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ABSTRACT

Motivated by the growing use of embedded controllers in different applications, where
a communication protocol is responsible for the transmission of data between computer
algorithms, actuators and sensors, the analysis and control design for sampled-data control
systems have been addressed in many works. In this context, aperiodic sampling can be
seen as a modeling abstraction employed to represent, in a theoretical framework, the ef-
fect of imperfections on the communication channel such as sampling jitters, fluctuations
and, in some cases, packet dropouts. Moreover, due to physical limitations of actuators,
input constraints and, in particular, input saturation are ubiquitous in real control prob-
lems. These constraints are source of nonlinear behaviors and performance degradation.
In many cases, only local (or regional) stability of the closed-loop system can be ensured
in the presence of actuators constraints and nonlinearities, even for linear plants.

This work deals with linear aperiodic sampled-data systems where the control input,
subject to constraints (e.g. saturation), is computed based on a feedback of the system
state. It focuses on two main problems. The first one regards the stability analysis of the
origin of such systems, with the determination of estimates of the region of attraction of
the origin (RAO). The second one, in turn, corresponds to the control design, where a
state-feedback control law is computed in order to enlarge an estimate of the RAO of the
resulting closed-loop system. The proposed methods are based on the use of semidefinite
or linear programming and can therefore be easily applied in practice.

One of the proposed methods considers a linear saturating feedback of the system
state and quadratic Lyapunov functions, leading to ellipsoidal estimates of the RAO of the
system. Two other methods deal with the stability analysis of the sampled-data system
subject to input saturation providing polyhedral estimates of the RAO. Because of their
flexibility, adopting polyhedrons instead of ellipsoids allows a reduction of conservatism,
but is very demanding in terms of computational complexity. Motivated by this fact, this
thesis also proposes a control design method based on an alternative strategy, where the
complexity of the polytopes is fixed a priori. This idea results in an optimization problem
with bilinear constraints, where a stabilizing piecewise linear control law of relatively low
complexity is found for the sampled-data system.

The aforementioned methods consider a non-stochastic framework, where lower and
upper bounds are imposed for the unknown, time-varying sampling interval of the system.
As an additional contribution, this thesis also considers a stochastic setting. A control
design method is proposed for the global stabilization in the mean square sense of the
sampled-data system, where the linear feedback control law is subject to sector bounded
nonlinearities and the sampling intervals are assumed to be random variables with the
Erlang distribution. The possibility of packet dropouts is also explicitly taken into account
through the Bernoulli distribution. Moreover, the proposed approach, which is based on



the framework of Piecewise Deterministic Markov Processes, leads to non-conservative
stabilization conditions in the unconstrained linear case.

Keywords: Sampled-data control, aperiodic sampling, random sampling, set invari-
ance, ellipsoidal sets, polyhedral sets, region of attraction of the origin.



RESUMO

Motivados pelo crescente uso de controladores embarcados em diferentes aplicacoes,
onde um protocolo de comunicag¢do € responsdvel pela transmissdo de dados entre algorit-
mos computacionais, atuadores e sensores, a andlise e o controle de sistemas amostrados
foram abordados em muitos trabalhos. Nesse contexto, a amostragem aperiddica pode
ser vista como uma abstracdo matemadtica empregada para representar, na teoria, o efeito
de imperfei¢des no canal de comunicagdo, como instabilidades, flutuacdes e, em alguns
casos, perda de pacotes de dados. Além disso, devido a limitagdes fisicas dos atuadores,
restri¢oes de entrada e, em particular, a saturagdo s@o onipresentes em problemas reais de
controle. Essas restricdes sdo fonte de comportamentos nao-lineares e de degradacdo do
desempenho. Em muitos casos, apenas a estabilidade local (ou regional) do sistema em
malha fechada pode ser garantida na presenca de restri¢des e nao-linearidades de entrada,
mesmo para plantas lineares.

Este trabalho lida com sistemas lineares amostrados aperiodicamente em que a entrada
de controle, sujeita a restricdes (por exemplo, saturacdo), é calculada com base em uma re-
alimentacdo de estados do sistema. Dois problemas principais sdo abordados. O primeiro
consiste na andlise de estabilidade da origem de tais sistemas com a determinagdo de es-
timativas da regido de atracdo da origem (RAO). O segundo, por sua vez, corresponde
ao projeto de controle, onde uma lei de controle de realimentacdo de estados € calculada
para otimizar o tamanho de uma estimativa da RAO do sistema em malha fechada resul-
tante. Os métodos propostos sdo baseados no uso de programagao semidefinida ou linear
e, portanto, podem ser facilmente aplicados na pratica.

Um dos métodos propostos considera uma realimentacdo de estados linear sujeita a
saturacdo e funcdes de Lyapunov quadraticas, resultando em estimativas elipsoidais da
RAO do sistema. Dois outros métodos lidam com a anélise de estabilidade do sistema
amostrado sujeito a saturacdo fornecendo estimativas poliedrais da RAO. Devido a sua
flexibilidade, a ado¢do de poliedros em vez de elipsdides permite uma redugdo de conser-
vadorismo, mas € muito exigente em termos de complexidade computacional. Motivada
por esse fato, esta tese também propde um método de projeto de controle baseado em uma
estratégia alternativa, onde a complexidade dos poliedros € fixada a priori. Essa ideia re-
sulta em um problema de otimiza¢do com restri¢cdes bilineares, onde uma lei de controle
linear por partes estabilizadora de complexidade relativamente baixa € encontrada para o
sistema amostrado.

Os métodos mencionados acima consideram uma abordagem nao-estocdstica, onde
limites inferior e superior sdo impostos para o intervalo de amostragem do sistema, o
qual € desconhecido e variante no tempo. Como contribuicdo adicional, esta tese tam-
bém considera uma abordagem estocastica. Um método de projeto de controle é proposto
para a estabilizacdo global no sentido quadratico médio do sistema amostrado, onde a



lei de realimentacdo de estados linear € sujeita a ndo-linearidades que satisfazem a uma
condicdo de setor e os intervalos de amostragem correspondem a varidveis aleatorias com
a distribuicdo de Erlang. A possibilidade de perda de pacotes de dados também & ex-
plicitamente levada em consideragdo através da distribuicdo de Bernoulli. Além disso,
o método proposto, que se baseia na teoria de processos de Markov deterministicos por
partes, resulta em condi¢des de estabilizacdo ndo-conservadoras no caso linear sem re-
stricoes de entrada.

Palavras-chave: Controle amostrado, amostragem aperiodica, amostragem aleatoria,
invariancia de conjuntos, conjuntos elipsoidais, conjuntos poliedrais, regiao de atracao
da origem.



RESUME

Motivé par I’utilisation croissante de controleurs embarqués dans différentes applica-
tions, ol un protocole de communication est responsable par la transmission de données
entre les algorithmes numériques, les actionneurs et les capteurs, 1’analyse et la con-
ception de contrdle pour les systemes de contrdle échantillonnées ont été abordées dans
de nombreux travaux. Dans ce contexte, I’échantillonnage apériodique peut étre con-
sidéré comme une abstraction mathématique employée pour représenter, dans un cadre
théorique, ’effet des imperfections sur le canal de communication telles que la gigue
d’échantillonnage, les fluctuations et, dans certains cas, les pertes de paquets. De plus,
en raison des limitations physiques des actionneurs, les contraintes d’entrée et, en parti-
culier, la saturation des entrées sont omniprésentes dans les problemes de controle réels.
Ces contraintes sont une source de comportements non-linéaires et de dégradation de la
performance. Dans de nombreux cas, seule la stabilité locale (ou régionale) du systeme
en boucle fermée peut €tre assurée en présence de contraintes et de non-linéarités des
actionneurs, méme pour les systémes linéaires.

Ce travail traite des systemes linéaires échantillonnées apériodiquement ou 1’entrée
de commande, soumise a des contraintes (par exemple la saturation), est calculée sur la
base d’un retour d’état du systeme. Il se concentre sur deux problemes principaux. Le
premier consiste en 1’analyse de stabilité de I’origine de tels systemes avec la détermina-
tion d’estimations de la région d’attraction de I’origine (RAO). Le deuxieme, a son tour,
correspond a la conception de la commande, ot une loi de commande a retour d’état est
calculée afin d’agrandir une estimation de la RAO du systeéme en boucle fermée résul-
tant. Les méthodes proposées sont basées sur la programmation semi-définie ou linéaire
et peuvent donc étre facilement appliquées dans la pratique.

L’une des méthodes proposées considere un retour d’état linéaire soumis a la satura-
tion et des fonctions de Lyapunov quadratiques, conduisant a des estimations ellipsoidales
de la RAO du systeme. Deux autres méthodes traitent de I’analyse de stabilité du systeéme
échantillonné soumis a la saturation des entrées fournissant des estimations polyédriques
de la RAO. En raison de leur flexibilité, 1’adoption de polyedres au lieu d’ellipsoides per-
met une réduction du conservatisme mais est tres exigeante en termes de complexité de
calcul. Motivée par ce fait, cette these propose également une méthode de conception de
contrOle basée sur une stratégie alternative, ou la complexité des polyedres est fixée a pri-
ori. Cette 1dée se traduit par un probleme d’optimisation avec des contraintes bilinéaires,
ou une loi de commande linéaire par morceaux stabilisante de complexité relativement
faible est trouvée pour le systeme échantillonné.

Les méthodes mentionnées ci-dessus considerent un cadre non stochastique, ou des
limites inférieure et supérieure sont imposées pour I’intervalle d’échantillonnage inconnu
et variable dans le temps du systtme. Comme contribution supplémentaire, cette these



considere également un cadre stochastique. Une méthode de conception de contrdle est
proposée pour la stabilisation globale dans le sens quadratique moyen du systeme échan-
tillonné, ou la loi de controle linéaire de retour d’état est soumise a des non-linéarités
délimitées par secteur et les intervalles d’échantillonnage sont supposés étre des variables
aléatoires avec la distribution d’Erlang. La possibilité de pertes de paquets est aussi ex-
plicitement prise en compte via la distribution de Bernoulli. De plus, I’approche proposée,
qui est basée sur le cadre des processus de Markov déterministes par morceaux, conduit a
des conditions de stabilisation non conservatrices dans le cas linéaire sans contraintes.

Mots-clés: Commande échantillonnée, échantillonnage apériodique, échantillonnage
aléatoire, invariance des ensembles, ensembles ellipsoidales, ensembles polyédriques,
region d’attraction de ’origine.
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1 INTRODUCTION

In many real-world applications, continuous-time plants are controlled by digital de-
vices in a sampled-data fashion, where the control input is computed based on the value
of the state/output of the plant at the sampling instants (ASTROM; WITTENMARK,
1984). These sampled-data systems are often implemented through a network, where
communication protocols are responsible for the transmission of data between comput-
ers, actuators and sensors (ZHANG; BRANICKY; PHILLIPS, 2001). The use of a shared
network for different purposes has several advantages, including flexibility and simplicity
of maintenance (ZHANG; BRANICKY; PHILLIPS, 2001). On the other hand, due to
imperfections on the communication channels, such as sampling jitters, fluctuations and
packet dropouts, the control loop is commonly subject to time-varying, uncertain, sam-
pling intervals, i.e. aperiodic sampling (HESPANHA; NAGHSHTABRIZI; XU, 2007;
ZHANG; BRANICKY; PHILLIPS, 2001).

The case of periodic sampling, when the sampling interval is a known constant value,
has been dealt with through several approaches (see ASTROM; WITTENMARK (1984);
CHEN; FRANCIS (1995) for an overview in the linear case or NESIC; TEEL (2001);
MONACO; NORMAND-CYROT (2001) for the nonlinear case). Aperiodic sampling,
in turn, has been the focus of many recent works. In this context, different methods
exist to study the stability of linear sampled-data systems subject to a time-varying sam-
pling interval. In FRIDMAN; SEURET; RICHARD (2004); FRIDMAN (2010); LIU;
FRIDMAN (2012) the system is considered as affected by time-varying delay acting on
the control input and its stability analysis is based on Lyapunov-Krasovskii functionals.
Following similar ideas, in SEURET (2012) an approach using the looped-functionals is
presented. In NAGHSHTABRIZI; HESPANHA; TEEL (2008); BRIAT (2013); HETEL
et al. (2013) a hybrid system approach is explored. In HETEL et al. (2011); FIACCHINI;
MORARESCU (2016) the system is studied based on an uncertain discrete-time model
that describes the evolution of the state at the sampling instants. The exponential de-
pendence of the transition matrix of the resulting difference inclusion can be dealt with
in different ways in order to obtain numerical tractable criteria for this approach. For
instance, polytopic embeddings of this matrix are considered in CLOOSTERMAN et al.
(2009, 2010); LOMBARDI et al. (2012). Alternatively, norm-bounded approximations of
it can be employed (FUJIOKA, 2009; FUJIOKA; OISHI, 2011; KAO; FUJIOKA, 2013).
For a general overview of those methods and other references, the reader can refer to the
survey HETEL et al. (2017).

Moreover, due to physical limitations of actuators, input constraints and, more specif-
ically, input saturation are ubiquitous in real control problems. These constraints are
source of performance degradation and, in many cases, only local (or regional) stabil-
ity of the closed-loop system can be ensured, even for linear plants, as in the case of
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exponentially unstable open-loop systems (SUSSMANN; SONTAG; YANG, 1994; MA,
1991). It is then useful to characterize and compute estimates of the region of attraction
of the origin (RAO) of the closed-loop system. Moreover, even if the open-loop system
is exponentially stable, to satisfy performance criteria around the origin, it may be inter-
esting to use a control law that ensures only local stability of the origin and to compute
the corresponding estimate of the RAO (TARBOURIECH et al., 2011). In the periodic
sampling case, an exact discretization is possible and the problem can be treated in a
discrete-time framework (see (TARBOURIECH et al., 2011) and the references therein).
Nevertheless, for the aperiodic sampling case, the problem is more involved and requires
a careful analysis of the behavior of the system. Regarding this case, we can cite, for in-
stance, SEURET; GOMES DA SILVA JR. (2012) and FIACCHINI; GOMES DA SILVA
JR. (2018), which provide techniques based on LMIs (Linear Matrix Inequalities) to com-
pute ellipsoidal estimates of the RAO of the closed-loop system with a linear saturating
state-feedback control law, or GOMES DA SILVA JR. et al. (2016), which considers a
dynamic output feedback.

Furthermore, the use of methods based on polyhedral sets to address the stability anal-
ysis and stabilization of dynamical systems is quite appealing (BLANCHINI; MIANI,
2015; DOREA; HENNET, 1999; BLANCO; CANNON; MOOR, 2010; FIACCHINI;
MORARESCU, 2016). Because of their flexibility, adopting polyhedrons instead of
ellipsoids allows a reduction of conservatism (BLANCHINI; MIANI, 2015, Pg. 188).
In particular, it is known that a linear uncertain system is robustly stabilizable if and
only if there exists a polyhedral control Lyapunov function for it or, equivalently, a
polyhedral controlled invariant set (BLANCHINI; MIANI, 2015). Moreover, polyhe-
drons form a class of sets particularly suitable for the application of iterative procedures
like the one in BLANCHINI (1994), that converges to the maximal controlled invari-
ant/contractive set for the system. However, the sets obtained by such algorithms become
more complex at each iteration, making the obtained solutions intractable in many im-
portant cases (BLANCHINI; MIANI, 2015). In order to circumvent this problem, many
approaches exist in the literature for linear systems subject to constraints, as, for instance,
ANEVLAVIS; TABUADA (2019); FIACCHINI; ALAMIR (2018); BLANCO; CAN-
NON; MOOR (2010); TAHIR; JAIMOUKHA (2015); BRIAO et al. (2018); OLIVEIRA;
JUNIOR; DOREA (2020). In ANEVLAVIS; TABUADA (2019) a procedure that does not
rely on iterative computations is presented while in FIACCHINI; ALAMIR (2018) an al-
gorithm based on linear programming that allows to overcome the complexity inherent to
the Minkowski set addition is exploited. In turn, BLANCO; CANNON; MOOR (2010);
TAHIR; JAIMOUKHA (2015); BRIAO et al. (2018); OLIVEIRA; JUNIOR; DOREA
(2020) develop methods to compute polyhedrons of low complexity in order to get con-
servative but computationally affordable results.

1.1 Scope

Motivated by the exposed in the previous paragraphs, this thesis deals with linear
aperiodic sampled-data systems where the control input, subject to saturation (or more
general constraints in Chapters 6 and 7), is computed based on a feedback of the system
state. It focuses on two main problems:

1. Stability analysis of the origin of the closed-loop system along with the determina-
tion of estimates of the region of attraction of the origin;
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2. Control design, where a stabilizing state-feedback control law is computed based
on some criterion, which in most cases corresponds to the size of an estimate of the
RAO of the resulting closed-loop system.

Both quadratic and polyhedral Lyapunov functions are considered, leading to ellip-
soidal and polyhedral estimates of the RAO, respectively. The developed methods con-
sider either a stochastic or a non-stochastic framework, as follows:

* Non-stochastic case (all chapters with the exception of Chapter 7): lower and upper
bounds are imposed for the unknown, time-varying interval between two successive
sampling instants. The methods in this case rely on uncertain discrete-time systems,
1.e. difference inclusions, that model the behavior of the system state at the sampling
instants. In particular, it is shown that the asymptotic stability of the origin of the
discrete-time system is sufficient to guarantee the asymptotic stability of the origin
of the continuous-time one.

* Stochastic case (Chapter 7): the sampling interval of the system is assumed to be
a random variable with the Erlang or exponential distribution and the stabilization
problem is treated in a probabilistic sense. In this case, tools from the literature of
stochastic systems are employed;

It should also be mentioned that, unlike the preceding chapters, Chapter 7 focuses
on the global stabilization problem. Local stabilization in the stochastic case can be
considered as an idea of future work.

1.2 Main contributions

Below the structure of the work and the main contributions are described in more
detail.

In Chapter 3, a new method, which can be seen as an evolution of the approach
in FIACCHINI; GOMES DA SILVA JR. (2018), is presented in order to analyze the
stability of aperiodic sampled-data systems subject to control saturation. The method
allows not only the stability analysis of the nonlinear closed-loop system but also provides
a constructive way for designing a control law aiming at indirectly maximizing the RAO.
Quadratic Lyapunov functions are used, leading to stability and stabilization conditions
in LMI form and to ellipsoidal estimates of the RAO. Unlike FIACCHINI; GOMES DA
SILVA JR. (2018), which considers the static linear feedback of the system state, a more
general control law is employed: the control input can also depend linearly on its past
value, resulting in a dynamic controller.

To derive our results, an impulsive system representation is employed, with a linear
flow and a nonlinear (due to the saturation term) jump dynamics. It is shown that the
evolution of the system at the sampling instants can be modeled by a difference inclusion
defined by two set-valued maps. From this setup, we show that to ensure the asymp-
totic stability it is sufficient to verify that the candidate Lyapunov function decreases by
a certain amount only at a grid of possible values for the sampling interval, as long as the
increase of the function in continuous-time is conveniently bounded. The difference inclu-
sion proposed is different from the one in FIACCHINI; GOMES DA SILVA JR. (2018). In
particular, this new formulation allows to tackle the stabilization problem through convex
optimization, which was not possible with the one in FIACCHINI; GOMES DA SILVA
JR. (2018). Moreover, it is worth highlighting that this approach is different from the one
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in CLOOSTERMAN et al. (2009, 2010); LOMBARDI et al. (2012), for instance, where
the decrease of the Lyapunov function between successive sampling instants is directly
ensured for all possible sampling intervals through the use of polytopic embeddings of
the system transition matrix.

Chapter 4, in turn, addresses the stability analysis problem focusing on the deter-
mination of polyhedral estimates of the RAO. As already explained, adopting polyhe-
drons instead of ellipsoids allows a reduction of conservatism (BLANCHINI; MIANI,
2015, Pg. 188). The proposed approach, inspired by BLANCHINI (1994); FIACCHINI;
MORARESCU (2016), relies on a difference inclusion obtained from the use of the satu-
rated and nonsaturated (SNS) embedding for the saturation term (ALAMO et al., 2006). It
is shown that contractive sets for this difference inclusion remain contractive when scaled
down and can therefore be associated to a Lyapunov function which is strictly decreasing
at the sampling instants. It is also shown that the obtained contractive sets can be used
as estimates of the RAO of the continuous-time closed-loop system. In order to obtain
these estimates, a numerical algorithm based on linear programming is proposed. This
algorithm generates a decreasing sequence of nested polytopes that converges to a con-
tractive set for the considered difference inclusion in a finite number of steps under mild
assumptions.

The main drawback of the method of Chapter 4 concerns the numerical execution
of the proposed algorithm, which can become prohibitively complex before its stopping
criterion is reached. The execution becomes slower at each new iteration of the algo-
rithm because the numerical complexity of the polytopes generated by it tends to increase.
Moreover, the polytopes generated at each intermediate iteration cannot be considered as
invariant estimates of the RAO, i.e. regions of safe behavior for the closed-loop system.
Thus, in practice, the method may fail to provide a valid estimate of the RAO of the system
in an acceptable amount of time, even if in theory the stopping criterion of the algorithm
is satisfied in a finite number of steps. This fact is not surprising: in general, algorithms
which involve polyhedrons computations are very demanding in terms of computational
complexity (BLANCHINI; MIANI, 2015, Pg. 110).

In order to overcome the aforementioned problem, an alternative method is developed
in Chapter 5, which also relies on the use of a difference inclusion and on the SNS
embedding of the saturation function. The main difference is that an increasing sequence
of nested polytopes is generated, where at each step a new invariant polyhedral estimate of
the RAO of the system (larger than the previous one) is obtained. Therefore, the successful
execution of the resulting algorithm does not depend on some stopping criterion, and the
trade-off between number of iterations and complexity of the resulting polytope can be
managed.

