/2
_@E2_gj E?

c1 c1 k2 —w?2+m?2 (58)

nS_E)(k:, w) = [1

Thereby, the difference between the parallel and perpendicular refractive indices in the

) E2 92 E2 ) E2
/82 k2 _ w2 + m2 /82

The limit of the pure BI electrodynamics (¢ — 0) recovers the result of null birefrin-

axion-BI model is

g2\ V2
AnggEI)(k,w) = (1 - 52> -

—1/2
(5.9)

gence in eq. (5.9). Furthermore, note that the difference (5.9) depends on the w-function,
that is function of the electric field and SB-parameter. Substituting the dispersion rela-
tions (4.14a), (4.14b) and (4.14c) in eq. (5.9), we obtain

2 2
(E) NNC) L 9E Epj
Anpy (k) WBD = Anpy () WBD T T T (1 — E2/B2) (m2B2 + E2k2)’ (5.10a)
e\
An'E) (& ~1-= SR — 5.10b

in which the approximation for a weak electric field, g F < 1, is applied. The result (5.10a)
shows a very small effect of the birefringence with the g dependence. In eq. (5.10b), the
birefringence is null when 5 — oo and the axion mass is approximately zero. In the
approximation 3 > Ek/m, the result (5.10a) yields the electric birefringence

E
‘An(BI)‘ ~ g
E2 2m?’

(5.11)

Therefore, this result can be used to constraint the parameter space (m,g) through the
optical Kerr effect.

6 Concluding comments

In this paper, we investigate the properties of the electromagnetic (EM) wave propagation
in a general non-linear electrodynamics coupled to the axion field. The non-linear sector
is expanded up to the second order at the propagation fields in a uniform and constant
EM background field. We obtain the correspondent field equations for the propagating
EM and axion fields. Next, we investigate the dispersion relations and group velocities in
the presence of magnetic and electric background fields, separately. The refractive indices
associated with these dispersion relations depend on the wavelength due to contributions
involving the axion mass (m) and coupling constant (g) in the magnetic background field.
For the case of the electric background, the dependence on the wavelength occurs when
m # 0. The permittivity and permeability tensors are calculated as function of the EM
background and wave propagation frequencies. We study the conditions for these tensors
to be positive through the eigenvalues of the permittivity and permeability matrices.
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We apply all the results for the Born-Infeld (BI) electrodynamics coupled to the axion
field. Consequently, we obtain the wave propagation properties for the Bl-axion model in
magnetic and electric background fields. The results of the usual Maxwell electrodynamics
are recovered when the BI parameter is very large, and the coupling with the axion goes
to zero. The magnetic permeability is manifestly positive in the Bl-axion model with a
magnetic background, while one of the solutions for the electric permittivity to be positive
imposes the condition (4.11) on the w-frequency. Otherwise, if the w-frequency satisfies
the constraints

g2 B2 g2 B2
1+ B?/p? 1+BZ/p?’

the medium can behave as a metamaterial. Similarly, in the axion-BI model with an electric

w<—\/k2+m2+ and w>\/k2+m2+ (6.1)

background, the electric permittivity is positive if § > |E|, and one of the solutions for the
magnetic permeability to be positive constrains the w-frequency in eq. (4.20).

To conclude, we have investigated the birefringence phenomena in the Bl-axion model
for the situations with magnetic and electric background fields, separately. We obtain the
variation of the refractive indices (parallel and perpendicular to the electric propagating
amplitude) as function of the k-wave number, w-frequency, S-parameter and background
fields in egs. (5.3) and (5.9). Therefore, since we have three solutions for the w-frequencies,
the variation of the refractive index has also three possible solutions for the birefringence.
In both the cases with magnetic or electric background fields, in the weak field regime,
the variation of the refractive index is residual in g2, see eqs. (5.4a) and (5.10a). The
third solution points out for the birefringence as a function of the S-parameter, axion mass
and background fields, as described in eqs. (5.4b) and (5.10b). As we expect from usual
electrodynamics, the absence of birefringence in these results is attained in the 5 — oo limit,
and for the axion mass approaching zero. In the case of the birefringence with magnetic
background field, we use the results of the PVLAS-FE experiment, with /8 = 100 GeV, A =
1064 nm and m = 1 meV, to obtain the axion coupling constant g = 9.065 x 10~ GeV .
This result agrees with the upper bound g < 6.4 x 1078 GeV ™! (95% C.L.) in the PVLAS-
FE experiment. The birefringence in the electric background case gives the result g2/(2m?)
in the regime of weak electric field. This result must be interesting in connection with the
optical Kerr effect to constraint the parameter space (m,g) for the axion-like particle.

A The energy-momentum tensor of the axionic non-linear electrodynam-
ics model

In this appendix, we address the recent discussion about the definition of Poynting vector in
axionic electrodynamics. According to ref. [66], one could define two possible Poynting vec-
tors in terms of the constitutive relations and electromagnetic fields, namely, Spg ~ D x B
or Spry ~ E x H, and the authors claim that the choice leads to different phenomenolog-
ical results. This issue has also been discussed in refs. [67, 68], where the authors point
out the relevance of considering terms of the order O(g?), to analyze the corresponding
conservation law. Here, we follow our own path to tackle the question: we avoid to start
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off from any definition; instead, we work exclusively with the field equations to naturally
identify the expressions for the Poynting vector and the momentum density transported
by the waves.