In Chapter 6, we propose a method to design a piecewise linear (PWL) state-feedback
control law that guarantees the asymptotic stability of the origin of the sampled-data sys-
tem and leads to a polyhedral estimate of the RAO. The method deals with a generic poly-
hedral set of input constraints, which includes the saturation function considered in Chap-
ters 3—5 as a particular case. Following the ideas of BRIAO et al. (2018); FRANCA DOS
SANTOS; ERNESTO; CASTELAN (2020); OLIVEIRA; JUNIOR; DOREA (2020), the
complexity — given by the number of vertices — of the estimate of the RAO is fixed a
priori. Thus, the resulting control law is of low complexity and suitable for practical
use. Moreover, as shown by the numerical examples, the estimates of the RAO associated
with the proposed feedback control law can be larger than the ones obtained with the ap-
proach of Chapter 3, which designs a linear feedback control law. The proposed method
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relies on an optimization problem with bilinear constraints that is used in order to obtain a
controlled contractive polytope for the difference inclusion on which the method is based.

A common feature of the aforementioned chapters is that they consider a non-stochastic
framework, where hard bounds are given for the time-varying sampling interval of the sys-
tem. However, taking into account that this assumption may not be realistic, some recent
works have addressed the stability analysis and stabilization of linear sampled-data sys-
tems subject to a random sampling interval, where the corresponding distribution func-
tion has possibly unbounded support (TANWANI; CHATTERIJEE; LIBERZON, 2018;
SHEN; WANG; HUANG, 2016; SHEN et al., 2017; HU et al., 2022; SUN; SUN; CHEN,
2021; ANTUNES; HESPANHA; SILVESTRE, 2013). In particular, the works in SHEN;
WANG; HUANG (2016); SHEN et al. (2017); HU et al. (2022); SUN; SUN; CHEN
(2021) address the stabilization problem (in a stochastic sense) of the discrete-time model
that describes the evolution of the system state at the sampling instants. However, unlike
the non-stochastic case, in the stochastic case the exponential stability of this discrete-
time model is not equivalent to the exponential stability of the corresponding (continuous-
time) sampled-data system, as remarked, for instance, in TANWANI; CHATTERIJEE;
LIBERZON (2018, Pg. 222) and ANTUNES; HESPANHA; SILVESTRE (2012, Pg.
610).

Thus, the aim of Chapter 7 is to propose a control design method which guarantees
the global stabilization (in the mean square sense) of the continuous-time system, as it
is done for instance in TANWANI; CHATTERJEE; LIBERZON (2018). As in SHEN
et al. (2017), it is assumed that the random sampling intervals have the Erlang distri-
bution, which includes the exponential distribution (considered, for instance, in TAN-
WANI; CHATTERIJEE; LIBERZON (2018); TABBARA; NESIC (2008)) as a special
case. Moreover, the possibility of packet dropouts is explicitly considered and modeled,
asin HU et al. (2022), through a Bernoulli distribution. The proposed method also consid-
ers that the sampled-data linear system is subject to actuator nonlinearities which satisfy
a sector condition. This includes, for instance, saturation, deadzone and quantization.

As in ANTUNES; HESPANHA; SILVESTRE (2013), to derive the results, we use
the framework of Piecewise Deterministic Markov Processes (PDMPs) (DAVIS, 1993),
which can be viewed as a subclass of stochastic hybrid systems (SHSs) (TEEL; SUB-
BARAMAN; SFERLAZZA, 2014). The proposed Lyapunov-based stabilization condi-
tions are posed in terms of LMIs and can, therefore, be easily solved in practice using
off-the-shelf semidefinite programming solvers. Moreover, the proposed approach leads
to non-conservative stabilization conditions in the linear case, i.e. without actuator non-
linearities, unlike the one of TANWANI; CHATTERJEE; LIBERZON (2018). A detailed
comparison between the proposed method and the one of TANWANI; CHATTERIJEE;
LIBERZON (2018) is provided for the case of a Poisson sampling process, i.e. exponen-
tially distributed sampling intervals.

In view of the above, a quick summary of the organization of the work is presented
below with the corresponding journal/conference publications:

* Chapter 2: basic definitions and concepts;

* Chapter 3: stability analysis and control design considering a non-stochastic frame-
work and a quadratic approach, where the linear feedback control law is subject to
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saturation and can depend not only on the system state but also on its last value, re-
sulting in a dynamic controller (see also HUFF; FIACCHINI; GOMES DA SILVA
JR. (2022a));

Chapter 4: stability analysis considering a non-stochastic framework and a poly-
hedral approach, where the linear feedback control law is subject to saturation (see
also HUFF; FIACCHINI; GOMES DA SILVA JR. (2022b));

Chapter 5: same goal of Chapter 4, but with an alternative approach which is
more convenient from a computational point of view (see also HUFF; FIACCHINI,;
GOMES DA SILVA JR. (2022c¢));

Chapter 6: design of a piecewise linear state-feedback control law considering a
non-stochastic framework and a polyhedral approach, where the input constraints
are represented by a polyhedral set %, i.e. u(t) € % (see also HUFF; FIACCHINT;
GOMES DA SILVA JR. (2021));

Chapter 7: mean square exponential stabilization of the closed-loop system con-
sidering a stochastic framework and a linear dynamic controller as in Chapter 3,
where the input is subject to sector-bounded nonlinearities (see also HUFF; FIAC-
CHINI; GOMES DA SILVA JR. (2022d) and HUFF; FIACCHINI; GOMES DA
SILVA JR. (2022¢)).
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2 PRELIMINARIES

In this chapter we will introduce basic concepts that will be used in Chapters 3—6. The
stochastic framework of Chapter 7 is considerably different and will be directly presented
in Chapter 7. Section 2.1 presents the system under study and Section 2.2 focuses on
some definitions and results on set invariance theory.

2.1 Linear aperiodic sampled-data systems subject to input constraints

Consider the continuous-time plant described by the following linear model:
Xp(t) = Apxp(t) + Bpu(t) (1

where x, € R" and u € R" represent the state and the input of the plant, respectively.
Matrices A, and B, have appropriate dimensions and are supposed to be constant, and
B, has full column rank. As shown in Figure 1, it is assumed that the control input is
computed based on the sampled value of the state at the sampling instants t; and kept
constant (by means of a zero-order-hold) for all € [ty,#;.11), i.e

u(t) = f(xp(t)), Vt € te,tigr), Yk €N, (2)

where f: R — % C R™, £(0) =0 and % is a polyhedral C-set! that represents control
signal constraints.

o u= e (e) ZOH Y 5,(t) = Apxplt) + Byu(t) |2

Figure 1: Closed-loop sampled-data system.

A particular case of (2) that will be the focus of Chapters 3-5 corresponds to the linear
saturated state feedback:

u(t) = sat(Kpx,(t)), Vt € [ti,tx11), VkEN, (3)

where K, is a matrix of appropriate dimensions, % = {u € R™ : ||u|| <1} and sat : R” — R™
is the standard saturation function, whose elements are given by

sat(, (v) £ sign(v viy)min{|viy |1}, Vr=1,...,m. 4)

A C-set is defined as a compact and convex set containing the origin in its interior (see Section 2.2).
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In some cases, the control law will also depend on the last input value applied to the
plant on the time interval [t;_1,7;) and (2) is then replaced by a more general expression:

u(t) = fxp(te),u(t,)), Vt €t tiyr), VkeN.

However, for the moment let us consider just the control law (2) to simplify the exposition
of the key ideas.

By definition, the system starts to operate at o = O (without loss of generality). The
intersampling time (or sampling interval) is the difference & £ ;| — t;, between two
successive sampling instants. We consider that the sampling interval is time-varying,
which allows to model an aperiodic sampling strategy. The following motivating example,
taken from HETEL et al. (2017), illustrates the rich complexity of phenomena that may
occur under aperiodic sampling.

Example 2.1. Consider a sampled-data system given by (1)-(2) with

A= [33] B = | lg] - £ = Ko, &, =~ 1 6.

Under periodic sampling with either &, = 0.18, Vk € N, or 8 = 0.54, Vk € N, the re-
sulting closed-loop system is stable, as it is shown in Figs. 2 and 3, respectively. However,
this does not imply stability under aperiodic sampling with & € {0.18,0.54}, Vk € N.
Consider for instance the sequence

00 =0.18, 6, =0.54, 6, =0.18, 83 =0.54,...
In this case, the resulting closed loop is unstable, cf. Figure 4.

10 -

Figure 2: Closed-loop trajectories of Example 2.1 with &, = 0.18, Vk € N.

100 -

—Tp(1) (t)

50 - acp(Q)(t)
——u(t)

0E /\ =~ a — — = —
_ fﬂ
-50
,100 | | | | | | | |
0 1 2 3 4 6 7 8 9 10

S+~ Ot -

Figure 3: Closed-loop trajectories of Example 2.1 with &, = 0.54, Vk € N.
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Figure 4: Closed-loop trajectories of Example 2.1 under aperiodic sampling with
{0 tren = {0.18,0.54,0.18,0.54, .. .}.

We conclude from the example above that, unlike periodic sampling, aperiodic sam-
pling requires a nontrivial analysis even in the linear case. From now on, J is considered
to be lower and upper bounded as follows:

0< T < & < 1pm, Vk € N. 5)

Thus, given the interval A £ [1,,, Ty, the set of sequences of admissible sampling instants
is defined as follows:

0A) £ {{fk}keN Dt =1+ 8, O € A,Vk e Nt = O}. (6)

Since 7, > 0, 7 € O(A) is an unbounded strictly increasing sequence of positive scalars.
The following definitions are adapted from KHALIL (2002).

Definition 2.1. The equilibrium point x, = 0 of (1),(2),(5) is
* stable if, for each € > 0, there is B = B(€) > 0 such that

Ixp(O)]] < B = llxp (1)l < &, Vi =0 ™)

* asymptotically stable if it is stable and 3 > 0 can be chosen such that
lxp(0) ]| < B = lim (1) =0 ®)

where the choice B = B(€) > 0 must hold uniformly for all possible realizations of
{6k Yken satisfying (5).

Definition 2.2. The region of attraction of the origin (RAO) I of system (1),(2),(5) (assum-
ing the origin is asymptotically stable) is the set of all x,, € R"? such that for x,(0) = x,
it follows that lim; .. x,(t) = 0 for all possible realizations of {8 }ren satisfying (5).

This study (with the exception of Chapter 7) focuses on two main problems related to
the closed-loop system described above.

Problem 2.1 (Stability Analysis). Given the bounds t,, and Ty on the intersampling time,
provide conditions that allow to asses the asymptotic stability of the origin of the closed-
loop system and to characterize estimates of the RAO.
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Problem 2.2 (Control Design). Given the bounds T,, and Ty; on the intersampling time,
design a control law in order to asymptotically stabilize the origin and enlarge an estimate
of the RAO of the resulting closed-loop system.

It should be noticed that, due to the input constraints, the global stability of the origin
cannot be a priori guaranteed. As 7/ is assumed to be bounded, if matrix A p 1s unstable,
the global stabilization is actually impossible (SUSSMANN; SONTAG; YANG, 1994).
In this case, since the analytical characterization of the RAO is in general not possible,
the idea is to estimate it through well-defined sets.

2.1.1 Impulsive models for sampled-data systems
For every .7 € ®(A), the sampled-data model (1),(2) can be represented as follows:
Xp(1) = Apxp(t) + Bpu(t),
u(t) =0,
xp(t):xp(t_)zxp(t+), v
_ teJ.
u(t) =u(t™) = flxp(t7)),

Equivalently, defining the extended system state x = [x; u'lT cR" n2n p +m, one has
the following impulsive system (HETEL et al., 2013):

Vie Ry \ T,

x(r) = Acx(1), Vie R\ 7, ©)
x()=x(tT) = fx(t7)), Ve 7,
where -
A2 { Op O” } e R™" (10)

and f : R" x R™ — R" x 7 is defined as f(x) = f(xp,u) = [x] f7(x,)]".
Notice that x,(¢) is a continuous function while both u(¢) and x(¢) are right-continuous
by convention.

2.1.2 Equivalent discrete-time uncertain system

In order to tackle Problems 2.1 and 2.2, it will be useful to consider difference in-
clusions that model the behavior of the state of the system at the sampling instants. In
particular, notice that the evolution of the state x, () in the intersampling interval satisfies
(1) and is given by

t—1y

xp(t) = eA"(t_tk)xp(tk) + / eA"sdsBpf(xp(tk)), Vt € [tk,lk+1], Vk € N. (11D
0

Thus, denoting x,, « £ Xp (tx), it follows that the dynamics between two successive sam-
pling instants can be described by the following difference inclusion:

Xpi+1 € {A(8)x,k +B(8)f(xpx): 6 €A} (12)

where A(8) £ %79 and B(§) £ f05 eArdsB,. Notice that, even if we fix the initial con-
dition x, o, (12) represents a family of possible trajectories {x,x};>_, rather than a single
one due to the uncertainty 0.

Definitions 2.1 and 2.2 also apply for discrete-time systems such as (12), as shown
below.
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Definition 2.3. The equilibrium point x, = 0 of (12) is
* stable if, for each € > 0, there is B = (&) > 0 such that

Ixpoll < B = llxpill <€, VkeN

* asymptotically stable if it is stable and B > 0 can be chosen such that
<B=1i =0
||xp,0|| = B kgloloxpk
where the choice B = B(€) > 0 must hold uniformly for all possible trajectories
{xp .k tren satisfying (12).

Definition 2.4. The RAO of (12) is the set of all x), such that for x,, o = x, it follows that
limy_,eo X, x = O for all possible trajectories {x, i } ren satisfying (12).

A key property which will be used in this work is the fact that the stability analysis of
the aperiodic sampled-data system (1),(2),(5) can be done considering the discrete-time
model (12). Moreover, an estimate of the RAO of (12) is also a valid estimate of the RAO
of (1),(2),(5). These statements are formalized in the next lemma.

Lemma 2.1. Assume that f : R — %/ C R"™ is locally Lipschitz at the origin.

a) Ifthe origin of the discrete-time system (12) is stable, then the origin of the continuous-
time system (1),(2),(5) is also stable;

b) If the origin of the discrete-time system (12) is asymptotically stable, then the origin
of the continuous-time system (1),(2),(5) is also asymptotically stable;

c) The RAO of the discrete-time system (12) is included in the RAO of the continuous-
time system (1),(2),(5).

Proof:
a) Since f(-) is locally Lipschitz at the origin and f(0) = 0, there exist r,L > 0 such
that
1f Gep) [l < Li|xpl, Vxp € 2, (13)
where
By = {xp ER™ : |xp|| <1} (14)
Define

Cs= sup ([|A(S)]+IB(S)|L).

5¢[0,7]

Consider now & > 0 as in Definition 2.1 and &€ £ min{g/Cs,r}. From the stability
assumption of the discrete-time system (12) and Definition 2.3, there exists f =
B(€) > 0 such that

Xpo € By = Xpi € Be, Yk >0 (15)



34

for all possible realizations of { & };>_,. Notice now that the corresponding continuous-
time trajectory x,(¢) of (1),(2),(5) is bounded as follows for x,(0) = x, o € %p:

[ep ()| < A G =) [ e (2 [| 4 11 B(e = i) [ (e ()
< (A = 1)l + 1Bt — 1) [IL) llxp il
< Csllxpll
SC5(€/C5)=8, \V/IE[lk,lk+1],\V/k€N

where the first inequality follows from (11), the second one from x,(#) = xpx €
HBe C Py and (13) and the last one from x,; € B C B ;. That is, B > 0 sat-
isfies property (7) of Definition 2.1. In other words, if x,(0) = x, 0 € % then the
discrete-time trajectory remains in % and the continuous-time one in A.

b), ¢c) These statements will follow directly from the considerations above if we show that

Xp k =0 = xp(t) 0.

The property above is indeed true because

xp (DI < Csllxpall, Yt € ltxstreil, (16)

for x, € A, where r and Cg are defined in the proof of item a).

|

The result of Lemma 2.1 also holds in the opposite direction, that is, if the origin of

the continuous-time system (1),(2),(5) is (asymptotically) stable, then the origin of the

discrete-time system (12) is also (asymptotically) stable. The proof is somewhat simpler

and will be omitted. Moreover, the RAO of the discrete-time system is actually equal to
the one of the continuous-time system.

2.2 Set invariance theory

Besides the well-known Lyapunov theorem and its variants, there are some additional
concepts related to the invariance of sets that will be useful in this work, specially when
dealing with polyhedral sets. By invariance in this work we always mean positive invari-
ance, that is, considering the behavior of the system for t > 0.

Given a function Q : R" — R, its sublevel sets are defined below:

Q.2 {xeR": Q(x)<c}, ceR. 17

One of the classes of sets that we will consider in this study (in Chapter 3, in particular)
is that of ellipsoids, which corresponds to sublevel sets of quadratic functions

Q(x) = (x—xc) " Plx —xe),

where x,. denotes the center of the set and P = P is a positive definite matrix of appro-
priate dimensions.

Another class of sets of interest is that of polyhedrons. Although there are different
definitions in the literature, we define a (convex) polyhedron as the intersection of finitely
many closed half-spaces (in any dimension). In turn, a (convex) polytope is a bounded
polyhedron.
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Considering the definition above, a polyhedron can be described by its hyperplane-
representation (H-representation) as follows:

PHh) 2 {xcR": Hx<h}, HcR"" hcR"™, (18)

If it is bounded, it turns out that it can be equivalently described by the vertex-
representation (V-representation) of a polytope (ZIEGLER, 1995):

YV)2{x=VaeR": a>0,1"a=1,aeR"}, VeR""™ (19)

where 1= [1...1]7, that is, any point in the polytope can be obtained as a convex combi-
nation of its vertices, given by the columns of V.
If the polytope contains the origin, then it can be represented in a slightly different
way:
H(V) 2 {x=VaeR": a>0,1"a<l,acR"}, VeR"m (20)

Notice that both the H-representation and the V-representation may or may not be
redundant, i.e. it may be possible to discard some of the lines of matrix H or columns of
matrix V without changing the resulting set. We can check whether or not a line/column
is redundant through the solution of a linear programming problem (ZIEGLER, 1995).
Moreover, in order to convert one of the representations into the other one, it is possible to
use, for instance, the Fourier-Motzkin elimination method (ZIEGLER, 1995, Chapter 1)
or the reverse search enumeration method (AVIS; FUKUDA, 1992). In this study we
use the MPT toolbox (HERCEG et al., 2013) to perform these and other operations with
polyhedrons.

A convex and compact set containing the origin in its interior is called a C-set while
a polyhedral C-set (i.e. a polytope that contains the origin in its interior) will sometimes
be referred to as a P-set. Given a C-set Q C R", its Minkowski function ¢ : R" — R is
defined as follows:

Yo (x) 2min{o >0: x € aQ}. 1)

This function satisfies the following properties:
Lemma 2.2. (LUENBERGER, 1997) (Minkowski function properties)
e [t is positive definite, continuous and convex;

e [t is positively homogeneous of order 1:

Yo(Ax) =AW¥q(x) for A > 0;

It is sub-additive: Wq(x1 +x2) < Wa(x)) +Pa(x);

Its unitary level set corresponds to the set €,

If Q is symmetric, then Wq (x) is a vector norm;

It is lower and upper bounded as follows:
dm,M >0: mlx|| < Pq(x) <M|x|. (22)

Equivalently,
PBiim S C B s

where B, = {x e R": ||x| < r}.
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The concept of Minkowski function can be extended to sets: given a C-set Q C R”,
we define the Minkowski function of a compact set S C R" as

Wo(S) = max Wo(x).

Next we will define invariance and contractivity of sets, considering discrete-time and
continuous-time dynamics.

2.2.1 Discrete-time case

Consider a generic difference inclusion of the form
X1 € F (x) (23)

where .7 (-) is a set-valued map, F(0) = {0} and .% (x;) denotes all the possible succes-
sors xx+1 of x;. Models of this type are useful to describe, for instance, systems subject
to bounded uncertainties as the sampled-data one introduced in Section 2.1 (see (12)).
Definitions 2.3 and 2.4 also apply for (23) mutatis mutandis.

We define invariance and contractivity with respect to (23) as follows.

Definition 2.5. Given A € [0,1), the set Q C R" is said to be A-contractive for (23) if
F (x) CAQ for all x; € Q. If A = 1, Q is an invariant set for (23).

The notion above can be extended to systems with constrained inputs of the form
X1 € 4 (o0, ue), (24)
where u, € % and ¥ (-,-) is a set-valued map, as shown next.

Definition 2.6. Given A € [0,1), the set Q C R" is said to be controlled A-contractive for
(24) if there exists a feedback control f: Q — % such that

G (X, f(xx)) CAQ,  Vxp € Q. (25)
If A =1, Qs a controlled invariant set for (24).

In other words, for each x; € Q there exists a control value u; € % such that all the
possible successors x 1 € ¢ (xy, uy) of x; belong to AQ.
Consider now the case where Q and %/ are C-sets and system (24) satisfies

G (cx,cu) =¥ (x,u), Y(x,u,c) € QX% x[0,1]. (26)

The difference inclusions considered in this study will indeed have the homogeneity prop-
erty above, which holds for the particular case of linear systems, for instance.

The following result, which can be seen as an adaptation of BLANCHINI; MIANI
(2015, Theorem 4.24), guarantees that a controlled contractive set remains controlled
contractive when scaled down.

Lemma 2.3. If the C-set Q is controlled A-contractive for (24), % is a C-set and (26)
holds, then €Q is also controlled A-contractive for (24) for all € € [0,1].
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Proof: Consider the nontrivial case € # 0. Given x € €Q, we have to prove that
4 (x,u) C LeQ for some u(x) € % . Define ¥ = x/& € Q. From the contractivity assump-
tion of Q, there exists i € % such that

G (x,i) CAQ. (27)

Define now u £ €ii and notice that u € % since % is a C-set and 0 < € < 1. It follows
that

G (x,u) =% (ex,en) = €9(x,ia) C A(eQ),
~~
26 s

as we wanted to show. [ ]
The lemma above has the following corollary for the uncontrolled case.

Corollary 2.1. If the C-set Q is A-contractive for (23) and
F(ex) =cF(x), V(x,c) e Qx][0,1],
then:
a) €Q is also A-contractive for (23) for all € € [0,1];
b) All trajectories {x; }ren satisfying (23) have the following property:

X € €Q = xppp € APEQ, Vee[0,1], VpeN. (28)

Proof:
a) The proof is analogous to the one of Lemma 2.3;
b) Follows from the recursive application of a).

i
Property (28) implies that x; 20 if xp €  since Q is a C-set and, hence, bounded
by definition. Moreover, the origin of (23) is asymptotic stable and Q belongs to its RAO.
Notice that we arrived at these conclusions without making direct use of the Lyapunov
theorem, even if there is a natural way to define a Lyapunov function associated to the set
Q. as shown next.
From the definition of the Minkowski function of Q, (28) is equivalent to

Wo(u) <& = Wolus,) <APe, Vee[0,1], VpeN. (29)

That is, Pq(+) is a Lyapunov function for (23) inside Q.
Moreover, if Q is a C-set, the relation (25) in Definition 2.6 is equivalent to:

G (xx, f(xx)) CAL, Vap € Q & Walxpy1) <A, Va1 € 9 (g, f(xk)), Vo € Q
S Wo (Y (xk, fxr))) <A, Vxp € Q.

In order to obtain (controlled) contractive/invariant sets for discrete-time systems,
many methods in the literature use the concept of one-step set (or preimage set), as defined
next.
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Definition 2.7. The one-step set of Q C R" for system (24) is given by:
Pre(Q) = {x €R": Juc % s.t. 9(x,u) C Q}. (30)

That is, Pre(Q) corresponds to the set of all states x; € R” that can be driven into
Q for an appropriate choice of the input, which must be simultaneously valid for all
possible successors x| € 4 (xg, uy) of xx. From this definition it follows that a set Q is
controlled A-contractive for (24) if and only if Q C Pre(AQ). The uncontrolled version
of Definition 2.7 is analogous:

Definition 2.8. The one-step set of Q C R" for system (23) is given by:
Pre(Q) =2 {x e R": F(x) C Q}.

The definition below presents the concept of maximal (controlled) A-contractive C-set
included in a given C-set €.

Definition 2.9. Given a C-set Q, a (controlled) A-contractive C-set Q C Q is maximal
in Qq if every (controlled) A-contractive C-set Q' included in  is also included in Q.

2.2.2 Continuous-time case

For simplicity, in this section we will present the concept of invariance directly to the
case of interest (the linear one), even if the notions can be generalized. We will assume
that Q is a C-set and consider the dynamics

x(t) = Acx(t). 31)

Before defining invariance in the continuous-time case, notice that functions such as
Yo (x) are not differentiable everywhere, so it is convenient to work with an alternative
definition of derivative (BLANCHINI; MIANI, 2015):

Definition 2.10. (Directional derivative) Given a locally Lipschitz function ¥ : R" — R
and the linear time-invariant system (31), the (upper right) directional derivative of ¥(x)
with respect to this system is defined as follows:

DT¥(x) £ limsup Pl +hdcx) = () :
h—0t h

(32)

Remark 2.1. If ¥(x) is continuously differentiable, then we retrieve the usual expression
(BLANCHINI; MIANI, 2015):

D"W(x) = V¥T (x)A.x
where V¥ (x) is the gradient of ¥ (x).

Given a locally Lipschitz function ¥ : R* — R, we want to characterize its behavior
along the trajectories of (31). Consider then the composite function

y(r) £ W(x(1)). (33)

This function is usually not differentiable. However, it is locally Lipschitz (as the compo-
sition of locally Lipschitz functions). Thus, the limit taken in the definition below is well
defined. This definition introduces an alternative notion of derivative which coincides
with the standard one when the latter exists.
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Definition 2.11. (Dini derivative) The (upper right) Dini derivative DY y(t) of W at t is

DHyr(e) 2 limsup YUF h})L —v) (34)
h—0+t

Now we are ready to state the following theorem, which makes a connection between
the two definitions of derivative presented above.

Theorem 2.1. (ROUCHE; HABETS; LALOY, 1977, Appendix 1, Th. 4.3) Let x(t) be
a solution of (31) and ¥ : R" — R be a locally Lipschitz function. Then the composite
function y(t) =¥ (x(t)) satisfies

DTy (t) =D (x(t)) foralmostallt. (35)

Since y(r) is locally Lipschitz, it is absolutely continuous in any compact interval
(ROYDEN; FITZPATRICK, 2010, Ch. 6, Prop. 7). Thus, it is differentiable almost
everywhere (ROYDEN; FITZPATRICK, 2010, Ch. 6, Th. 10) and (35) implies

W(t) =D (x(¢)) for almost all ¢ (36)

(recall that D y(¢) coincides with yr(z) when the latter exists, as it can be verified from
the definition of D™y (1)).

From now on we will consider ¥ : R” — R to be the Minkowski function W of a
C-set Q and define invariance of Q for (31) using this function. Notice that W, is indeed
Lipschitz, so the previously stated results hold. We define B-invariance in the continuous-
time case as follows:

Definition 2.12. (BLANCHINI; MIANI, 2015) Given B € R, the C-set Q C R" is said to
be B-invariant for system (31) if the following condition holds:

D Wq(x) < B, VxcoQ. (37

Strictly speaking, the set is invariant in the usual sense only if B < 0, but it will be con-
venient for the development of the results to consider also the case B > 0. Condition (37)
is rather technical. The lemma below, proved in Appendix A.1, presents a concrete con-
sequence of it.

Lemma 2.4. If the C-set Q is B-invariant for system (31), then the trajectories of (31)

satisfy
Yo (x(t)) < PWo(x(0)), Vr>0. (38)

The result above has the following corollary.

Corollary 2.2. (FIACCHINTI; MORARESCU, 2016, Proposition 21) If the C-set Q is
B-invariant for system (31), then

ATQCaQ, Vrelo,7], (39)
where o £ max{1,e%},7 > 0.

Proof: Given (z,7) € Q x [0, 7], we have to show that ¢*<*z € aQ. Consider the
solution x(¢) of (31) with the initial condition x(0) = z, which is given by x(¢) = "z
Substituting it in (38) with 7 = 7 and using the fact that ¥ (z) < 1 one obtains

1 ifg<0

cT Bt Bt _
Wo(etz) <eP™Wq(z) <e g{ BT B >0

} < max{1,e*} = a.

This relation is equivalent to ATz € aQ, as we wanted to show. [ ]
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An important feature of the concept of B-invariance is that it can be characterized in
terms of a linear programming problem when the system is linear and time-invariant and
the C-set Q is polyhedral, as shown below (BITSORIS, 1991; CASTELAN; HENNET,
1993; BLANCHINI; MIANI, 2015).

Lemma 2.5. Consider the polyhedral C-set Q = &(H,1), where H € R"*". The follow-
ing statements are equivalent.

a) Q is B-invariant for system (31);
b) There exists T € R"*" such that
HA.=TH

T1< Bl (40)
Tij) >0, Vi)

Moreover, the following technical result, which will be useful later, holds.

Lemma 2.6. Given a family of C-sets {Q;}ics included in R", where I is the correspond-
ing index set, such that

%rl gQig@rza VlEI, (41)

where ry,ry > 0, there exists 3 € R such that Q; is B-invariant for (31) for all i € I.

Proof: See Appendix A.2. [ ]

2.3 Concluding remarks

As already explained, the concepts introduced in this chapter will be used in Chap-
ters 3—6. The stochastic framework of Chapter 7 will be directly presented in Chapter 7.

Chapter 3 focuses on the computation of ellipsoidal estimates of the RAO of the
sampled-data system and is directly based on the Lyapunov theorem. Chapters 4-6, on the
other hand, apply the definitions and results of set invariance theory in order to compute
polyhedral estimates of the RAO.
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3 STABILITY ANALYSIS AND STABILIZATION: QUADRATIC

APPROACH

In this chapter we will consider a generalization of the linear saturated state feed-
back (3), as follows:

u(t) = sat(Kpxp,(t, ) + Ku(t, ), Vt € |ty,tirr), 42)

where matrix K, has appropriate dimensions. That is, the control input to be applied in
the interval [t, ;1) depends both on the sampled value of the state and the value of the
control signal applied in the previous sampling interval [t;_1,%;). This kind of control law
is also considered in BRIAT (2018), for instance. Notice that (3) is a particular case of (42)
with K, = 0. Considering K,, # 0 will allow to solve the control design problem through
LMI conditions without imposing any structural constraint on the Lyapunov matrix P =
PT »— 0. In fact, if we assume K, = 0 then P must be block diagonal in order to obtain
convex conditions. On the other hand, in the stability analysis case, it is possible to obtain
an optimization problem in LMI form with a generic matrix P = P” > 0 with or without
the constraint K, = 0.

Denoting x = [x) u’]" € R",n = n,+m, as in Section 2.1.1, the dynamics (1),(42)
can be represented by the following impulsive system for every .7 € ©(A):

x(t) =Acx(t), VieRL\ T,
x(t) =x(t7) = Apx(t7) + Bysat(Kx(1 7)), Vte 7, (43)
x(0) = [xT’O sat! (Kpxp 0+ K,u(07))]T € R,

where A, is defined in (10) and

Aré[(l)”ff 8]@]1@**2 Bré[? ]GR"X’", K£[K, K, | eR™". (44)
m

The objective of this chapter is to solve Problems 2.1 and 2.2 presented in Chapter 2
for system (43) considering quadratic Lyapunov functions and semidefinite programming
problems. In other words, regarding Problem 2.1, we aim at certifying the asymptotic
stability of the origin and obtaining ellipsoidal estimates of the RAO of the system using
some size criterion in order to enlarge them. When the value of the feedback gain K is
free, then it will be conveniently chosen in order to enlarge even more the size of these
ellipsoids, according to Problem 2.2.

The chapter is organized as follows. Section 3.1 introduces the difference inclusions
that model the evolution of the system state at the sampling instants. Section 3.2 presents
the stability analysis of the system. Section 3.3 shows how to derive stabilization condi-
tions from the previous results. A numerical example is provided in Section 3.4. Some
concluding remarks end the chapter.
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3.1 Equivalent discrete-time uncertain system

For a given initial condition and .7 € ®(A), the evolution of the state x between two
successive sampling instants, i.e. forz € [t;, ;. 1), is continuous. Thus, since the dynamics
in this interval is linear, it follows that:

x(t) = U Wx(n), Vt € [ty ter1)- (45)

Hence, taking into account (45) and the fact that x(z, ) # x(#) (due to the impulsive
control update, in fact, there is a discontinuity between x(z, ) and x(#), see (43)), the
dynamics between two successive sampling instants is given by the following discrete-
time equation
x(z—];+1> — eAc(thfl*tk)x(tk)
= A=) (A,x(r,7 ) + Bysat(Kx(r )
= AWA,x (1) + % B sat(Kx(1, )

where & was defined in (5). Thus, denoting A,(8) £ e*94,, B,(§) £ ¢*<%B, and z; 2
x(t, ), we obtain the following difference inclusion:

Zir1 € {AL(8)zi + B.(8)sat(Kz) : & € A}. (46)

Following a similar argument to the one of Lemma 2.1, the problems of stability anal-
ysis and stabilization of the sampled-data system (43) can be addressed by considering the
discrete-time nonlinear parametric uncertain system (46). In particular, since the system
dynamics obeys (45), it follows that

21 =Xt ) = Al =x (1), V1 € [tr,t541)
and, equivalently, we have
x(t) = AUz V€ [t tign)-
Consequently, the state x(r) of (43) is bounded by z; as follows:

@ < sup [le*C(llzeqtll, V€ [tetirr), Yk €N, (47)
56[0,1’114]

The bound above will be used in the proof of Theorem 3.1. In particular, it guarantees
that the origin of (43) is asymptotically stable if the origin of (46) is asymptotically stable
and that x(r) =" 0 if 7, = x(t,) Z0.

Consider now the partition of the interval A = [1,,, Ty] in J € N sub-intervals and
define the set:

. . ™ — T,
Ajé{djéfm+(]—1)TJZJGN]}, T]é 7 m,

N;2{ieN: 1<i<J}. (48)

From (48), we have that for every 8 € A there exist d € Ay and 7 € [0, 77| such that
0 = d + 7 and it follows that:

A, (8) = A (d+1) = e*ldt7)A,
d+t (d+7)B,

eAeTAL(d),
B.(6) = B( ) = et et

B, (d).
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Thus, from (46), we can write that:
Zipt = Az + B (d)sat(Kze),

with d € Ay and 7 € [0,7;]. Then, given the value x(#, ) = 2z, the possible successors
x(t,, 1) = zx+1 are given by the difference inclusion

Zk+1 € {eAL‘T(AZ(d)zk+Bz(d)sat(sz)) :deA;,Tel, T]]}.
Hence, defining the following set-valued maps

F1(Z)={A.(dj)z+B(dj)sat(Kz) : jEN;z€ Z} CR", 49)
G(¥) = {eA"Ty: T 0,15,y € @} CR",

where %', 2 C R"! then for some y; € .Z;(zx) we have that 73, € ¥(y;), i.e. the
dynamics in (46) is equivalently given by the difference inclusions

%1 € G (F (). (50)

Thus, the difference inclusion system (50) permits to analyze the stability of the sampled-
data system (43) under aperiodic sampling with intersampling time bounded by 7, and
Ty. The next section will use (50) to present sufficient conditions under which the ori-
gin of (46) is asymptotically stable and its state converges to zero and then, as already
discussed, these properties will be inherited by system (43).

3.2 Stability analysis

3.2.1 Lyapunov setup

Considering a Lyapunov function V (x) and the difference inclusion in (50), a sufficient
condition for the asymptotic stability of the origin of system (43) and the characterization
of estimates of the RAO are given in the following theorem, where the sublevel sets €. of
V(x) are defined in (17).

Theorem 3.1. Let V(x) : R” — R be a differentiable positive definite Lyapunov candidate
function. Let 2 C R" be a neighborhood of the origin. Suppose that there exists ¢ > 0
such that Q. is bounded and Q. C 9. Assume also that there exist A € (0,1) and J € N,
such that the following conditions hold:

a) V(yr) <AV(zg) for all zx € 9 and y, € Fy(zx), with Fy(-) as defined in (49);
b) V(x) < aV(x) along the (nonzero) trajectories belonging to 9 of

x(t) =Acx(t), (51)

with o« = —In(A) /1. Then, the origin of the aperiodic sampled-data saturated control
system (43) is asymptotically stable. Moreover the set Q. is contained in the RAO.

"When 2 C R” is a singleton, i.e. 2 = {z},z € R", we simply write .%/(z) instead of .%;({z}) and
similarly for ¢;(-).
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Proof: Given zx = x(1, ) € Q, zx # 0, we prove first that V(z41) < V(z) for all
Zky1 = x(t, ;) satisfying (50) (equivalently, (46)).
For each zx41 € 9;(.#;(zx)), there exist dj € Ay, yx € Fy(z) and T € [0, 7y] such that
Zkr1 = €Tyg, where
Vi = Az(dj)zx + B (d)sat(Kzy). (52)

From condition a) we have that V (y;) < AV (z;). Moreover, notice that z; | = <%y,
corresponds to the solution of (51) at time 7 4 T with initial condition x(¢) = y;. Then
from condition b) and since o« = —In (1) /t; > 0 one obtains:

V(zip1) =V () < eV () = V) < V(z), ift=0
V(zkr1) <e® V() <e* V() < V(z), if 7> 0.

That is, V(zx11) < V(zx), for all zx1 € 95(Fs(zk)). It follows from standard Lyapunov
theory arguments that the state z; = x(f, ) of the discrete-time system (46) remains in Q.
and converges to zero as k — oo, provided that zg € Q.. Hence, from (47) we conclude
that x(z) — 0 as t — oo and that the origin of the aperiodic sampled-data saturated control
system (43) is asymptotically stable. Moreover, the set Q. C & is contained in the RAO.
]
Fig. 5 gives a graphical interpretation of the reasoning implied by conditions a) and
b) in terms of the behavior of the function V(x). More precisely, the Lyapunov function
decreases at least by a factor of A after a time interval d; € Ay, i.e. V(yr) < AV(z),
according to condition a). Moreover, even if V(x) may increase in continuous-time, as
also sketched, its increase is conveniently bounded by condition b). Thus, it is possible to
guarantee that V (z;1 1) < V().

V(x(1))

V(z)
€YV (i)
M

Tk tk+dj T 1
Figure 5: Behavior of V (x(7)).

Remark 3.1. The estimate Q. of the RAO is related to zo = x(0~) = [x](0), u” (07)]"
where x,(0) = x,(07) is the initial plant state and u(0~) is a free value that can be

conveniently chosen to initialize the control such that zo € Q..

Remark 3.2. Since a is a positive scalar, condition b) in Theorem 3.1 does not impose
a decreasing of the function V (-) in continuous-time. Actually, it ensures a bound on its
potential increasing, which means that A, is not required to be Hurwitz. In fact, note that
A will never be Hurwitz because of its particular structure including null eigenvalues. So
the verification of condition b) will require a sufficiently large o0 > 0. See also Remark 3.5
in this regard.
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In the next theorem we show that Theorem 3.1 is not conservative in the sense that,
if there exists an exponentially decreasing Lyapunov function for the system (50) which
satisfies (53) and (54), then the conditions in Theorem 3.1 will also hold for this function.

Theorem 3.2. Let Z C R”" be a bounded neighborhood of the origin. Suppose that there
exists a continuously differentiable and positive definite function V (x) : R" — R satisfying

V(zks1) < AV (z) (53)
forall z; € 9 and for all 73, given by (50), with A € (0,1). Assume that V (-) also satisfies
Vix) <piV(x),  Vxe A \{0} (54)

along the trajectories of (51), with A an arbitrary neighborhood of the origin and an
arbitrary By € R. Then there exists J € N, A € (0,1) such that items a) and b) of Theo-
rem 3.1 hold.

Proof: Since Zj(zx) € 95(Fy(z)) for all J € N, it follows that
V) SAV(), Va€ 2, Yy € Fi(a).

Thus condition a) is satisfied with A = A.

Since V(+) and its derivative are continuous and Z\ .4 is compact (it is closed by
definition and bounded since Z is bounded) and does not contain the origin, there exists
B> > 0 such that

IVV (x)TAx| —_—
—_ V. N
V() < Ba, x€E D\
It follows that
V(x) < BV (x), Vxe 9\ N (55)
along the trajectories of (51). From (54) and (55), and for J € N big enough, then
max{ 1, B2} < —In(A)/7; = a, which implies satisfaction of b). u

3.2.2 Convex conditions

In order to obtain testable conditions, in this section we apply Theorem 3.1 consider-
ing V (x) as a quadratic function. This will allow to express conditions a) and b) as linear
matrix inequalities (LMlIs) and therefore to formulate convex optimization problems to
determine estimates of the RAO of the closed-loop system.

To deal with the saturation term present in (52), we consider the generalized sector
condition proposed in GOMES DA SILVA JR.; TARBOURIECH (2005). For this, con-
sider a deadzone nonlinearity defined as follows:

¢ (Kx) = sat(Kx) — Kx (56)

Lemma 3.1. (GOMES DA SILVA JR.; TARBOURIECH, 2005) Let a matrix G € R™*",
The relation
o7 (Kx)T (¢(Kx) +Gx) <0

is verified for any diagonal positive definite matrix T € R™*"™, provided that x belongs to
the set
H(K—G)E{xeR": |[(K—-G)x|. <1},
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Using the deadzone function defined in (56) it follows that (52) can be re-written as
Yk = (Az(d}) + Be(d))K) 2+ B:(d) )9 (Kz)- (57)

Based on (57) and the conditions in Theorem 3.1 with a quadratic function V(x) =
xI'Px, P=PT = 0, we can now state the following result, where A,,,,(A.) denotes the
maximal real part of the eigenvalues of matrix A..

Theorem 3.3. If there exist a matrix W = W' = 0, W € R™", matrices R ;€ R™" and
diagonal positive definite matrices S; € R™ " Vj € Ny, and scalars A € (0,1) and o0 =
—In(A) /17 > max{2Amax(A;),0} satisfying the following LMIs

AW R} WAl (d;)+WK"B.(d))

*x 28 S;BI(d;) =0,VjeNy (58)
* * w
w WKL —RT.
) <l>1 J0) | =0,VjeNy, VieN, (59)
WAL AW —aW <0 (60)

then, for all x(07) =z0 € W1 2 {x e R": xIW~lx < 1}, it follows that the cor-
responding trajectory of the sampled-data system (43), with & satisfying (5), converges
asymptotically to the origin.

Proof: Consider V(x) = x Px with P = W~!. By using the change of variables
G = R;P and by left and right multiplying (58) by Diag(P,T},1,), denoting T; = S;l, one
has
AP GIT; Al(d;)+K"Bl(d))
x  2T; BI(d)) =0, VjeN,.
* * w

Using Schur’s complement we then get

T , Ned
P*P szTﬂ B {(Az(d,)Bz;fjj()d,)K) P[A.(d;)+B.(d;})K B.(d;)] =0, VjEN,.

Left and right multiplying the resulting inequality respectively by [z] ¢7(Kz)] and its
transpose, one can conclude that:

Vi Pye < AzZ{ Pz+20" (Kz)Tj (¢ (Kzi) + Gjzx)

for all j € Ny and all z; € R", with y; given by (57). Thus, from Lemma 3.1, it follows

that V(yx) < AV (zx) for all y, € Fj(z), provided that z; € m (K —Gj). That is,
JENy

condition a) of Theorem 3.1 is satisfied with

9= () H#(K-Gj).

JEN,

Moreover, from (60) it follows that item b) of Theorem 3.1 is verified with V(x) =
xT Px. At this point note that (60) can be verified if and only if the eigenvalues of A, have
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real part strictly smaller than & /2. Thus, it is necessary to consider & > max{2A,,4x(A.),0}
in order to ensure the feasibility of inequality (60).

Hence, from Theorem 3.1, the sublevel set Q1 = & (W‘l) associated to function V
is included in the RAO of system (43) provided that &(W ') C 2, which is guaranteed
by (59), as shown next.