In what follows, we work out the energy-momentum tensor for the non-linear ED
model coupled to the axion field in an electromagnetic background, as described by the
Lagrangian (2.6). For this purpose, we contract the eq. (2.7) with f“® and using the
Bianchi identity, we arrive at

1 ~ 1 1
o [clfwf”a = 5 @B [+ 9OF g [ = 5 <—4c1f30 + g QBoowr "7

4 4
+590°0) Py + 500 (07 Fiy) 1 = (0" Hp) 2. (A1)

1 ~~ 1 1 ~ 1
- 29¢F3paf””)} = S f"+ = (0%) fr, + = (0%C2) fun /™ — 5 (07 Q) 1 £

Now, we multiply the axion field equation (2.8) by 80‘5 and, after some algebraic manipu-
lations, we end up with

o+ {augaaa —5,° B (8,0)% — %mQ 552] } = —% g Fpu M 0% (A.2)
The sum of the equations (A.1) with (A.2) yields the result
ore, =%, (A.3)

where the energy-momentum tensor of the system is given by

@,ua = (augg) (804('5) +a f,ul/ fua - % QB,uZ/n)\ fﬂ/\ fl/a + QJFBW fua

a 1 2 1 o prA 1 2 1 272 I~ o
(A.4)
and €2, corresponds to the dissipative terms, namely,
@ vo 1~ a1 nz m vo
Q :Jyf +§g¢(8 FB,uV)f _(8 HB,uV)f
1 1 ~ 1
4 @) f2 4 5 0%0) Farf™ = 5 (0" Q) [P (AS)

The energy-momentum tensor (A.4) exhibits the well-known contributions of non-
linear electrodynamics and axion field. Furthermore, due the presence of an electromag-
netic background, we also obtain axion-photon mixing terms related to q~5 F Buv fY¢ and
qg o, F Bpo fP7. We highlight that our result does not include the influence of magnetic
monopoles because we used the Bianchi identity. Notice that Q% contains the usual con-
tribution J, f¥“ and other terms involving derivatives of the background fields. For the
particular case of vanishing axion field, we recover the results discussed in ref. [65]. We
point out that the energy-momentum tensor is not symmetric, ©@*¢ # % due to the
background terms Qv frA freand g% FBW f7%. This fact also happens in scenarios
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with Lorentz symmetry violation (see, for instance, refs. [69, 70]). If we consider a uni-
form and constant electromagnetic background with J# = 0, the eq. (A.3) leads to the
conservation law 010 ¥ = 0. When a = 0, we obtain

ou+V-S=0, (A.6)
where u := O denotes the energy density,
~ 1 .~ 1 ~ 1
(00)* + 5 (w))2 +om* @+ e (e +b?)

di (e-E)? + = d2 (e- )2—%d1(b-B)2

—=ds(b- E) +ds(e-E)(e-B)+ds(b-E)(b-B)
+96(b-E)+go(e-B), (A.7)

and S corresponds to the Poynting vector, whose components are defined by S* := 0%,
such that

x b) +di (e E) (e x B)

B) —dy(e-B)(e x E)' —dy (b-E) (e x E)’

) —ds(e-E)(e x E)'+ds(b-E)(e x B)

) —gd(exE) . (A.8)

For a = j, the conservation law is written as
aP+vV-'T =0, (A.9)
where P stands for the momentum, with the components P’ := 0% given by

— (9,6) (9'9) + ¢1 (e x b)i — d; (e-B) (E x b’
—di (b-B)(E xb)’ —ds (e-B) (B x b)’

)
+ds (b-E)(Exb) +g¢ (Bxb), (A.10)
and ? denotes the stress tensor, whose components (?)” := OY yield the expression
(?)” = (8°0) (8) — c1(é' € + b V) —di(e-E)E' ¢! — dy(e-B) B’ e
+di(b-B)E'¢’ —dy(b-E)B'e/ —dy(e-E)b' B’ + dy(e- B) b E’
+di(b-B)b' B! +dy(b-E)b' E! —ds(e-B)E'e! —d3(e-E)B'el
—d3(b-E)E'¢’ +d3(b-B)B'e¢! —ds(e-B)b' B’ +ds(e- E)b' E
—d3(b-E)b' B —d3(b-B)b' E/ + g¢ (B E/ — B ¢). (A.11)

The presence of an electromagnetic background introduces some interesting features.
Firstly, the energy density of the model acquires new contributions involving the axion
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field, given by g¢ (b - E) and g ¢ (e - B). In addition, from the eqs. (A.8) and (A.10), we
conclude that the Poynting vector does not coincide with the linear momentum. However,
as already expected, both equations lead to the same expression if the electromagnetic
background is switched of.

Finally, it should be mentioned that using the above definitions for u,S, P and ?,
based on the conservation laws (A.6) and (A.9), the results will be consistent.
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