Applying Schur’s complement to (59) and left and right multiplying the resulting in-
equality by z,{P and Pz; respectively, it follows that

(K —Gj)yal* < 2 Pz, Vj €Ny, Vi €Ny, Vg € R”,
which ensures that &(W~!) C & and concludes the proof. [

Remark 3.3. Notice that the periodic sampling case (i.e. when T,, = Ty;) is obtained as
a particular case with the set Ay as Ay = {t,} = {Tm}. In this case condition (60) can
be neglected and the LMIs (58) and (59) turn out to be the classical LMIs used for linear
discrete-time systems subject to input saturations when the generalized sector condition
is used to deal with the saturation term (see TARBOURIECH et al. (2011, Section 3.6)).

Remark 3.4. It is possible to adapt the conditions of Theorem 3.3 for the global stabi-
lization case using the sector condition

0" (Kx)T (¢(Kx) + Kx) <0,

which is globally satisfied by the deadzone nonlinearity for any diagonal positive definite
matrix T € R™ ™. In this case, LMI (59) is discarded and R in (58) must be replaced by
KW forall j € Nj.

3.2.3 Optimization problems

Given the bounds 7, and Ty on 0, we can use the conditions of Theorem 3.3 to
compute regions of guaranteed stability for the sampled-data closed-loop system, i.e.
estimates of the region of attraction of the origin. Actually, provided zg € &(P) (with
P = W), conditions of Theorem 3.1 guarantee that the corresponding trajectory con-
verges asymptotically to the origin.

As pointed out in Remark 3.1, the region &'(P) is defined in the space of x = [x
but we want to define the estimate of the RAO in the x,-subspace, considering the initial
value of u(07) as a free parameter to be determined. In fact, if the extended state zp =
[xg’o ul (07))7 isin &(W~1), with W satisfying the LMI conditions given in Theorem 3.3,
then z; € &(W~") for all k € N and converges asymptotically to the origin. Thus, the
set of states x, o for which an input #(0~) can be defined such that the resulting zp =
[xT o uT (07)]7 belongs to &(W ') is an estimate of the RAO.

Z;MT]T

2
Defining the following partitions of P and W = P~ !
Py Prp Wi Wiz
P= , W= 61
) = il o

where Py, W1 € R"»™ " Py, , Wy, € R™™ and

u(07) = —Py,' Phx, 0, (62)
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the set & (P — P12P251P1T2) C R results to be an estimate of the RAO. In fact, if x, o €
& (P —P12P2_21P1T2) and u(07) is as in (62) then

ZgPZO = x;oanp,() + 2x£70P12u(0_) + uT(O_)szu(O_)

T T 1 pT
=Xy, 0P11Xp,0 — X, 0P12Pyy Pipxpo < 1

which means that zg € &(P) = &(W™"). The ellipsoid & (Pi; — PiaPy,' P) corresponds
to the projection of &'(P) onto the x,-subspace.
Moreover, it can be checked by direct calculation that

-1 1 -

. —Q PP

plow=|¢ @ Pob | (63)
* Pp 4P, PLO PPy

where
Q2 P — PPy, P,

is the Schur complement of P, with respect to P. Hence, from (61) and (63), we have
that

&P — PPy PL) = &(Wi ).

Thus, the idea is to maximize this “safe” set of plant initial states given by & (Wl_ll )s
considering some size criterion. For instance, the maximization of the minor axis of the
set can be considered through the following optimization problem:

max €&
W,Rj,Sj,E

subject to: (64)
(58),(59),(60),
Wi — 8Inp = 0.

Other size criteria, such as the volume maximization or the maximization of the set in
certain directions can also be easily considered (see TARBOURIECH et al. (2011)).

Note that problem (64) is associated to a given partition of the interval [1,,, Ty]. In
order to find a suitable partition, the following algorithm is proposed, where the maximum
value J allowed for J must be chosen empirically and is assumed to be sufficiently large:

Algorithm 3.1
Step 1: Fix A
Step 2: Initialize J
Step 3: Compute 7y = 2™
Step 4: Fix o = %ln(%) and solve (64)
Step S: If (64) is feasible stop.
Step 6: If J < J,J < J + 1 and go to Step 3. Otherwise increase A and go to Step 2.

Note that Algorithm 3.1 tests the feasibility of the optimization problem (64) in Step 5.
If (64) is not feasible, Step 6 increases either the number of partitions J or the factor A.
Moreover, the initial values of A and J in Steps 1 and 2, respectively, must be empirically
chosen. A lower bound for J is provided by Remark 3.5 below.
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Remark 3.5. As pointed out in the proof of Theorem 3.3, a necessary condition for the
feasibility of (60) is that

o= _In(d) > max{2A,qx(Ac),0}.

T
Hence, for a fixed A, we should have

In(1)
"~ max{2Ayw(Ac),0}

T <

which implies, from (48), that the initialization of J in Step 2 of the algorithm should
satisfy:
max{2A,.x(A¢),0}

In(A)

It is interesting to note that Algorithm 3.1 provides a solution if a quadratic Lyapunov
function with exponential decrease exists. In fact, assume that there exists a quadratic
Lyapunov function V(x) = x” Px, P = PT 0, satisfying the assumptions of Theorem 2
(and hence also of Theorem 1) for a neighborhood ¥ C R" of the origin. Then LMIs
(58)-(60) will have a feasible solution for W = P~ if the value of A is sufficiently close
to 1 and J is sufficiently large. In other words, the algorithm above has a guaranteed
termination since it increases iteratively the values of A and J.

To see this, suppose that there exists V (x) = x” Px such that:

J> (T —Tm)

V(zks1) SAV(z), Vo€ 29§ €A

where ;41 is given by (46). Since the Lyapunov condition must hold also for z; in & close
enough to the origin and, then, such that z; | = (A;(6) + B;(0)K )z, it is necessary that
AP = (A,(8) +B,(8)K)TP(A,(8) + B,(8)K) holds for all § € A. As this condition must
hold in particular for § = d;, Vj € Ny, it implies the satisfaction of (58) with R; and S;
null matrices for all j € Nj.

Moreover, assume without loss of generality that &(P) = {x € R" : x'Px <1} C
H(K), where 5 (K) = {x € R": ||Kx|| < 1} is the region of linearity of the system
(note that the function V (x) can be scaled if necessary). Then, condition (59) is satisfied
withR; =0, Vj € Ny.

At last notice that, for a fixed A, & = —In(1)/1; — oo, since 7; — 0, as J — oo. Thus
also inequality (60) will be satisfied for a sufficiently large J.

Therefore, for an appropriate choice of A close enough to 1, the LMI conditions (58)-
(60) are satisfied for J sufficiently large, and thus the algorithm has finite termination.

3.3 Stabilization

The LMI problem (64) can be easily adapted if we want to design a feedback gain K
that maximizes the set & (Wfll). It suffices to perform the following change of variables:

ZEKW. (65)

As discussed in GOMES DA SILVA JR.; TARBOURIECH (2001) for the periodic
sampling case, the control law computed from (64), without any additional performance
constraint, can lead to a large region of stability, but will in general result in a very slow
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behavior. Moreover, it is not fair to demand the same performance level when the control
is saturated, since the system operates in open-loop in this case. Hence, an effective way
of balancing performance and size of the region of attraction is to force some performance
constraint only when the system operates in the linearity region. For instance, we can add
to (64) the following LMIs:

yAW WAT(d;)+Z"BI (d;)

N W =0, VjeNy (66)

where 0 < ¥y < 1 is a parameter fixed a priori. Note that constraints (66) and (60) impose
that V(zx1) < ¥V (zx) when the control is not saturated, i.e. they ensure a more strin-
gent exponential decay convergence rate at the sampling instants for the operation of the
system in the linearity region.

Remark 3.6. If we consider K,, =0, we can also perform the substitution (65), but in this
case, to preserve linearity, W must be block diagonal, i.e. Wi, = 0, which implies that
Z = [K,W;; 0].

Remark 3.7. It should be noticed that it is not possible to apply the change of variable in
(65) when the conditions in FIACCHINI; GOMES DA SILVA JR. (2018) are considered,
making rather difficult to address the design problem. This comes from the fact that the
difference inclusion considered in that work is different from (46).

3.4 Numerical example

Consider system (1),(42),(5) with the following matrices (TARBOURIECH et al.,
2011):

01 0
A,,:{l 0],3,,:[_5],1(1,:[2.6 1.4],K,=1[0],
with the interval of admissible intersampling times given by A = [0.05,0.1]. In this case,
for A = 0.98 a feasible solution for the optimization problem (64) is obtained with a
partition of A in 30 sub-intervals (i.e. J = 30), leading to:

02580 0.1012 —0.0204
w—l=1| 0.1012 0.0868 —0.0019 |, &=3.4785.
—0.0204 —0.0019 0.0211

Considering now the stabilization problem described in Section 3.3 with ¥ = 0.9 and
the same values for A and J, we obtain

K = [1.13 0.94 0.008]

0.0612  0.0562 —0.0037
w-l=1| 00562 0.0608 —0.0012 |, e=8.60. (67)
—0.0037 —0.0012 0.0127

Figure 6 shows the resulting estimates of the region of attraction of the origin. The
ellipsoid obtained with the designed K is indeed larger than the original one, as expected.
For comparison purposes, considering K = [2.6 1.4 0], we also plotted the estimate of
the RAO obtained with the method proposed in FIACCHINI; GOMES DA SILVA JR.
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(2018), which corresponds to the sublevel set of a piecewise quadratic function, and the
one obtained with the looped-functional approach proposed in SEURET; GOMES DA
SILVA JR. (2012), which is an ellipsoidal set. As it can be observed, the method proposed
here resulted in a larger set for the same value of K.

10|

-10 F

10

o b

-10 -5 0

Figure 6: Estimates of the RAO obtained with the proposed method (blue-dashed for
K = [2.6 1.4 0] and black-continuous for K = [1.13 0.94 0.008]) and with the methods
proposed in SEURET; GOMES DA SILVA JR. (2012) (black-dotted for K = [2.6 1.4 0])
and FIACCHINI; GOMES DA SILVA JR. (2018) (red-dotted for K =[2.6 1.4 0]).

In Figure 7, several trajectories with x, o at the boundary of the region & (Wﬁl) and
u(07) chosen as in (62) considering K and W given in (67) and & randomly chosen in
the interval [0.05,0.1] are shown. As expected, the convergence of the trajectories to the
origin is ensured, which shows that & (Wl_ll) is indeed included in its region of attraction.

Remark 3.8. Concerning the comparison with other approaches, it has to be noticed
that, in this numerical example, our method provides a better estimate of the region of
attraction of the origin, but there is no formal guarantee that this will be always the
case. Furthermore, the method presented in this work is particularly suitable to deal
with both the stability analysis and control synthesis problems. For instance, with the
looped-functional approach (SEURET; GOMES DA SILVA JR., 2012), to obtain tractable
synthesis conditions in LMI form, the Finsler’s Lemma with a particular structure of the
multipliers (which is an important source of conservatism) and a fixed parameter, that
has to be manually tuned, are employed. On the other hand, due to the exponential
dependence of A,(8) = A9A, and B.(0) = OB, which appear in (58), on A, it is
not trivial with our method to cope with uncertainties in the system matrices A, and B),
that are easily manageable in the looped-functional framework. Actually, establishing a
formal comparison between our method and the looped-functional one might be rather
difficult as the tools and conditions are significantly different.
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Figure 7: Trajectories starting at the boundary of & (Wfll) considering (67).

3.5 Concluding remarks

A quadratic approach has been proposed to deal with sampled-data controlled linear
systems under aperiodic sampling and input saturation which, unlike the method pre-
sented in FIACCHINI; GOMES DA SILVA JR. (2018), can be used not only for the
stability analysis but also for the design of a stabilizing control law. By means of a nu-
merical example, we have shown that the proposed approach can lead to a considerable
conservatism reduction, in terms of estimate of the RAO, when compared to other ones
reported in the literature.

The approach can be easily extended to cope with other continuous input nonlinear-
ities, in particular sector-bounded ones. Note that in this case it suffices to replace the
saturation function in model (43) by the new nonlinearity. Similar conditions to the one
in Theorem 3.3 can therefore be derived using classical sector conditions.

The results in this chapter have been published in HUFF; FIACCHINI; GOMES DA
SILVA JR. (2022a).
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4 STABILITY ANALYSIS: POLYHEDRAL APPROACH |

In this chapter we perform the stability analysis (i.e. solve Problem 2.1) of the closed-
loop system composed by (1),(3) and (5). Unlike Chapter 3, which considers ellipsoidal
sets, the method presented next provides polyhedral estimates of the region of attraction
of the origin, relying on the solution of linear programming problems.

Consider the closed-loop system (1),(3),(5). As explained in Section 2.1.2 (see, in
particular, Lemma 2.1), it is possible to tackle the stability analysis problem using the
discrete-time model (12), which assumes the following form for f(x, ) = sat(Kpx,x):

Xpit1 € {A(8)x,x+B(8)sat(Kpxp i) : 6 €A}, (68)

As pointed out in TARBOURIECH et al. (2011, Section 1.7), the direct handling of
the saturation nonlinearity in (68), in order to obtain testable numerical conditions to as-
sess the asymptotic stability of the origin and to compute estimates of the RAO, is a quite
hard task. To overcome this problem, many representations for the saturation term, such
as sector bounded nonlinearities (SEURET; GOMES DA SILVA JR., 2012) (also used in
Chapter 3, see Lemma 3.1) and polytopic embeddings (FIACCHINI; GOMES DA SILVA
JR., 2018), have been successfully considered in the literature. Another representation is
the saturated and nonsaturated (SNS) model (ALAMO et al., 2006), which is less con-
servative than classical polytopic embeddings (ALAMO et al., 2006, Section 5),(TAR-
BOURIECH et al., 2011, Chapter 1) and will be presented in Section 4.1. Moreover, as it
will be seen in Section 4.2, it is quite appropriated to compute one-step sets.

The chapter is organized as follows. Section 4.1 presents the SNS model, as men-
tioned above. Section 4.2 presents the main results, which are based on set invariance
theory and on the concept of one-step set already introduced in Chapter 2. From the de-
rived theoretical results, an algorithm to numerically compute polyhedral estimates of the
RAO is proposed in Section 4.3. Section 4.4 presents two numerical examples. At last,
Section 4.5 has some concluding remarks.

4.1 The SNS Model

Let us define . £ 2Nm ag the set of all subsets of N, = {ieN: 1<i<m}. For
example, if m = 2 then . =22 = {0, {1},{2},{1,2}}. The basic idea of the SNS
model is to replace the saturation function sat(-) by another one satg(-) which depends
on an additional parameter S € .. This parameter indicates which components of the
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function are activated or not. For m = 2, for instance, one has:

satg) () = [z(l)} | satgy(z) = [sat(z(l))] ,

2) %(2)

sty (z) = [ ) } , satfy 23(2) = {Sat(z(l))} :

sat(z(2))
where z € R?. The generic expression in R” is given by:
satg(z) = Z eiz() + Zeisat(i) (z), Se., S2N,\S, (69)
i€se =

where ¢; is the i-th canonical base vector of the Euclidean space.
Thus, the idea is to estimate the RAO of (68) by using the difference inclusion

Xpk+1 € {A(S)xpvk—I—B(5)sat5(prp7k) c0€EA S¢e 5/}
= {FSNS()C%](,(S,S) 0¢€ A Se ,y} = FSNS(xp,k;Aay)' (70)
The difference inclusion (70) takes into account all 2" possible combinations of satu-
rated/nonsaturated inputs given by § € . = 2N simultaneously.

Notice that (70) encompasses (68): any trajectory {x, x } ;- satisfying (68) belongs to
the family of trajectories that satisfy (70). In other words, an estimate of the RAO of (70)
will also be a valid estimate of the RAO of (68). Hence, instead of directly computing an
estimate for (68), we will aim at obtaining an estimate for (70) using convex analysis tools
(BLANCHINI; MIANI, 2015) that cannot be directly applied to (68). This estimate will
correspond to a polyhedral contractive C-set, according to the Definition 2.5. In particular,

the following key result holds, which can be seen as an adaptation of Corollary 2.1 to the
class of SNS systems.

Lemma 4.1. If the C-set Q C R is A-contractive for (70), then:
a) €Q also is A-contractive for (70) for all € € [0,1];
b) All trajectories {x; }ren satisfying (70) have the following property:

X € €EQ = xppp € APEQ, Vee[0,1], VpeN. (71)

Proof:
a) Consider the nontrivial case € # 0. Given x, € €Q, we have to prove that
FSNS(xpaAay) :FSNS(S)EPaAﬂy) C AEQ, (72)

where %, £ x,/€ € Q.

First, note that sat(ey) € €Co{y,sat(y)} fory € Rand 0 < £ < 1, as it can be verified
by direct calculation. More precisely:

sat(ey) = ey € Co{ey,esat(y)}, if —1<ey<I1,
sat(ey) =1 € Co{ey, e}, if ey>1,
sat(ey) = —1 € Co{ey,—¢€}, if ey<—1.
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Thus, in the multivariable case, i.e. when y € R™, it follows for § € .¥ that:

z £ satg(ey) € eCo {satg(y) : §'€ /}. (73)
_________ EY) i
gsaty)(y)| o S

esaty(y) €y

Figure 8: Sketch of property (73) for m = 2.

To see that (73) holds (Figure 8 shows a sketch for m = 2), note that

o sat(i)(ey), ifi e,
= €Y(i)s ifi%S,

thus z(; belongs to the interval J; £ ¢Co { Y(i)» sat(y) (v) } and, consequently, z belongs

to the hypercube I £ I} x - -- x I,, C R”. Note now that I = £Co {satg(y) : §' €.}
because the elements of {€satg (y) : S’ € .} are the vertices of I.

Using relation (73), it follows that for all 6 € Aand S € .%¥
FSNS(Efp; 0, S) = A((S)S)fp —I—B((S)Sats(KpSfp)
€ €A(8)x,+ B(8)eCo {satg (Kpxp) : S’ € .7}
= eCo{A(8)x, +B(6)saty (K,%,) : ' €.}
C eCo {FSNs(fp,A,y)} - SCO(A.Q.) =eAQ

where the last set inclusion follows from the fact that Q is A-contractive for (70)
and x, € Q and the last equality from the fact that € is convex. Hence, (72) holds,
as we wanted to show.

b) Follows from the recursive application of a).

|
From Lemma 4.1, if Q is a A-contractive C-set for (70) then it is included in the RAO
of (70). Besides that, since (70) encompasses (68) as explained before, (71) also holds
for the trajectories of (68) and it becomes clear that € is an estimate not only of the RAO
of (70) but also of the RAO of (68) and, consequently, from Lemma 2.1, of the RAO of
the closed-loop system (1),(3),(5)". Notice that, since 0 € Q° by definition of a C-set, the
origin of (68) (and, consequently, of (1),(3),(5)) is indeed asymptotically stable if Q is
contractive.
It is worth noticing that a A-contractive C-set for (70) is also A-contractive for (68)
but the opposite is not true in general. Even so, it is possible to prove a weaker version of
this statement in the other direction, as shown next.

"However, notice that the fact that Q is contractive/invariant for the discrete-time system (68) does not
mean that it is invariant for the continuous-time system (1),(3),(5), even if the trajectory of the continuous-
time system is bounded according to (16).
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Lemma 4.2. Suppose that m = 1 (single input case) and consider a C-set & C R"». If €Q
is A-contractive for (68) for all € € [0,1], then Q is A-contractive for (70).

Proof: The proof follows the same reasoning of the one of ALAMO et al. (2006,
Property 2) except that here the discrete-time systems (68) and (70) have an uncertain
parameter 0. [ |

Before presenting the details of the stability analysis method developed, let us intro-
duce the following assumption with respect to the difference inclusion (70).

Assumption 4.1. There exists a y-contractive C-set QY C R for (70) (where 0 <y < 1).

The assumption above is not strong in the sense that it will hold for the SNS system
(70) if it holds for the linear difference inclusion below

Xpi+1 € {(A(8) +B(8)Ky)xpi: 6 €A} (74)

since (70) and (74) are equivalent in a sufficiently small neighborhood of the origin (where
the input does not saturate).

4.2 Stability analysis

The proposed stability analysis method can be divided into two steps. The first one,
presented in Section 4.2.1, consists in finding a contractive P-set €2 for the dynamics

Xp ki1 € Fsns(xp i, A7, S) (75)

where A; is defined in (48). Note that (75) considers only a finite subset A; of the interval
A and thus (75) is embedded by (70), i.e. Fsys(xpx,A7,) C Fsns(xpx,A,-). The
second step, presented in Section 4.2.2, verifies if the set Q found is also contractive for
(70) (not necessarily with the same contraction factor A). If this is true, then we can
conclude that © is an estimate of the RAO of (68) and, consequently, of the RAO of the
closed-loop system (1),(3),(5), as explained before.

4.2.1 Computation of a contractive set for x, ;| € Fsys(x,x,A7,-7)

Below we particularize Definition 2.7 to system (75).

Definition 4.1. Given J € N, and Q C R"r, the one-step set Tj(Q) of Q for (75) is
TJ(.Q.) = {xp e R" : FSNS(xp,Ajyy) - Q.}, (76)
Le. givenx, € Ty(Q), A(0)x, + B(0)sats(Kyx,) € Q,V6 € A;,VS € .7.

The following lemma provides a polyhedral characterization of 7;(€) when Q is a
polyhedron.

Lemma 4.3. Consider Q = &(H,h), where H € R"*"» h € R". Then

Q)= () N {xpeR?: H(AG®)+ Y BOG)K, () )~ L IHBY(8)| <h}

SeA, Se.s iese ies
-N N2 <H<A(5)+ ZB(i)(6)Kp(,~)), h+Z|HB<i><5)|> (77
deN;Ses iese i€S
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Proof: The proof follows the one in ALAMO et al. (2006, Theorem 1) mutatis

mutandis. [ |

The theorem below, inspired by BLANCHINI (1994, Theorem 3.1), introduces the
recursion used to find the maximal A-contractive C-set for (75) in a given C-set Q¢ C R"».
Unlike Theorem 3.1 in BLANCHINI (1994), valid only for linear systems, our result
applies to the nonlinear case of SNS systems.

Theorem 4.1. Given J € N, consider the sequence of sets

Qi1 = TJ(A.Q.,’) NQy, Vie N, (78)

where Qg is a polyhedral C-set and A € (0,1). The following properties hold:

a)
b)

c)

a)

b)

Q; is a polyhedral C-set for all i € N.
.Q.i+1 - Qifor allie N.
If there exists a A-contractive C-set Q' C Qq for (75), then
Q2N (719)
ieN
is the maximal A-contractive C-set for (75) in Q.
Proof:
Let us prove it by induction. Assume ; is a polyhedral C-set. Then A€; can be
expressed as & (H;, 1) for an appropriate choice of H; and it follows from (77) that
T;(AL;) is a polyhedron containing the origin in its interior. Its intersection with
the polytope € is thus a polytope (which also contains the origin in its interior
since 0 € 7). So ;11 is a polyhedral C-set.
This proof is also done by induction. If Q;; C €; (the case i = 0 is clearly true),
then Tj(AQ; 1) C T7(AQ;) and it follows that
Qiir = T](}LQiJr]) NQy C TJ(AQ,’) NQy = Q4.
Consider any A-contractive C-set Q" C Q for (75) (for instance Q" = Q’, which

exists by hypothesis). It follows by induction that Q" C Q; ;. In fact, if Q" C Q;
then
Q' - T]()LQN) Ny C TJ(A,.Q,‘) NQy =Qit1,
ie. Q" C N Q;=Q; ;. Italso follows that 0 € Q) , because 0 € (Q")°. So Q, ,
ieN ’ '
is a C-set (compact and convex because it is the intersection of nested C-sets).
We still have to prove Q, ; is A-contractive for (75). Given x € Q, ,, it fol-
lows that x € Q;11 C Tj(AQ;),Vi € N, ie. Fsys(x,Ay,) C 1Q;,Vi € N. So
Fsns(x,A7,7) CA ) Qi = AQ, ;. Therefore Q, ; is indeed A-contractive.
ieN
|

Remark 4.1. It is important to keep in mind that Q; = Q;(A,J,Qq) depends on the pa-
rameters A and J and on the initial set g, even if we omit this dependence to avoid a
heavy notation. A similar remark applies for Q ; = Q; ;(Qo).
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Remark 4.2. The result in Theorem 4.1 still holds if Qg (and, in consequence, ; for
i > 0) is not necessarily a polyhedron, but just a C-set. This additional assumption is
important only from a practical point of view, since in this case the operators Ty(-) and N
in (78) can be applied using Lemma 4.3 and the MPT toolbox (HERCEG et al., 2013), for
instance. It is important to highlight that all manipulations with polyhedral sets carried
out in this study rely only on the solution of linear programming problems.

In general, the set £, ; might be not obtainable in a finite number of iterations by an
algorithm (and in general it is not polyhedral). That is why we use the following result.

Lemma 4.4. Assume Q, ; in (79) is a A-contractive C-set for (75). Then, for every

A* € (A,1), there exists i* € N such that Q; 2 A /A*Q; is A*-contractive for (75) for all
i >

Proof: Consider A*/A > 1. There exists i* € N such that
Q) ;S CAT/AQy 5, Vi> i

(SCHNEIDER, 1993, Lemma 1.8.1). Using these set inclusions (up to scale factors) and
the fact that Q, ; is A-contractive for (75), it follows that

0= -9 C 0y CTHA0) CT0) =Ty (4" (7200) ) =T 0

for all i > i*, that proves the result. [ ]

Lemma 4.4 ensures that, under the given assumptions, the set Qp = A JA*Q;=, ob-
tained by iterating (78) a finite number i* of times, is a A*-contractive polyhedral C-set
for (75).

4.2.2 Testing contractivity for system x,, | € Fsns(x, ,A,.7)

The second step of the method consists in verifying if the contractive P-set found for
(75) 1s also contractive for the dynamics (70), which takes into account all possible values
for 6 € A and not only the finite set A;. The following property plays a key role to verify
that.

Lemma 4.5. Given d, T € R, the following identities hold:

A(d+1) = A(d) + (1) A, (80)
d
B(d+1)=B(d)+ (1) | A, / Ar5dsB, 1 B,
0
= B(d) +®(1)e*B, (81)

T
where ®(1) 2 [ eAvds.
0

Proof: See the proof of FUIIOKA (2009, Proposition 1). [ ]
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Using the lemma above, it follows that

Fons(xp,d+1,8) = [A(d+7T) B(d+7)] [Sats(xfépxp)]

_ ([A(d) B(d)} +cI>(r)eApd [Ap BPD { Xp }

satg(Kpxp)
= F: ,d,S)+P(7 Ad (A, B [ i } . 82
SNS(xp ) ( )e [ p p} Sats(prp) (82)

£N(d)

Define now the logarithmic norm of A, associated with the 2-norm (VAN LOAN,

Ap+AT

1977): u(Ap) 2 Anax . Notice in particular that (1(A,) can be negative. The

following theorem can now be stated.

Theorem 4.2. Consider J € N and a A*-contractive polyhedral C-set Q. for the dynamics

(75). If
V(LAY 2L +e1(N)eae3(Q)ea(Q) < 1, (83)
where
e”(AP)TJ _ 1 . (A ) 0
a() 28 Tua,y  THA 70,
(2 lf.u(AP> = 07
2 2 max (A4 A5 ) A 124 B P,
c3(2) £ max [In”] x
xpeﬂ KP I
ca(Q) 2 Ws(B), B2{x,cR"™: ||x,|| <1}, (84)

then Q is v(Q,J,A*)-contractive for the dynamics (70).

Proof: To prove that Q is v(Q,J, A*)-contractive for (70), we have to show that
Xp k41 given by (70) satisfies

lPQ(xp,k—H) < V(Q,J,l*), prjk S Q, Vo € A, VS € .7

Given x, ; € Q.5 € A,S; € .7, there exist d; € Ay and Ty, € [0, 7] such that & = dj + .
Then using (82) it follows that

Xpk+1 = Fsns(Xp k> dk + Tk, Sk)

X
= Fyns(xp k> dic, Sk) + D (7 )N (di) [sats (I]y;xp k)} : (85)
~ X ,
Sy A g
=Zk+1

From the fact that Q is A*-contractive for (75), dr € Ajand x,, ; € Q, it follows that

Yo (k1) < Yo (Fsns(xpi, A, 7)) <A™ (86)
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Considering that ||e*r*|| < e(4»)s for all s > 0 (see VAN LOAN (1977)), and since
7 € [0, 77], one obtains:

1D(5,)] /eAPSds /HeAPS

ds < / Asds = ¢y (J). 87)

Moreover, one has that
NG| < |l

< uia >\/A 24 ||B, |12
max (4 44) {f14, 2+ B, |

< max (H 407, (1A ) 1A, |2+ 1B, |12 = .
Using the inequalities above we conclude that

Satsk pxp k pxp k

i.e. Zxi1 €1 (J)CQC3(Q)%. Then, from (85), (86) and the properties in Lemma 2.2:

|14y Byl < e[ [a, B

[z | < (Tl [V (i) | ’

’ < (J)C2C3 (Q),

lPQ(Xp7k+l) < Tg(yk+l) —|—lPQ(Zk+1) < A" ¢ (J)Cng,(Q)lPQ(%) = V(Q,J,)L*),
as we wanted to show. [ ]

Remark 4.3. The constant c3(Q) can be obtained, in practice, by taking the maximum
over the vertices of the polytope Q or by solving a quadratic programming problem with
linear constraints. In turn, c4(Q) can be computed as follows

c4(Q) =¥o(#) =min{a >0: B C aQ}
1 |

=min{a >0: Hx < oh,Vx € B} = mNX h
S (i)

where Q = P (H,h),H € R"*"r h € R", assuming without loss of generality that h > 0.

The next theorem makes a connection between the preceding results. It states that, un-
der some conditions, the recursion (78) not only will result in a A *-contractive polyhedral
C-set Qp = A JA*Q;+ for (75) but also that this set Q. will indeed satisfy the hypothesis
(83) of Theorem 4.2, that is, it will indeed be contractive for system (70).

Theorem 4.3. Consider that Assumption 4.1 holds with Q¥ C Q0,2 where Q is the P-set
that initializes recursion (78). Deﬁne3

J=J(A,A"):(0,1)x (0,1) — N
as the smallest positive integer such that

Cl(J)sz3C_4(l,)v*) < (1 —l*), vJ ZJ_, (88)

2The set inclusion QY C Qg can be assumed to be true without loss of generality. If it does not hold, it
suffices to scale down the set Q7, which will remain y-contractive for (70) in view of Lemma 4.1.

37 is well-defined since ¢; (J) "=~ 0.
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where
- I, - *
a2 max |2, cs(32) 2 Wi pean(9) (39)
Then, given (A,A*,J) satisfying
Y<A<A* <1, J>J(A,A7), (90)

there exists i* = i*(A,A*,J) € N such that for all i > i* the set Q; = A /A *Q;(A,J,Q)
obtained by the recursion (78):

a) is A*-contractive for (75);

b) satisfies (83);

c) is v(Q;,J, A*)-contractive for (70).
Proof:

a) Since QY is y-contractive for (70) and A > 7, it also is A-contractive for (75) for the
given value of J. So from item c) of Theorem 4.1 it follows that

QrcQ,, 1)

where Q, ; is the maximal A-contractive C-set for (75) in €o. Applying now

Lemma 4.4 we conclude that there exists i* € N such that ; = A JA*Q; is A*-
contractive for (75) for all i > i*,i.e. Q; C Ty (A*Qi).

b) We have to show that v(;,J,A4*) < 1 for all i > i*. Next we will show that the
inequality holds not only for i > i* but for all i € N.

Recalling that Q; = A /A*Q; C Q; C Qp, we have that:

- In In :| A
C3 = max 7| x,|| > max P x|l = c3(€2;). 92
’ xp€QY {Kp] g  xpEQ, [KP g () 2)
Moreover, as
AJAQY C AJAQ,, CAJAQ =0, (93)
o
it follows that:
Ea(A,A%) = ¥p eqr(B) > P, (B) = ca(C). (94)
Then,
V(Ql’,.],l*):l*—i-Cl(J)CQC:z,(Q,')Czt(Q,') < l*+C1(J)C25354(A,7L*) < 1,
(92),(94) (88)

which concludes the proof.

c¢) It suffices to apply Theorem 4.2 using properties a) and b).
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As a byproduct of the proof, note that the existence of a y-contractive C-set Q¥ C
Qo C R for (70) not only guarantees that the proposed recursion (78) will result in a
v(€,J,A%)-contractive P-set Q; for (70), with appropriate choices of A,A* and J, but
also ensures that the obtained estimate of the RAO €; will include the estimate Q7 up
to the scaling factor A /A%, i.e. A /A QY C Q; (see (93)). This observation is formalized
below.

Corollary 4.1. If all the assumptions of Theorem 4.3 hold, the set Q; contains A JA*QY.

It is important to highlight that the ellipsoidal estimate & (W,;') of the RAO of the
system provided by the method of Chapter 3 is, if K,, = 0, contractive for the difference
inclusion (68) (as well as €' (W,;') for all € € [0,1]) due to the exponential decrease of
the quadratic Lyapunov function related to this set at the sampling instants #;. In other
words, in the single input case Lemma 4.2 guarantees that & (Wl_ll) is a contractive C-set
for (70). Consequently, according to Corollary 4.1, the polyhedral estimate €; of the RAO
of the system obtained as described above will contain A /A*& (W,;') if A,A* and J are
appropriately chosen. That is, the polyhedral estimate tends to be less conservative than
the ellipsoidal one if the ratio A /A* is close to 1.

4.3 Numerical algorithm

Algorithm 4.1

Step 1: Choose Jy,i € N, aP-set Qpand A, A*st. 0 <A <A* <1
Step 2: J <+ Jj
Step3:i=0
Step 4: Compute Q; | using (78)
if Q£ A/1*Q;. satisfies Q C T; (A*Q) then
Compute v(,J,1*) using (83)
if v(Q,J,1*) < 1 then
Stop successfully
else
J <+ J+1and goto Step 3
end if
else
i+—i+1
if i < ithen
Go to Step 4
else

A+1 <_l +1 95)

and go to Step 3
end if
end if

Output: Contractive P-set Q for (70)

Based on the previously presented results, Algorithm 4.1 is proposed to obtain a
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v(€,J,A*)-contractive polyhedral C-set Q for (70), which can be used as an estimate
of the RAO of (1),(3),(5).

Notice that (78) is recursively applied until a A *-contractive P-set Q is found for (75)
or until the maximum number of iterations i is reached, where i is empirically chosen and
assumed to be a large enough constant (such that i > i* will most likely be true where i*
is defined in Lemma 4.4). If i is reached, the algorithm increases the value of A with the
aim of making A > y according to the statement of Theorem 4.3, where ¥ is not known a
priori. The update rule (95) is just a possible choice and can be modified by the users of
the method.

On the other hand, if a A*-contractive P-set is found for (75) but constraint (83) is
violated, the algorithm increases the value of J. This choice is also inspired by the as-
sumptions of Theorem 4.3, which guarantees that v(,J,A*) < 1 for J sufficiently large
if the other hypothesis hold, see (90).

4.4 Numerical examples

Two numerical examples are presented next.

4.4.1 Example I

g }
=
<]

Figure 9: Estimates of the RAO of (1),(3),(5),(96) given by the proposed approach (black-
continuous) and by the methods proposed in SEURET; GOMES DA SILVA JR. (2012)
(black-dotted), FIACCHINI; GOMES DA SILVA JR. (2018) (red-dotted) and Chapter 3
(blue-dashed).
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Consider the system taken from FIACCHINI; GOMES DA SILVA JR. (2018) (also
considered in Chapter 3), where:

A, = {(1) (1)} , Bp= [_05} , K, = [2.6 1.4} , A=10.05,0.1]. (96)

Choosing A = 0.98 and A* = 0.99 and considering as initial set Q a square with side
of size 20 centered at the origin, the algorithm above gives, for J = 140, the polytope
fl35 displayed in Figure 9, which is an estimate of the RAO of system (1),(3),(5). In
this case, the contractivity factor of Qas is given by V(Q35,140,0.99) =0.999 < 1. For
comparison purposes, the figure also shows the piecewise quadratic estimate obtained
with the conditions proposed in FIACCHINI; GOMES DA SILVA JR. (2018) and the
ellipsoidal estimates obtained through the methods presented in SEURET; GOMES DA
SILVA JR. (2012) and in Chapter 3. Notice that the approach presented here resulted in
an estimate of the RAO that includes the other ones.

In Figure 10, several trajectories of system (1),(3),(5),(96) considering & randomly
chosen in the interval A are shown. As expected, the trajectories initialized at the boundary
of the set Q35 converge to the origin. Among the ones initialized outside Q35, some of
them converge to the origin while others diverge.

Tp2

Figure 10: Trajectories of (1),(3),(5),(96), where the initial conditions are depicted by the
symbol *.
4.4.2 Example II

Consider the three-dimensional system (1),(3),(5) with:

0.75 0.35 1.75 0.7
Ay=107 0 07|,B,=|0|,K,=[-248 —22.85 11.13], A=1[0.1,0.2].
0.75 —1.1 1.75 0.7
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Choosing A = 0.8 and A* = 0.95 and considering as initial set £ a square with side
of size 1 centered at the origin, the algorithm leads, for J = 100, to the polytope i,
displayed in Figure 11, where v(€,,100,0.95) = 0.99 < 1.

A
S \\\\\\“ = ivf,\

L

—

Figure 11: Estimate of the RAO of (1),(3),(5) given by the proposed approach.

4.5 Concluding remarks

A method for the computation of polyhedral estimates of the RAO of aperiodic sampled-
data systems subject to control input saturation was presented. As shown in the first ex-
ample, the obtained polytope provided an estimate of the RAO that is less conservative
than other ones from the literature (including the one of Chapter 3).

The main drawback of this approach is its numerical complexity, as usual with meth-
ods based on polyhedrons (BLANCHINI; MIANI, 2015). In particular, the polytopes
generated by the proposed recursion (78) become more complex at each iteration. Thus,
even if there is a theoretical guarantee that the algorithm will finish after a finite num-
ber of steps if Assumption 4.1 holds, in practice this may not always be the case, since
the execution time of the computer code grows significantly at each iteration. In order
to circumvent this problem, another approach is developed in the next chapter, which is
also iterative but provides at each iteration a new contractive polytope of increased size
that can be used as estimate of the RAO, unlike the intermediary sets generated by recur-
sion (78).

The results in this chapter have been published in HUFF; FIACCHINI; GOMES DA
SILVA JR. (2022b).
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5 STABILITY ANALYSIS: POLYHEDRAL APPROACH Ii

The objective of this chapter is analogous to the one of Chapter 4, but the polyhedral
estimates of the RAO of the system are computed using a quite different approach. A
comparison between the methods is presented in the section of numerical examples at the
end of the chapter. As explained in the Introduction, we recall that there is no formal
guarantee that the method of Chapter 5 outperforms the one of Chapter 4 in all cases.
What motivated the development of this new approach is the numerical applicability of
the corresponding algorithm rather than the quality of the estimate of the RAO itself.

Differently from Chapter 4, to derive the results, an impulsive system representation
is employed, as shown in Section 5.1. Section 5.2 presents the main theoretical results,
which lead to the proposition of an algorithm to generate an increasing sequence of poly-
hedral estimates of the RAO of the closed-loop system. The theory is then applied in
numerical examples in Section 5.3. The chapter ends with some concluding remarks.

5.1 Closed-loop system representation

Consider the system composed by (1),(3) and (5) and its impulsive representation,
given by (43) with K, = 0 (see also (9)):

, vVt e Ry \ g,
=A,x(t”)+ Bsat(Kx(t7)), Vte T, 97)
T

where x = [x; uT]T € R", n = n, +m, is the overall system state and A.,A, € Rxn,
B, € R™™ and K € R™*" are given by:

CTA,B,] [0 ., [o] .
AC_[O 01, A’_{OPO}’ Br_[lm}, K=[K,0]. (98)

From the analytical solution of (97), the dynamics between two successive sampling
instants is given by:

x(tf,)) = Ax(t, )+ Bysat(Kx(1, )
= A, % x (") + Bysat(Ke%x(t)), & € A.

Equivalently, we obtain the following difference inclusion (FIACCHINI; GOMES DA
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SILVA JR., 2018):

X1 € {Ax(0)xr + Bysat(K(0)xy) : 6 € A}
2 {F(x,0): § €A}
& 7 (4,4) (99)

where A,(8) £ A%, K (8) & Ke?ed and

2 {xpvk] 2 {’Z?((tiﬂ = () = x(£]). (100)

Notice that the difference inclusion (99) is different from the one used in Chapter 3,
which is given by (46), because x; = x(tx) # x(, ) = zx, where x; and z; correspond to
the state just after and just before the impulse, respectively. It is also different from (68),
which is used in Chapter 4 and considers only the plant state x,, ; instead of the augmented
vector xy.

Following a reasoning similar to the one of the preceding chapters, we will perform
next the stability analysis of the sampled-data system (97) considering the discrete-time
system (99). In particular, it is straightforward to adapt the proof of Lemma 2.1 to the
present case (see also FIACCHINI; GOMES DA SILVA JR. (2018)). Moreover, the RAO
of (99), which will be denoted by I'; from now on, coincides with the RAO of (97),
denoted by I';, i.e. I'y =T.

5.2 SNS invariant and contractive sets
Below we particularize Definition 2.7 to system (99).

Definition 5.1. Given Q C R", the one-step set P(Q2) with respect to (99) is given by
P(Q)2{xeR": F(x,A)CQ} (101)

Given an invariant C-set €2 for the discrete-time system (99) that belongs to the RAO
of it, the increasing sequence of nested sets

Qi1 =P(Q;), i€N, (102)

gives approximations of increasing accuracy of the RAO of this system. However, the
computation of such sets is in general not possible in practice. In particular, P() may
be nonconvex even if Q is a C-set because of the saturation function. That is why we use,
as in Chapter 4, the concept of SNS system. The SNS system that corresponds to (99) is
given by
Xi4+1 € {Ax(5)xk —|—Brsat5(Kx(6)xk) c0€EA Se y}
= {ySNS(th:S) 16 € A Se y}
2 Fons(x,A,-7) (103)

where satg : R” — R is defined in (69) and . = 2Nn,
Consider the definitions below.

Definition 5.2. (SNS invariance) A SNS invariant (contractive) set for system (99) is an
invariant (contractive) set for (103).
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Definition 5.3. (SNS Region of Attraction of the Origin) The SNS RAO of system (99),
denoted by Isys, is the RAO of (103).

Following the same line of argument of Chapter 4, the dynamics of the SNS system
(103) includes the one of (99), i.e.

F (50, A) = {Ax(8)x + Brsat(Ku(8)x) - 8 € A}
— {A(8)x + Brsats(Ku(8)x) : S €A, S =Ny}
C {Ax(8)xx+ Bysats(Ke(8)xi) : 6 €A, S € S} = Fgns(u, A, )

where the second equality follows from the definition of satg(-) in (69) and the set inclu-
sion from the fact that N,, € .# = 2N»_ That is why the notions of SNS invariance and
SNS RAO are more conservative than the concepts of invariance and RAO. Consequently,
I'sys € I'y. This fact will be exploited by the method presented here. More precisely, to
obtain a numerical tractable procedure, the idea is to compute polyhedral estimates of I';
through the computation of estimates of I'gys.

The one-step set related to (103) is defined below.

Definition 5.4. Given Q C R", the one-step set Q(Q) with respect to (103) is given by
0(Q) 2 {xeR": Fsys(x,A,.7) CQ}. (104)
Analogously to (102), we can consider the recursion:
Qi1 =0(Q;), ieN. (105)
The next theorem states some properties of the sequence {€;};cn defined above.

Theorem 5.1. Consider the recursion (105) where Qqy C I'sys is an initial SNS invariant
C-set for (99). Then:

* Q; is a SNS invariant set for (99) for all i € N;
* O, CQiy, VieN;

e Q; CTIgns, VieN;

s The sequence {Q;}icn converges to Tsys.!

Proof: The proof is analogous to the one of ALAMO et al. (2006, Th. 2). The only
difference is that, besides S, there is an additional degree of freedom ¢ in the difference
inclusion (103). [ |

Unfortunately, as discussed in FIACCHINI; MORARESCU (2016) for the linear case,
under aperiodic sampling the one-step set Q(Q) is in general not polyhedral even if Q is a
polytope. This is due to the dependence of the discrete-time model (103) on an uncertain
matrix exponential term e*<% where the value of § varies within an interval A. A common
approach to deal with this term consists in obtaining convex embeddings for it, which can
be polytopic (CLOOSTERMAN et al., 2009; LOMBARDI et al., 2012) or norm-bounded
(FUJIOKA, 2009; FUJIOKA; OISHI, 2011; KAO; FUJIOKA, 2013). In the present case,
in order to obtain numerically tractable conditions for the stability analysis, it will be
convenient to adopt the same strategy of Chapters 3 and 4, which is based on the grid Ay
of A defined in (48). Hence, consider the following approximation of Q(Q):

IThat is, given x € Tys, there exists i*(x) such that x € Q;,Vi > i*(x).



70

Definition 5.5. Given Q CR" and J € N,
Q0;(Q) 2 {xeR": Fens(x,A;,.7) CQ} (106)

Notice that Q;(Q) takes into account only the finite subset A; of possible values for
the intersampling time &. So Q(Q) C Q;(Q) but these sets are different in general. In
the next section we see how to deal with this fact. Notice also that, using (48), (103) can
be expressed as:

€ | Fons(@ T, Ar ). (107)

7€(0,7/]

To understand why, notice first that

Fsns(€ x, Ay, ) = {Ax(d)e xy + Bysats (K (d)e™x) - d € Ay, S€.7)
= {Ax(d + T)x; + B,satg(Ky(d + T)x;) : d €Ay, S€ .7}
= {A;(0)xy + B,satg(K,(0)xx): 6 €Aj+1,Se .S}
= Zsns (X, A+ 7,)

—~~ o~

where 8 £ d + t. Moreover, for any two sets of real numbers A4,Ap C R one has
Fsns (X, Ma, ) U Fsns (xi, Ap, ) = Fsns (X, Aa UAg, 7).
Using the properties above we conclude that

U Zans(e™ A7) = | Fonsn,Ar+71,5)

7€]0,7/] T€(0,1/]
= Zsns(xk, A1+ 10,77],7) = Fsns(xi, A, 7))

and it follows that (103) and (107) are indeed equivalent.

The following lemma, derived straightforwardly from ALAMO et al. (2006, Th. 1),
is similar to Lemma 4.3 and provides a polyhedral characterization of Q;(Q) when Q is
a polyhedron.

Lemma 5.1. Consider Q = & (H,h), where H € R"*" h € R"™. Then

0@ = N {xer  m(a5)+ Y Bk (5))x— Y 1B | <)

deA; Ses iese €S

-N N2 (H(Ax(5)+ ZBﬁ")KX(i)((S)), h+Z\HB£"’y) . (108)

deA;Ses ieSe i€S

Moreover, we have the following technical results, which will be used later and whose
proofs are in Appendices A.3 and A.4, respectively. They provide some basic properties
of the operators Q(-) and Qy(-).

Lemma 5.2. Consider A = 1, Ty with T, < Ty and define J* as the number of elements
of the finite set

A" E T, U {27/ 1 €N, r € ZYNA)

where & jay is the I-th pair of pure imaginary eigenvalues of A, withl =1,... ,ng. Given
a P-set Q,
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a) Q(Q) and Q;(Q) are both C-sets for all J > J*;
b) Fory > 0 such that Q C BB, there exists r = r(7y) > 0 such that

0(Q) C0;(Q) C B NI >J".

Among all properties that Q;(Q) has to satisfy to be a C-set, the requirement J > J*
in the lemma above is important only to guarantee that Q;(Q) is bounded, avoiding some
“pathological” cases where it would be unbounded even if Q is bounded. In the simplest
case, where A, has no pure imaginary eigenvalues, A* = {7,, Tys} and J* = 2. Otherwise,
it is possible to show that J* = 2 if the frequencies f;; = 27/ € 27/ Ty, 27/ T are
larger than the natural frequencies w; of the open-loop system.

Given two C-sets ©1,®, such that @; C @3, it follows straightforwardly that (@) C
0(©3). However, it is not trivial to see if the set inclusion still holds inverting the order
of the operators Q(-) and (+)°, i.e. Q(®;) C Q(®,)°. The role of Lemma 5.3 below is to
prove this relation.

Lemma 5.3. Given two C-sets O, ®, such that ®, C O3, it follows that

0(01) C Q(0,)°.

5.2.1 Computation of estimates of the RAO

We want to obtain estimates of the RAO of (99), i.e. I'y, through the computation of
polyhedral estimates of the SNS RAO of (99), i.e. I'sys. As explained before, it is not
possible to simply replace the operator Q(-) by Qy(-) in the recursion (105) and use the
result of Theorem 5.1 since Qy(-) does not take into account all possible values of &,
except in the trivial case where 7, = Ty;. Thus, from now on, we will only deal with the
nontrivial case T,, < Ty, i.e. & is uncertain. For technical reasons, we will also consider
that the number of partitions J of A satisfies J > J*, where J* is defined in Lemma 5.2, in
which case Qy(-) is a C-set.

The objective of this section is to show how to construct, in a numerically tractable
way, an increasing sequence {Q;};cny of SNS A;-contractive polyhedral C-sets for (99)
using an initial SNS Ay-contractive polyhedral C-set Q. From the contractivity property,
it follows that these sets are included in I'syyg C I'y = I, being therefore estimates of I,
the RAO of (97). This statement is a direct consequence of the lemma below.

Lemma 5.4. If the C-set Q C R" is SNS A-contractive for (99):
a) €Q also is SNS A-contractive for (99) for all € € [0,1];

b) All trajectories of (103) have the following property:

X €EQ = xpp € APEQ, Vee0,1], VpeN. (109)

c) All trajectories of (99) have property (109).

Proof: The proof of a) follows the one of Lemma 4.1 mutatis mutandis; b) is implied
by the recursive application of a); and c¢) follows directly from b) and the fact that every
trajectory of (99) is also a trajectory of (103). [ |

Corollary 5.1. If the C-set Q C R" is SNS contractive for (99), then Q CT'sys CT'y=T".
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Proof:  Follows from item b) of Lemma 5.4 and the fact that A € [0,1) and Q is
bounded by definition. [ |
In order to construct the sequence {Q;};cn, the operator Q(Q) in (105) will be re-
placed not by Q;(Q) (as already explained, this strategy would not work) but by the set
Q;(Q) defined below. The main difference is that O;(Q) corresponds to an inner approx-
imation of Q(Q) while Q;(Q) corresponds to an outer approximation of Q(2). The set
Q;(Q) will be obtained by scaling down Q,(Q).

Definition 5.6. Given the polyhedral C-set Q C R", J > J* and the H-representation’
0;(Q)=Z(H,1), He R"*",

HA.=TH

B’ (Q) éiTl’gﬁ s.1. T1< B1 (110)
Tij>0, Vi#j

o’ (Q) 2max{1,eF @y (111)

0,(Q) 20,(Q) /o’ (Q) (112)

where T € R"*" B € R, A, is defined in (98) and t; in (48).

Remark 5.1. According to Lemma 2.5, the constraints in (110) are feasible for some 3 €
R if and only if the polyhedral C-set Q;(Q) = P (H,1) is B-invariant for x(t) = Acx(t).
Therefore, B’ (Q) is the smallest number B such that Q;(Q) (or equivalently Q;(Q)) is
B-invariant for this system.

The theorem below guarantees that 0;(Q) = 0;(Q) /o’ (Q) C Q(Q). The motivation
for choosing the scale factor o/ (Q) will become clear in the proof of this theorem. The
number o’ (Q) is related to the possible expansion of the set Q;() along the trajectories
of (31) in a time interval [0, 7] C [0, 7/].

Theorem 5.2. Given a polyhedral C-set Q C R" and J > J*, it follows that
0(Q) € 0(Q). (113)

Proof: Given x;, € Q;(Q), we have to prove that x; € Q(Q). This is equivalent to

show that x;; € Q for all possible values of &, € A and Sy € ., where x;| is given
by (103).
Given & € A and S € ., we know from (107) that there exists T € [0, ;] such that

Xer1 € Fsns(€Tx, Ay, ). (114)

Consider now that x; € 0;(Q) = 0;(Q)/a’(Q) where 0;(Q) is B’(Q)-invariant for
%(t) = Acx(t). Applying Corollary 2.2 (with Q = 0;(Q), B = B’(Q), T=17and a = o’ (Q)),
we conclude that

eA"TXk < eA"TQJ(Q) - aJ(Q)QJ(Q) = QJ(.Q)
Since e<%x; € Q;(Q), it follows from (106) that
Fsns (e xi,Ap, ) C Q.

Combining this set inclusion with (114), we conclude that x;, | € Q, that is, x; € Q(Q),
proving the result. [ ]

2Q;(Q) is a polyhedral C-set according to Lemmas 5.1 and 5.2 and we can assume without loss of
generality that & = 1 in the H-representation Q;(Q) = &?(H,h) because 0 € Q;(2)°.
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Considering the result below it is possible to conclude that the set Q;(Q) C Q(Q)
converges to Q(Q) as J — oo.

Lemma 5.5. Given a polyhedral C-set Q C R" and c € [0,1), there exists J € N,J > J*,
such that

cQ(Q) € 0s(Q)°, VI=1T. (115)

Proof: See Appendix A.S. [ ]
The lemma above leads directly to the next theorem.

Theorem 5.3. Given a SNS contractive polyhedral C-set Q C R" for (99), there exists
J eN,J > J*, such that

QcCQ;(Q)°, VJ>J. (116)

Proof: Since Q is contractive for the SNS system (103), there exists A € (0,1) such
that Q C Q(AQ). Moreover, using the relation AQ C Q°, Lemma 5.3 guarantees that
O(AQ) C O(Q)°. Combining these two set inclusions we conclude that Q C Q(Q)°, so
there exists ¢ € (0,1) such that Q C ¢Q(Q2). Combining this relation with the result from
Lemma 5.5, it follows that

QCc0(Q) C 0/(Q)°

for J sufficiently large. |

Figure 12 presents a geometrical interpretation of Theorems 5.2 and 5.3 and Lemma 5.5.

As the value of J increases, the set O;(Q) converges to Q(Q) from the inside, while Q;(Q)
converges to Q(Q) from the outside. Therefore, for J sufficiently large, @ C 0;(Q)°, as
illustrated in the right image. The complexity of sets Q;(Q) and O, () will, in principle,
increase as J — oo, as implied by the expression (108).
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Figure 12: Geometrical interpretation of Theorems 5.2 and 5.3 and Lemma 5.5.

Theorem 5.4 combines the results of Theorems 5.2 and 5.3 in order to guarantee the
contractivity of the set Q;(Q).
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Theorem 5.4. Given a polyhedral C-set @ C R" and J > J*, if @ C Q;(Q)° then Q;(Q) C
R™ is a SNS contractive polyhedral C-set for (99).

Proof: Relation Q C 0;(Q)° guarantees the existence of A € (0,1) such that

QCA0,(Q).

Then, from (113),
0;(Q) C0(Q) C 0(10,(Q))

and we conclude from the definition of contractivity that Q;(Q) is SNS A-contractive for
(99). [ ]

The properties above are used in Algorithm 5.1, which applies them recursively to
provide an increasing sequence of estimates of the (SNS) RAO of the system. The MPT
toolbox (HERCEG et al., 2013), which has functions to manipulate polyhedral sets, can be
used. Moreover, an initial SNS contractive polyhedral C-set Qy C R” for (99) is required.
It is suggested to obtain this set in the region of linearity

LExeR": |K(8)x] <1, V8 €A}

of (99), i.e. the region where the control input does not saturate, using the method pro-
posed in FIACCHINI; MORARESCU (2016), which allows to compute a contractive
polyhedral C-set for the linear difference inclusion

st € {(Ax(8) + BK(8))xi: 8 € A}

provided that it is exponentially stable.

Algorithm 5.1 Increasing sequence of estimates of I'syg C I,
Input: Initial SNS contractive polyhedral C-set Qy C R" for (99), i € N, Jy > J*
i< 0,J+Jy
while i <ido
Compute Q;(Q;) according to Definition 5.6

if
Q; C 0y()° (117)

then

Qi1 2 0/(Q), Jip1 27 (118)

i<i+1
end if
Increment J
end while

Output: Estimate of the RAO: Q;
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Remark 5.2. Algorithm 5.1 generates a sequence {Q,-}LO of polyhedral C-sets and a
corresponding strictly increasing sequence of integers {J,-};:Zl that satisfy for all i:

Qi1 CO(Q) (from (118) and Theorem 5.2) (119a)
Q; C Q7 (from (117) and (118)) (119b)
Qi1 is SNS A1 1-contractive for (99)  (from (117),(118) and Theorem 5.4)  (119c¢)
Qi1 Clgys CT (from (119¢) and Corollary 5.1) (1194d)
Qi1 =0, () (from (118)) (119¢)

where in (119¢) the sets Q; have not necessarily the same contraction factor A; since
A € (0,1) in Theorem 5.4 depends on Q and J.

Theorem 5.3 guarantees that the test (117) (the if statement) will eventually be true
since J is always incremented, thus the algorithm has a finite execution time. Recall that
Algorithms 3.1 and 4.1 of the preceding chapters also increment the value of J.

The estimate €7 of the RAO is related to

xo = [x}(0) u” (0)]" (120)

but x,(0) and u(0) are actually coupled by the relation u(0) = sat(K,x,(0)). That is,
considering the H-representation Q; = Z(H,h) = {x € R" : Hx < h}, the “safe” set of
plant initial states is given by:

- 2 fp . *p <

which corresponds to the union of 3" polytopes. To understand why, notice that sat(Kx,)
is a piecewise affine function of x,,. More precisely, with appropriately chosen matrices R}

and vectors 7, the space R"» can be partitioned into 3" polyhedral sets S ; 2 2(R irj),J €
Nsm, called regions of saturation in GOMES DA SILVA JR.; TARBOURIECH (1999),
such that:

sat(prp) =Pix,+pj, Vx, €S}, Vj€Nsnm
3m
Uj:lSj =R
(§;NS8)°=0, Vj,leNsm jH£lI (122)

where P; € R™*" and p; € R™ can be obtained as described in GOMES DA SILVA JR;
TARBOURIECH (1999). Substituting (122) in (121), we get:

I o 3m ) np . <
Q;, =R"NQ;, = (U =15 )N {x,, €R™: H Lat(prp)} = h}

3]71
=1 (QZ(RJ',I’J’) NZ(H, +H2Pj,h—H2pj))

3m P RJ rj
Jj=1 H1—|—H2Pj ’ ]’l—Hzpj
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where H = [H| H;] and H; and H, have appropriate dimensions.

Notice that the bigger i is, the bigger will be the estimate Q- of the RAO of the

Ap

system. However, the polytopes €; computed by the algorithm above tend to become
more complex at each iteration. Consequently, the execution time of the computer code
also grows at each iteration and, in practice, the maximum number of iterations i cannot
be arbitrarily large. The method presented in Chapter 4 has a similar problem. The main
difference between these two polyhedral approaches is that the method of Chapter 4 will
only provide a valid estimate of the RAO of the system upon termination of Algorithm 4.1,
while the method proposed in this chapter provides, at each iteration of Algorithm 5.1, a
new estimate €; ., of the RAO which encompasses the preceding one €;_j x,. One of the
numerical examples of Section 5.3 presents a case where the execution of Algorithm 4.1
becomes prohibitively complex before its stopping criterion v(Q,J,A*) < 1 is reached.
That is, Algorithm 4.1 fails to provide an estimate of the RAO. On the other hand, the
application of Algorithm 5.1 is successful, even if 7 is relatively small.

5.2.2 Convergence properties

Consider the non-truncated version of the sequence {Q;} generated by Algorithm 5.1
(i.e. with i = o), which satisfies (119). We will show that {Q;};cn converges to the SNS
RAO I'sys of (99) under the following assumption.

Assumption 5.1. I'sys is bounded, i.e. there exists Y > 0 such that I'sys C $y.

The convergence will be proved starting with the lemma below, whose proof is in
Appendix A.6.

Lemma 5.6. Given the sequence {Q;};cn generated by Algorithm 5.1 and iy € N, Jip > i
such that

0(Q;)) € Q.
It is worth saying that, according to our experience, the result above may also be true
even if Assumption 5.1 does not hold. Using this lemma we obtain the following theorem.

Theorem 5.5. The sequence {€;};cn generated by Algorithm 5.1 converges to Tsys.

Proof:  Denote the sequence generated by (105) as {0;};cn to avoid confusion
with {Q;};cn, generated by Algorithm 5.1. The initial SNS contractive polyhedral C-set
Qo C R” for (99) satisfies the hypothesis of Theorem 5.1. Thus, Theorem 5.1 guarantees
the convergence of {0; };cy with @9 = Qg to I'sys. Therefore, since {®;};cn and {Q; }ien
are both increasing sequences of nested sets, it suffices to show that for each iy > 0 there
exists ig > 0 such that ®;, C ;.. This implies that {€; };cry converges to I'sys from the
inside, like {®;};cn. Let us prove the relation ®;, C €;, by induction.

The case iy = 0 is clearly true since ®y = €. Let us assume that ©;, C Q;, for
ia,ip € N and show that there exists ic € N such that ©;, ;1 C Q,.. From Lemma 5.6,
there exists ic € N satisfying Q(Q;,) C Q... Thus, from (105),

09,11 =0(0;,) C0(Q,) CQ;.,

that proves the result. [ ]
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5.3 Numerical examples

This section presents two numerical examples where the method of this chapter is
compared to other ones. At each iteration of Algorithm 5.1 the value of J is incremented
using the rule J < [1.05J], where [c] is the smallest integer greater than or equal to c.
Moreover, the initial set Qg required by Algorithm 5.1 was obtained using the method in
FIACCHINI; MORARESCU (2016).

5.3.1 Example I

Consider the system given by (96):

A= [(1) (1)] B, = {_05} , K, =[2.6 1.4], A=1[0.05,0.1].

Algorithm 5.1 with Jy = 20 and i = 21 resulted in the estimate of the RAO Q; . shown
in Figure 13, which also depicts the estimates obtained with the methods of Chapters 3
and 4 and with the methods in FIACCHINI; GOMES DA SILVA JR. (2018); SEURET;
GOMES DA SILVA JR. (2012). In this case the application of the approach presented in
this chapter has no particular advantage over the one of Chapter 4. Even so, the result-
ing estimate encompasses the ones of FIACCHINI; GOMES DA SILVA JR. (2018) and
SEURET; GOMES DA SILVA JR. (2012).

6|

_1
= o f
-

Figure 13: Estimates of the RAO of (96) obtained with the proposed approach (black-
continuous) and with the methods of Chapter 3 (blue-dashed), Chapter 4 (black-dashed),
FIACCHINI; GOMES DA SILVA JR. (2018) (red-dotted) and SEURET; GOMES DA
SILVA JR. (2012) (black-dotted).
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5.3.2 Example II
Consider the system borrowed from SEURET; GOMES DA SILVA JR. (2012), where

1.1 0.6 1
A, = lo.s _1}, B, — H K,=[-1749105417), A=[052].  (123)

Considering Jo = 20 and i = 9, Figure 14 shows the increasing sequence {Qi,xp}gzo
of estimates of the RAO, computed from {Q,-};::O according to (121). For ease of viewing
we performed in the plot the transformation of coordinates z,, = T'x),, where matrix

T_ {0.9093 —0.2792
—0.2792 0.1407
corresponds to a contraction in the direction of [cos(72°) sin(72°)]” by a factor of 20.
Notice that Q¢ ,, is considerably close to the last 3 sets of the sequence. However, its
complexity is significantly smaller, since the H-representation of Qg has 154 hyperplanes,
while the one of Qg has 302 hyperplanes, which shows the trade-off between number of
iterations and complexity.

M
2+ / /

/ _—

1
-0.8 0 0.2 0.4 0.6 0.8

“p(1)
Figure 14: Sequence {-Qi,x,,}?:()a where Qs . is in red.

In Figure 15, the estimate Q; = of the RAO is compared to other ones from the lit-
erature. We plotted the piecewise quadratic estimate obtained with the method from FI-
ACCHINI; GOMES DA SILVA JR. (2018) and the ellipsoidal estimate obtained with the
one from Chapter 3. The approach presented here resulted in an estimate of the RAO
that encompasses these other two. On the other hand, it was not possible to obtain a
valid estimate using the method in SEURET; GOMES DA SILVA JR. (2012) since the
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corresponding matrix inequalities are not feasible for this example. Moreover, the stop-
ping criterion of Algorithm 4.1 (which corresponds to the method of Chapter 4) was not
satisfied after nearly 3 days of execution on a computer witha Intel® Core™ 1i7 pro-
cessor, i.e. it was not possible to obtain a valid estimate of the RAO using the method of
Chapter 4 either.

Figure 15: Estimates of the RAO of (123) obtained with the proposed approach (filled in
green) and with the methods of Chapter 3 (blue-dashed line) and FIACCHINI; GOMES
DA SILVA JR. (2018) (red-dotted line). A numerically evaluated approximation of the
RAO is depicted by black circles.

A numerically evaluated approximation of the RAO is shown in Figure 15 through
black circles, where, for each point of a grid of the state space, 2000 trajectories of the
closed-loop system starting at it were simulated, considering { & } rcry to be a sequence of
independent, identically distributed (i.i.d.) random variables with uniform distribution on
the interval A. As it can be seen, the proposed approach provided a considerably accurate
estimate of the RAO (specially if compared to the methods of Chapter 3 and FIACCHINI;
GOMES DA SILVA JR. (2018)).

Figure 16 shows several continuous-time trajectories of system (123) with x,(0) €
89;% and &, randomly chosen in the interval A. It should be noticed that the set Qf,xp
is not invariant for the continuous-time system. It is only invariant with respect to the
discrete-time trajectory {x,(#)}ren that models the behavior of x,(f) at the sampling
instants f, represented in the figure by black circles. Nevertheless, it is ensured that for
all initial conditions in Q; ' the corresponding continuous-time trajectories converge to
the origin.

Figure 16 also shows the division of Q; % in 3" = 3 polytopes. Notice that, even if Qs
1s convex, Qz’,x,, is not convex in general.
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Figure 16: Trajectories starting at the boundary of Qi,x,,-

5.4 Concluding remarks

A new method to obtain estimates of the RAO of linear aperiodic sampled-data sys-
tems subject to input saturation was developed. It relies on the use of a convex embedding
of the difference inclusion that models the behavior of the system state between consecu-
tive sampling instants, leading to a computational algorithm based on linear programming
only. As shown by the numerical examples, it depends on the case whether or not it will
be advantageous to use it instead of other approaches. In the second example, in partic-
ular, the proposed method outperformed the ones of SEURET; GOMES DA SILVA JR.
(2012); FIACCHINI; GOMES DA SILVA JR. (2018) and of Chapters 3 and 4.

Compared to the method of Chapter 4, the main advantage of the one presented here
is related to the numerical applicability of Algorithm 5.1, where at each iteration a valid
estimate of the RAO is generated. Hence, it is possible to manage the trade-off between
number of iterations and complexity of the resulting polytope. Algorithm 4.1 of Chap-
ter 4, on the other hand, depends on the satisfaction of a stopping criterion in order to
provide a valid estimate of the RAO and there is no guarantee its execution will finish
after an acceptable amount of time, as already discussed.

The results in this chapter have been published in HUFF; FIACCHINI; GOMES DA
SILVA JR. (2022c).
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6 STABILIZATION: POLYHEDRAL APPROACH

In this chapter we consider the system composed by (1),(2) and (5) and focus on the
control design problem (Problem 2.2). More precisely, we intend to design a piecewise
linear state-feedback control law f: R"» — %7 C R™ (where % represents the set of input
constraints) that guarantees the asymptotic stability of the origin and optimizes the size
of a polyhedral estimate €2 of the RAO of the resulting closed-loop system. As explained
in Section 2.1.2, according to Lemma 2.1, if f(-) is locally Lipschitz at the origin, then
Problem 2.2 can be solved considering the equivalent discrete-time uncertain system (12),
which is rewritten below:

Xpi+1 € {A(8)x,k+B(8)f(xpx): 6 €A}
2 F(xp) (124)

where x,, ; = x, (1), A(8) = *® and B(5) = f06 e*r’dsB,,. Therefore, in the next sections
we solve the control design problem for (124). It will be useful to consider the controlled
version of the difference inclusion above, i.e.

Xpk+1 € {A(S)xp,k —|—B(5)uk o€ A}
2 G(xp ) (125)

where u;, € 7 will be a function of the state, i.e. ux = f(xpx).

The design of the state feedback can be divided into two steps. The first one, pre-
sented in Section 6.1, consists in finding a controlled contractive polyhedral C-set  and
a corresponding control law u; = f(x, x) for the difference inclusion

Xpiir1 € {A(8)x,x +B(8)ux: S €A}, (126)

where uy € %, J €Ny, Ay ={dj =1, +(j— 1)ty : j€N;} and 7; = 2" Notice
that (126) considers only a finite subset Ay with J elements of the interval A. Moreover,
recall that the definition of A; is also used in the preceding chapters (it appears for the first
time in (48)). The second step of the method regards the guarantee that € is controlled
contractive not only for (126) but also for (125) (not necessarily with the same contraction
factor A). A sufficient condition to ensure this is derived in Section 6.2. At last, in
Section 6.3, it will be shown that the obtained set Q is included in the RAO of the closed-
loop system formed by (125) and the designed state feedback u; = f(x, x). Equivalently,
Q is included in the RAO of (124).

Section 6.4 presents two numerical examples and the chapter ends with some con-
cluding remarks.
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6.1 Computation of a controlled contractive set for system (126)

Given a polyhedral C-set Q and its vertex representation Q = %(V),V € R"»*"™,
where the vertices of € are represented by columns of V' (see (20)), the following result
holds.!

Lemma 6.1. BLANCHINI; MIANI (2015, Proposition 7.26) The polyhedral C-set Q =
V),V € RW»*™, is controlled A-contractive for (126) if and only if there exist U €
R™ ™ and nonnegative matrices Y;, j € Ny, such that

A(dj)v-l-B(dj)U:VYj, VjeNy (127)
17y; <A1', vjeN, (128)
Ui e, vieN, (129)

where U is the i-th column of U.

The lemma above can be used in order to obtain a controlled A-contractive P-set Q for
(126). The idea will be to fix a priori the number of vertices n, of Q = ¥,(V) and look
for a matrix V' that satisfies (127)-(129). Since V' and Y; are both variables, constraints
(127) are bilinear while (128)-(129) are both linear (since % is a given polyhedron). In
order to optimize the size of Q = #;(V), we propose the following optimization problem:

n,

y dna 7Lr_Z’1 CrryWir) (130)
subject to (127) —(129)

RC=vL 1TL<1", L>0 (131)

Ty =1, VreN, (132)

where 1 >0, L € R™*" T" € R™*" is diagonal, w € R" is a vector of positive weights
(w > 0) for the elements of I" and R € R"»*"" is chosen such that

0€ %(R)°, (133)

where 75(R)° denotes the interior of 74 (R).

The columns of R, defined a priori, are directions along which the polyhedron Q
will be maximized. Notice that (131) means that each column FW)R(’) of RI" can be
represented as a convex combination of the columns of V and of the zero vector. That is,
(131) is equivalent to

F(r,r)R(”) € %)(V) = Q., Yr € Nnr,

where I, is a scale factor. Consequently, 76(RT) C Q. Thus, the optimization problem
maximizes a linear combination of the scale factors I'(,. ), where w(, are positive weights
for each factor, 1.e. they weight the maximization of € along each one of the directions
given by the columns of R. Since some of the constraints are bilinear, this is a nonlinear
programming problem and, in principle, only a local maximum can be found. On the
other hand, it is possible to obtain an initial feasible solution to the constraints using for
instance the method presented in BLANCO; CANNON; MOOR (2010). Therefore, the
solution of (130) will be at least as good as the one of BLANCO; CANNON; MOOR
(2010) with respect to the chosen size criterion of the polyhedron.

Moreover, constraints (131), (132) (where 7 is a relatively small number) and (133)
guarantee that 0 € Q°.

ISince Q has a nonempty interior, n, > n »+1 by construction.
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6.1.1 Design of the control law

Lemma 6.1 gives a necessary and sufficient condition for the A-contractivity of the
polyhedral C-set Q = #4(V), but does not provide the control law u; = f(x, ). One
of the possible choices of construction of f(-) corresponds to the concept of control “at
the vertices” (BLANCHINI; MIANI, 2015, Pages 158-159). Assume without loss of
generality that the vertex representation Q = 7((V) is minimal (otherwise it is possible to
discard the redundant columns of matrix V and the corresponding ones of matrix U). The
idea is to interpolate the control value at the vertices as follows:

a) For any pair (V(i)?U (@) of columns of V and U (defined in the statement of the
Lemma 6.1), f(V)) =U®;

b) forx,; € Q, f(x,x) = Uc, where o € R™ is such that

Xpk = Va,
ITOC = ‘Pg(xpyk),
o>0.

This control law can be constructed as described next (BLANCHINI; MIANI, 2015).
Firstly, Q can be partitioned into simplices” formed by n, vertices and the origin:

Q2 x,=Va:a>0,1Ta<1, a cR™} (134)

where V' is a matrix formed by the n p columns of V corresponding to the /-th simplex (to

be not confused with V(). We also denote as U’ the n p columns of U that correspond to
the selected columns of V. Each simplex generates a polyhedral cone as follows:

C'&{x,=V'a: a>0, acR"v}. (135)
The sets above can be chosen such that (see a sketch in Figure 17):

« O/ and C! have non-empty interiors;
« Q'NQ" and C' N C" have empty interiors for [ # h;
s U, Q =Qand J,C =R™.

Then, the piecewise linear control law below is Lipschitz continuous, guarantees the
A-contractivity of Q and satisfies the constraint u; € % and properties a) and b) above
(BLANCHINI; MIANI, 2015):

Uy = f(pr{) £ lep,k £ Ul(Vl)flprﬁ Xpk € Q.l, (136)

where the inverse of V! exists because Q' has a non-empty interior. Notice that (136)
satisfies property b), indeed. To see this, assume that simplex 1 (for the other simplices
the same considerations apply) Q! is generated by the first n, columns Viofv=[VV].
Then, if x,; € Ql

_ 1 o
r=Via=[VV] {0

where & € R", & > 0,17 = Wq(x,) and a = [@” 07]T € R™. It follows that

=Va,

»

w=Fx, =0 (V) 'Wa=0'a = [0 0] {‘g

2A simplex (plural: simplices or simplexes) is the simplest kind of polytope with nonempty interior. In
R"r it corresponds to the convex hull of n,, + 1 affinely independent points.

|-va
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Figure 17: Partitions of Q = U?:l Q! and of R? = U?:l Cl.

6.2 Testing contractivity

The second step of the method consists in verifying if the control law (136) guarantees
the contractivity of Q for (125), which takes into account all possible values for & € A
and not only the finite set A;.

Theorem 6.1. Consider a controlled A-contractive polyhedral C-set Q for (126) and the
corresponding control law (136). If

0(Q,J,1) £ A +c1(Nkaks (Q)ea(Q) < 1, (137)

where
etAp) 1
1 (J) = W if u(Ap) #0,
Ty ifu(Ap) =0
C4(Q) = TQ(%)

(already defined in the statement of Theorem 4.2) and

Y

ko £ max (eH40)n, Hn)) k(@) & max [|A,x, + B (xp)]
Xp€

then:
a) Q is controlled 0(Q,J, A)-contractive for (125);

b) The control law (136) guarantees the 6(Q.,J, A)-contractivity of Q for (125) (equiv-
alently, Q is 8(Q,J, A)-contractive for (124), which represents the closed loop com-
posed by (125) and (136)).

Proof: 'We will prove items a) and b) simultaneously. We have to show that x,, ;1
given by (125) with u; given by (136) satisfies

Wolxphi1) < O(QJ,A), Vi, €Q, Vo €A
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Given x, ; € Q,0; € A, there exist dy € Ay and 7 € [0, 7] such that & = di + 7. From
Lemma 4.5, the following identity holds for all (x,,u,d, ) € R 2

A(d +1)xp +B(d +T)u = A(d)x, + B(d)u+®(1)e*r? (A ,x, + Byu).
Using the relation above, one has:

Xp k1 = Aldi + ) xpx + B(di + ) f (Xp )
= iA(dk)pr( + B(dk)f(xp’k)/+q)(fk)eApdk (Apxp i+ Bpf(xpk))J (138)

L L
=Vk+1 =Zk+1

From the fact that uy = f(x,x) given by (136) assures the A-contractivity of Q for
(126), di, € Ay and x, ; € Q, it follows that

Yo(rr1) <A, (139)
Since 7, € [0, 7], we also know that (see (87)):
[P() || < c1(J)-

Moreover, considering that ||e?r%|| < e#(4»)s for all s > 0 (see VAN LOAN (1977)),
one has:

HeA,,dk

< max (e“(A”)Tm,e“(AP)TM> = k.

Using the inequalities above we conclude that

eApdk

Jexr | < 1| ||| [4pxp+ Bof (5| < €1 (Dkoks (@),

i.e. zxpy1 € c1(J)kaks(Q)A. Then, from (138), (139) and the properties in Lemma 2.2, we
get that

Wa(xpir1) <o) +Palzie) <A +cei(Nkoks(Q)Pa(%) =0(Q,J,1),

as we wanted to show. |
Notice that J € N can be freely chosen by the user of the method. Thus, if (137) is
not satisfied for some value of J, we recommend to increment it (as it is done in the other
chapters) and to recompute the solution of (130).
The constant k3(Q) can be obtained, in practice, as follows:
AV LUl

k3(Q) = max
l

To see why, notice that, given arbitrary x,, € Q, property b) of f(-) guarantees the existence
of @ € R™, & >0, 17t = Pq(x,) < 1, such that

o] = o]



86

Then

Z(APV +BpU)OC(i)€i
i=1

1Apxp+Bpf ()| = || (ApV + BoU )| =

1y

Z Ot(i) (Apv(i) +BPU(i)) < Z OC(,')
i=1 i=1

(i oc(,-)> max 4,V + B,U
i=1

where ¢; is the i-th canonical base vector of the Euclidean space and

AV 4+ B,U0

IN

< max HA,,VU) +B,,U(">H =k (Q),

1y
Z o) <1 since 1"a=%q(x,) <1

i=1

6.3 Stability of the closed-loop system

We know from the preceding discussion that, if the P-set Q and the corresponding
control law (136) obtained in Section 6.1 satisfy the condition of Theorem 6.1, then Q is
6-contractive for (124) with f(x,x) given by (136). From the piecewise linear structure
of (136) and the shape of the simplices Q!, the control law is positively homogeneous of
order 1 inside Q, i.e.

flexp) =cf(xp), Vx, € Q, Ve € [0,1].
Thus, it follows that the closed-loop system (124) satisfies
F(cxp) =cF(xp), Vx, € Q, Vc € [0,1].

Applying Corollary 2.1 (with A replaced by ), we conclude that all trajectories {x, s }xen
of (124) have the following property:

Xpk € EQ = Xpppm € 0"eQ, Vec[0,1], YmeN,

that is, the origin of (124) is asymptotically stable and Q is included in its region of
attraction. This is also true for the continuous-time system composed by (1) and (2) with
f(x,(t)) given by (136), as explained at the beginning of the chapter.

6.4 Numerical examples

Two numerical examples are presented next to validate the proposed method.

6.4.1 Example I

Consider system (1),(2),(5) with
01 0
A, = [1 0} , By = [_5} , A=10.05,0.1],

where % = {u € R: ||lu|| < 1}. Problem (130) was solved using the KNITRO toolbox
(BYRD; NOCEDAL; WALTZ, 2006) and considering n, = 10, A = 0.99, J = 50 and
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w = 1. The columns of R, i.e. the directions along which the polyhedron is maximized,
correspond to the elements of the following set:

{ote)] 0 =5 g mu .

The resulting 6(Q,J, A)-contractive polyhedron Q is shown in Figure 18, where 6 =
0.999. Notice that, even if n,, = 10, Q has only 6 vertices (there are 4 redundant columns
in the vertex representation Q = ¥((V)). This set belongs to the RAO of the closed-loop
system with the piecewise linear control law (136), whose gains are presented in Table 1.
The corresponding simplices are depicted in Figure 19.

Table 1: Feedback gains of the piecewise linear control law (136) for Example I.

Simplex F! Simplex F!
1 [0.0064464 0.071316] 4 [0.0081126 0.072518]
2 [0.40709 0.47196] 5 [0.40589 0.4703]
3 [0.23921 0.23921] 6 [0.23921 0.23921]

For comparison purposes, we also show in Figure 18 the estimates of the RAO of
the closed-loop system with the linear saturated control law (3) obtained with the control
design method of Chapter 3, which considers quadratic Lyapunov functions. The gains
K, =[2.6 1.4] and K, = [1.13 0.94] are the ones considered in that chapter. As it can
be seen, the method presented in Chapter 6 was able to provide a feedback control law
of low complexity for which the corresponding estimate of the RAO of the closed-loop
system contains the estimates obtained with the method of Chapter 3 considering a linear
saturated state feedback.

10}

-10 F

Figure 18: Estimates of the RAO of the closed-loop system considering (136) and the
proposed method (black-continuous) and considering the linear saturated control (3) and
the method of Chapter 3 (blue-dashed for K, = [2.6 1.4] and blue-continuous for K, =
[1.13 0.94)).
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10

o

“10+

Figure 19: Partition of Q into simplices for Example I.

In Figure 20, the trajectories with xp(O) at the vertices of Q and considering (136)
with & randomly chosen in the interval A are shown. As expected, the convergence of
the trajectories to the origin is ensured showing that € is indeed included in its region of
attraction.

10}

ot

Tp2
=
T

-10 F

-15 -10 -5 0 5 10 15

Figure 20: Trajectories starting at the vertices of € for Example I.
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6.4.2 Example II
Consider system (1),(2),(5) with

10 1
= s 2] = [[] 5= 00son,
and the set Z = {u € R: |u| < 1}. Problem (130) was solved considering n, = 10, A =
0.98, J =20 and w = 1. The chosen columns of R are the same as in the previous example.

The resulting 6(Q,J,A)-contractive polyhedron Q is shown in Figure 21, where 6 =
0.996. This set belongs to the RAO of the closed-loop system with the piecewise linear
control law (136), whose gains are presented in Table 2.

For comparison purposes we show again (in Figure 21) the estimate of the RAO of
the closed-loop system with the linear saturated control law (3) obtained with the control
design method presented in Chapter 3. As it can be seen, the approach of this chapter was
able to provide a feedback control law for which the corresponding estimate of the RAO
of the closed-loop system is considerably larger than the estimate obtained with the other
method considering a linear saturated state feedback. If we replace the number of vertices
n, = 10 by n, = 20, then the resulting polyhedron includes the latter estimate, as it is also
shown in Figure 21.

Figure 21: Estimates of the RAO of the closed-loop system considering (136) and the
proposed method (black-continuous for n, = 10 and black-dashed for n, = 20) and con-
sidering the linear saturated control (3) and the method of Chapter 3 (blue-dashed for
K, = [—10.70 4.38]). Outer approximations of the maximal controlled A-contractive C-
set for (126) in blue-continuous.

Moreover, Figure 21 depicts a decreasing sequence of outer approximations of the
maximal controlled A-contractive C-set for (126) (with J = 20, A = 0.98) obtained with
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the method proposed in BLANCHINI (1994). By visual inspection it is possible to have
an idea about the conservatism of our method. Notice that the obtained set €2 is an inner
approximation (of low complexity) of the maximal controlled A-contractive C-set for
(126). Furthermore, we guarantee that € also is controlled contractive for (125) applying
the result of Theorem 6.1.

Table 2: Feedback gains of the piecewise linear control law (136) for Example II.

Simplex F! Simplex F'
1 [-2.7763 1.23] 6 [-2.4724 1.2333]
2 [-2.4569 0.45893] 7 [-2.5903 0.91817]
3 [-9.8438 3.6367] 8 [-2.1301 0.31834]
4 [-1.712 1.2823] 9 [-6.8346 2.3422]
5 [-2.1273 1.3258] 10 [-2.2615 1.4124]

The division of the polyhedron € into simplices is illustrated in Figure 22.

-0.6 -0.4 -0.2 0 0.2 0.4 0.6

Figure 22: Partition of Q into simplices for Example II.

Figure 23 is analogous to Figure 20, that is, it shows several trajectories of the closed-
loop system with x,(0) at the boundary of & and with J; randomly chosen in the interval
A. As expected, the trajectories converge to the origin.
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-0.6 -04 -0.2 0 0.2 0.4 0.6

Tp1

Figure 23: Trajectories starting at the vertices of € for Example II.

6.5 Concluding remarks

The problem of stabilization of aperiodic sampled-data linear systems subject to input
constraints was tackled using a polyhedral framework. The proposed method finds a poly-
tope of fixed complexity which is controlled contractive for the dynamics of the system
between two consecutive sampling instants. From this polytope it is possible to derive a
feedback control law for the system. Among the different existing approaches to do that
(e.g. BLANCHINI; MIANI (2015)), we chose to construct a piecewise linear control law.
As explained at the beginning of the chapter, the obtained polytope is included in the RAO
of the continuous-time plant in closed loop with the computed sampled-data control law.
Even if, in principle, only a local optimum will be found for the optimization problem on
which the method relies, numerical examples show the efficiency of the resulting feed-
back control, for which the corresponding estimates of the RAO were larger than the ones
obtained with the method presented in Chapter 3 considering linear saturated feedback
control laws.

As a future work, it would be possible to analyze the numerical issues related to the
solution of (130), which depends on bilinear constraints, specially for systems of higher
dimension. It would also be interesting to consider the case where the system dynamics
is subject to additive disturbances.

The results in this chapter have been published in HUFF; FIACCHINI; GOMES DA
SILVA JR. (2021).
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7 STABILIZATION IN A STOCHASTIC FRAMEWORK

As explained in the Introduction, a common feature of the preceding chapters is that
they consider a non-stochastic framework, where hard bounds are imposed for the sam-
pling interval of the system. This assumption, however, can be quite conservative in some
cases. Thus, the aim of the present chapter (and of the paper to be submitted HUFF; FI-
ACCHINI; GOMES DA SILVA JR. (2022e)) is to consider a stochastic framework, where
the sampling intervals are assumed to be random variables with the Erlang distribution.
As it will be shown, this distribution allows to model sampling intervals whose proba-
bility density function has unbounded support and is concentrated around a value, which
may represent the nominal sampling interval of the system in the ideal case where there is
no uncertainties. Moreover, the Poisson sampling process, considered in detail in HUFF;
FIACCHINI; GOMES DA SILVA JR. (2022d), corresponds to a particular case, as it will
also be discussed in this chapter.

The stochastic framework in this chapter leads to quite different theoretical devel-
opments, which are based on the theory of SHSs (stochastic hybrid systems) or, more
precisely, PDMPs (Piecewise Deterministic Markov Processes). The aim of the proposed
method is to provide convex conditions for the global stabilization in the mean square
sense of the closed-loop sampled-data system, where the control input is subject to a sec-
tor bounded nonlinearity. Moreover, the possibility of packet dropouts is explicitly taken
into account and modeled through a Bernoulli distribution.

The chapter is organized as follows. Section 7.1 presents basic definitions and pro-
poses an equivalent SHS representation for the closed-loop sampled-data system. Sec-
tion 7.2 presents the main results related to the control design method. Section 7.3 shows
some numerical examples. At last, some concluding remarks end the chapter.

7.1 Problem Formulation

Consider the linear model (1), recalled here for ease of reference:
xp(t) = Apxp(t) +Bpul(t) (140)

where x, € R" and u € R™ are the state and the input of the plant, respectively. The
control input is updated at the sampling instants #; and kept constant (by means of a zero-
order-hold) for all ¢ € [f,#;. 1) according to the law:

Lt , fort e [l‘k,lk_|_1)

pxp (t, ) +K,u(t,)), if no packet dropout (141)
otherwise
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where K, and K,, are matrices of appropriate dimensions and ¢ : R™ — R™ denotes an
actuator nonlinearity (e.g. saturation, deadzone, quantization, etc.). Note in (141) that
u(t) is updated at time #; only if the corresponding packet of measurement data from
the sensors is not lost due to some misbehavior of the control network, otherwise the
controller maintains the current input until the next sampling instant #;, ;. It is assumed
that ¢ is decentralized, i.e.

¢(8) =1[01(E1) 92(82)) - (i), € €R™, (142)

and satisfies a sector condition (see the List of Symbols):

0i(-) € secld;,di], VieN,,. (143)

Note that (141) is based not only on the sampled value of the state x,, but also on the
value of the last control input applied to the plant, where the use of the term K,u(z,") has
already showed its benefits in Chapter 3, which considers a non-stochastic framework.
The probability of packet dropout is g € (0,1) for all z; and the events of packet dropout
for each t; are mutually independent between them.

We recall that by convention #y = 0 and that the sampling interval is denoted by &, =
trr1 — tr. It is assumed that {J }rewy is a sequence of i.i.d. random variables with the
Erlang distribution (see details, for instance, in PAPOULIS; PILLAI (2002, Pgs. 87-89))
of degree v € N, and rate A € R, i.e. O ~ E(v,A). The corresponding probability
density function in this case is given by (PAPOULIS; PILLAI, 2002, Pg. 87):

lvsv_le_’ls
fs() =24 (v=1)

0, otherwise.

520, (144)

The Erlang distribution has been successfully used to model the stochastic behavior of
networked control systems under random sampling in SHEN et al. (2017). As illustrated
in Figure 24, it allows to model an event whose probability density function is concen-
trated around a value, which may represent the nominal sampling interval of the system
in the ideal case where there is no uncertainties. In particular, note that the mean and the
variance of the sampling interval &, ~ E(v,A) are, respectively, v/A and v/A?. More-
over, the exponential distribution, considered for instance in TANWANI; CHATTERIJEE;
LIBERZON (2018) and HUFF; FIACCHINI; GOMES DA SILVA JR. (2022d), is a par-
ticular case for v = 1, as it can be seen from (144), see also Figure 24.

It will be convenient to define D = Diag(d,,...,d,,), D = Diag(dy,...,dy), D = D —
D and ¢(¢) = ¢({) — DL. From these definitions and (143), the i-th component of the
nonlinearity ¢ belongs to the sector sec[0,d; —d,]. In other words, ¢ satisfies the following
sector condition, adapted from TARBOURIECH et al. (2011, Lemma 1.4).

Lemma 7.1. Given a diagonal matrix T € R™™. T = 0,
¢"(E)T(DE (L)) 20, VL e R™. (145)
Consider now x = [x], u’]" € R", n = n,+m. The dynamics (140)-(141) can be

described by the following impulsive system, where the packet dropouts are modeled by
a Bernoulli process {0y }ren . (i.e. a sequence of i.i.d. Bernoulli random variables) with
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10
7(‘/7)’) = (1710>
s | —(v,2) = (2,10)
7(‘/7)’) = (3710)
6 | 7(\/71) = (5720>
= —(v,2) = (740)
= (v,A) = (9,20)
4 \\
24
0 ‘
0 08 1

Figure 24: Probability density function (144) of the Erlang distribution for different values
of the parameters v and A.

Ploy = 0] = o and Ploy = 1] = py = 1 — py, where o, = 0 means that a packet dropout
occurs:

x(t) =Acx(t), Vi >0, t#1t, Vke Ny (146a)
_ Jax()), ifoy =1,

x(t) = {x(tk_i o =0 Vk e N, (146b)

g(x) = Agx+ B, ¢ (Kx) (146¢)

where x(0) = xo € R", A; £ A, + B,DK and, cf. also (10) and (44):
__|Ap By nxn . In,, 0
A = { ] eR™", A =T

nxn
00 ] e R™,
B, = LSJ eR™™  K=[K,K,|] € R"™".

Definition 7.1. The equilibrium point x = 0 of (146) is mean exponentially stable (MES)
if there exist constants ¢,y > 0 such that for every initial condition xy € R":

E[llx(0)[%] < ce™" lxol%, Ve > 0 (147)
where 'y > 0 will be referred to as a decay rate of the trajectories of the system.

From Markov’s inequality (DAVIS, 1993, Pg. 12),

E[||x(1)|]
PlIx(0)] > ) < “IEOL
that is, the decay rate corresponds to a measure of how fast the probability of ||x(¢)|| being
large decays with time.

The problem we focus on in this chapter can now be stated.

Problem 7.1 (Mean square exponential stabilization). Given the parameters L,V and A,
provide convex conditions for the design of the feedback gain K such that the resulting
closed-loop system (146) is MES.
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7.1.1 Equivalent SHS representation

Next we present a SHS representation for (146), where we use the fact that a Erlang-
distributed random variable X ~ E(v,A) of degree V is statistically equivalent to the sum
of v mutually independent exponentially distributed random variables X; ~ E(1,1), i.e.
(cf. BILLINGSLEY (1995, Exercise 23.2)):

X~Y X (148)

This feature will be important to derive convex conditions for the stabilization of the
closed-loop system.

Consider the augmented state (¢,x) € N, x R" and a sequence {6 }ren, With the same
distribution of { }ren, . Consider also a sequence {ry }xen of reset (or jump) times, with
ro = 0, for the proposed SHS model given by:

(q(1),x(1)) = (0, Acx(1)), Vt>0,t#n, Vke Ny (1492)
(q(rk)?x(rk)) = \P(Q(rk_)ax(rk_)v 6/()7 Vk € N—l— (149b)
(g+1,x), ifg<v

¥(q,x,0) = El,g(x), if (¢,0) = (v,1) (149¢)
1.x

%), if (¢,6) = (v,0)

where (go,x0) 2 (¢(0),x(0)) and {p }reny = {rs1 — % Yren is a sequence of i.i.d. random
variables with p; ~ E(1,1) exponentially distributed, i.e. the counting process

N, 2sup{keN: r, <t} (150)

is a Poisson process (DAVIS, 1993, Pg. 37),(PAPOULIS; PILLAI, 2002, Pg. 378) of rate

A > 0, for which
At)"
P[N; =n] = e_l’u.
n!

Moreover, since p; has the exponential distribution (PAPOULIS; PILLAI 2002, Pg. 88):

Fo(s) 2 Plpp<s]=1—e*, VkeN,Vs>0. (151)

Figure 25: Graphical representation of the SHS (149).

Figure 25 presents a graphical illustration of the dynamics described by (149). The
sampling instants #; of (146) are represented by the transition from ¢ = v to g = 1 while
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the other jumps of (149), which do not affect x(z), allow to express the behavior of sys-
tem (146) through exponentially distributed random variables p; ~ E(1,4). Indeed, we
claim that x(7) in (146) is statistically equivalent to x(¢) in (149) if go = 1. To understand
why, let us denote by {7 }ren the sequence of times at which the transitions from ¢ = v
to ¢ = 1 of (149) take place. Then, it suffices to notice that, if gy = 1, {#; }xen, given in
this case by {f }xey = {rvi Jren, has the same distribution of {#; }ren in (146). This is a
direct consequence of the discussion at the beginning of this subsection and of the way
these sequences are defined:

{fr1 — T bkew = {ry (k1) — vk fren
v(k+1)—1
= { Z Pi} Ak en
i=vk keN (148)
= {tky1 —tr b ren-

These facts allow to address Problem 7.1 considering model (149), which involves the
exponential distribution, as in the next section.

Remark 7.1. Note that model (149) is slightly more general than (146), since the time
elapsed until the first transition from g = v to ¢ = 1 can have any one of the distributions
fi ~ E(V,1),V € Ny, depending on the initial condition of q(t). More precisely, using a
reasoning similar to the one outlined above, one concludes that:

h~EWV,A) < qgo=v—V+1, VEN,.

7.2 Mean Square Exponential Stabilization

The main results of the chapter are presented next. Section 7.2.1 considers the non-
linear case and Section 7.2.2 shows that in the linear case, that is, when

O (Kpxp + Ku) = Kpx, + Ky,
the proposed stabilization conditions are non-conservative (i.e. necessary and sufficient).

7.2.1 The general case

According to the definitions in DAVIS (1993, Section 24), system (149) belongs to the
class of PDMPs (which is a subclass of SHSs, cf. TEEL; SUBBARAMAN; SFERLAZZA
(2014, Table 1)), where the state space and the boundary set are, respectively,

E2N, xR"'andT £ 0.

Assumption 24.4 of DAVIS (1993) is indeed satisfied since N;, defined in (150), is a
Poisson process, for which E[N;] = At < o (PAPOULIS; PILLAI, 2002, Pg. 378). Given
a function

V(g,x),

these facts allow to establish the following key result, which is closely related to Theo-
rem 2 of HESPANHA (2014).
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Theorem 7.1. Consider system (149) and a continuously differentiable functionV : E —
R such that

El) \V(q(rk),X(rk))—V(Q(rk),X(rk))I] <o, VT 20, V(qo,x0) € £, (152)

}’kST
where q(r, ) = q(ro) = qo by convention and similarly for x(r, ). Then, fort >0,
t
IV (a0)-5(0)] = Va0, 20) +E | [ 9V (a(0)x6) | Ao € B 153)

where

aV(q,x)

UV (g,x) £ === Ax+4(QV(g,x) =V (q,%)), (154)
A V(C[+1,X), l.fq<V,
Qvig.x) = { WV(1g(0) + oV (L), ifg=v. (155)

Proof: The result follows from DAVIS (1993, Theorem 26.14) and DAVIS (1993,
Remark 26.16), which guarantee, under condition (152), that Eq. (14.17) in DAVIS
(1993) holds (which corresponds to (153)). |

Relation (153) is known as the Dynkin’s formula (DAVIS, 1993, Pg. 33) and can be
intuitively interpreted as a stochastic version of the fundamental theorem of calculus. The
first term of the right-hand side of (154) is just the usual time derivative of V(g,x) along
the trajectories of x(7) = A.x(¢) while the second term accounts for the jumps at the reset
times. Note also that one of the transitions of (149) (the jump fromg=Vvtog=1)is
stochastic and depends on a Bernoulli random variable (that is why there are two terms in
the second line of (155)).

Now we are ready to state our main stabilization result, whose proof is in Appendix A.7.

Theorem 7.2. Ifthere exist y >0, Y € R™*" and positive definite matrices W, € R"*" Vg €
Ny, and S € R™™ diagonal such that

AW, + WAL +(y =)W, *
Wy q ;Vq q _% <0, Vg<v, (156a)
AWy + W AT + (Y= )Wy« x *
DY -25 * *
AW, + B,.DY B,S _/{V_l « | 20, (156b)
' = ’ My
W
| WV O O _A,_‘L:()

then for K =YW, U the system (146) is MES with decay rate 7.

The proof of the theorem above, based in Theorem 7.1, considers a Lyapunov function
of the form

V(g,x) =x" Px

for the SHS (149). This choice is not arbitrary but motivated by the fact that it leads to
non-conservative (i.e. necessary and sufficient) stabilization conditions in the linear case,
as we will show next.
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Remark 7.2. Until now we have considered that ly € (0,1). If uo = 0 (that is, zero
probability of packet dropouts), then LMI (156b) is replaced by

AWy + WAL + (Y= )W, % %
DY —25 % | =<0. (157)
AWy +B,DY B,S —%t

7.2.2 The linear case
Consider the case where ¢ ({) = { and (146c¢) reduces to
g(x) =Ayx= (A, +B,K)x. (158)

The following theorem provides necessary and sufficient conditions for the mean square
exponential stabilization of the closed-loop system in this case.

Theorem 7.3. There exists a gain K such that the system (146) with g(x) given by (158)
is MES if and only if there exist Y € R™*" and positive definite matrices WqL e R™" Vg €
Ny, such that

(AW +WIAL =AW %
wk | <0, Vg<v, (159a)
WL _ g+l
L q A
AWE+WEAT —AWE %
WL
AWE+BY —2n x| =0, (159b)
L Wi
i Wy 0 — 7w
with K =Y (W)~
Proof: See Appendix A.8. [ ]

Remark 7.3. As in Theorem 7.2, it is possible to guarantee a specific decay rate y* > 0
in (147) replacing (159) by

AWE L WEAT + (Y —2)WE
cra e T v | =0, vg<v, (160a)
wL _Za+l
L q A
AWE+WEAT + (Y —A)WE  « %
WL
AWy +B,Y —7m * | =xo0. (160b)
WL
! W R

7.2.2.1 Poisson sampling process

The Poisson sampling process corresponds to the particular case where yy = 0 and
v = 1, that is, zero probability of packet dropouts and exponentially distributed sampling
intervals. Consider the following corollary of Theorem 7.3, where W = WIL = W[ (HUFF;
FIACCHINI; GOMES DA SILVA JR., 2022d).

Corollary 7.1. There exists a gain K such that the system (146) with uy = 0, O exponen-
tially distributed and g(x) given by (158) is MES if and only if there exist Y € R™*" and
a positive definite matrix W such that

AW +WAT AW %

AW+BY ¥ <0 (61)

with K =YWL,
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After application of the Schur’s complement, (161) becomes, with P = W~
PA.+AIP+A(ATPA; — P) <0,

which is a known necessary and sufficient condition for the mean square exponential
stability of a impulsive system of the form

x(t) =Acx(t), V>0, t#1t, Vke Ny (162)
x(tx) = Agx(t, ), Vk e N4 (163)

when the intervals between the impulses are exponentially distributed (see, for instance,
TANWANI; CHATTERIJEE; LIBERZON (2018, Theorem 5.1) or ANTUNES; HESPANHA;
SILVESTRE (2013, Theorem 7)).

Moreover, the mean square stabilization problem of system (140) subject to a Poisson
sampling process has already been dealt with in TANWANI; CHATTERJEE; LIBERZON
(2018) considering the control law

u(t) = Kpxp(t ), V1 € [ti,tit1), (164)
which is a particular case of
u(t) = Kpxp(t ) + Ku(ty),  Vt € [t tiey1)- (165)

It should be noticed that the results in TANWANI; CHATTERIJEE; LIBERZON (2018)
are derived from a different impulsive system, where the error between x, () and its last
sampled value until time 7 is considered as an additional state variable (see TANWANI;
CHATTERIJEE; LIBERZON (2018, Eq. 14)). In this case, due to a different problem
structure, it is not possible to obtain non-conservative convex conditions for the computa-
tion of K,. In our method, this problem is overcome by considering a different impulsive
representation and a more generic control law, which also depends on the past value of
the control input. We briefly recall below the method of TANWANI; CHATTERIJEE;
LIBERZON (2018), which provides only a partial solution to the stabilization problem,
since it is based on the assumption below.

Assumption 7.1. There exist positive definite matrices R = RT and P = PT which solve
the algebraic Riccati equation

T —1pT
ATP+PA,—2PB,R™'BIP=—aP, a >0, (166)

and such that (A —BpR_lBgP) is Hurwitz. Moreover, the matrix P = P(a) has the
property that for some p > %

A P
lim sup max( )

< oo, 167
n o (167)

i.e. Amax(P)=0(at?) as a | 0.

This assumption is rather strong, as recognized in TANWANI; CHATTERIJEE; LIBER-
ZON (2018, Pg. 239). Indeed, in general, Assumption 7.1 is not expected to hold for
systems where A, has eigenvalues on the open right-half complex plane (see Remark 6.4
in TANWANI; CHATTERIJEE; LIBERZON (2018)). Note that even verifying Assump-
tion 7.1 is not a simple task. It is necessary not only to solve the Riccati equation (166) to
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obtain the matrix P = P(c) > 0, but also to analyze property (167). It is possible to get
some insight about the behavior of the ratio A4, (P)/a? computing it for a grid of values
of the pair (&, p) € (0,0) x (3,0). However, this numerical procedure does not formally
guarantee that (167) holds.

In case Assumption 7.1 is satisfied, the stabilizing control law is given by the result
below (TANWANI; CHATTERJEE; LIBERZON, 2018, Theorem 6.5).

Lemma 7.2. Suppose that Assumption 7.1 holds and that the sampling intervals are ex-
ponentially distributed. Then there exists o¢ > 0 (sufficiently small) such that the feedback
gain

K,=—R'BlP(at) (168)
where P(o) solves (166) renders the closed-loop system (140)-(164) mean exponentially
stable.

Notice that Lemma 7.2 is non-constructive in the sense that it does not provide a valid
value for @ > 0, which difficults the use of this result in practice. On the other hand, the
results derived in this chapter do not have this limitation and can be easily applied, since
they rely on semidefinite programming problems, like Corollary 7.1 in the particular case
of a Poisson sampling process or Theorems 7.2 and 7.3 if the sampling intervals have the
Erlang distribution. Moreover, these results are valid in the general case and not only for
the class of systems which satisfy Assumption 7.1.

7.3 Numerical Examples

This section presents two numerical examples to illustrate the applicability of the
proposed stabilization method, where the control law (141) is initialized with u(0~) = 0.

7.3.1 Example I

- pl)

Figure 26: Cart—spring—pendulum system. Adapted from TARBOURIECH et al. (2011,
Example 8.3).

Consider the system matrices

0 1 0 0 0
—330.46 —12.15 -2.44 0 2.71762
Ap= 0 0 o 1l° B, = 0 (169)

—812.61 —29.87 —30.10 0 6.68268
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taken from a cart—spring—pendulum system (see Fig. 26), which has been fully described
in GRIMM et al. (2003) and has also been used in DAI et al. (2010) and TARBOURIECH
et al. (2011, Example 8.3), for instance. The state is given by x, = [p p B B]T, where
p(t) is the linear position of the cart and (¢) is the angular position of the pendulum.
The control input u(t) is the voltage applied to the armature of the DC motor of the cart.
Consider the parameters v =3, A = 10, tp = 0.05 and y; = 0.95 to model the stochastic
sampling effects and recall that, as shown in Figure 24, the Erlang distribution allows
to model an event whose probability density function is concentrated around a value.
Assume that u(t) is subject to saturation, that is, the nonlinearity ¢(-) in (141) satisfies
the sector condition (143) with D = I,, and D = 0.

0.25 ¢

0.2

0.15 | | "’

=
0.1} ] %('/
:’, ‘| 5
< 005l /) 11;/
e
g o (A
= i
= ‘i.!; -j
= -0.05| .
I Ry %
4
0.1} g 'I
é!""“; /
a5 7
_0.15 1
il
D ’-
0zl S €
,[)Qf’, 1 1 1 1 1 1 1 I 1 1 1
-0.05 -0.04 -0.03 -0.02 -0.01 0 001 0.02 003 004 0.05

p(t) (m)

Figure 27: Trajectories of the closed-loop system composed by (140)-(141), (169) and
(171) in the subspace of [p(t) B(t)]", where the initial conditions are depicted by blue
circles and the state at the sampling instants #; by black ones.

The feedback matrix K = [K,, K,| € R"™*" will be computed such that the resulting
closed-loop system (140)-(141) is MES. Moreover, as a second control objective, the gain
K will be designed to maximize the decay rate of the trajectories of the linear model com-
posed by (140) and (141) with ¢ (-) replaced by the identity function, which corresponds
to the behavior of the nonlinear closed-loop system (140)-(141) when the control input
does not saturate. Combining the results of Theorems 7.2 and 7.3 and Remark 7.3, the
following optimization problem is proposed:

max
yL7Y7S7anWqL

subject to:  (156),(160),
S = 0 (diagonal), (170)
Wy =0, Wr >0, Vg e Ny,
Wy =Wk



103

where ¥ > 0 in (156) is fixed a priori. Then the resulting feedback gain is given by
K=YW,) '=ywh.

Note that the use of a common Lyapunov matrix W, = W{ allows to construct an opti-
mization problem with LMI constraints for each fixed value of y*. More precisely, (170)
corresponds to a generalized eigenvalue problem (BOYD et al., 1994, Section 2.2.3) and
can be solved using bisection on ¥ and a semidefinite programming algorithm.

Applying (170) with ¥ = 0.01, one obtains " = 0.0225 and
K= [12.87 0.24 —0.21 0.032 —0.00076} , 171)

which makes the closed-loop system (140)-(141) MES. Figure 27 shows several trajec-
tories of the closed-loop system in the subspace of [p(¢) B(z)]” for different initial con-
ditions (depicted by blue circles, with p(0) = 0 and 3(0) = 0) and different realizations
of the sequences {& }ren and {0y }ren, , Where the black circles represent the sampling
instants. As it can be seen, the trajectories converge to the origin, and p(¢) converges to
zero faster than f(z).

7.3.2 Example II

Consider the linear, Poisson sampling case described in Section 7.2.2.1 with the pa-
rameter A = 3. Recall that the control law (141) reduces to (165). Consider also the
following system matrices, already used in previous chapters:

A, = [(1) (1)] , B,= {_05] . (172)

Assumption 7.1 was numerically tested and does not seem to hold, what is in accor-
dance with Remark 6.4 of TANWANI; CHATTERIJEE; LIBERZON (2018), since one of
the eigenvalues of A, is equal to 1. Thus, the stabilization result proposed in TANWANI;
CHATTERIJEE; LIBERZON (2018), i.e. Lemma 7.2, cannot be applied in this case. On
the other hand, applying the results of Corollary 7.1 and Remark 7.3 (which is also valid
for (161) mutatis mutandis), one obtains the following feedback gain:

K = [0.2536 0.2574 0.0032] , (173)

which renders the closed-loop system mean exponentially stable with decay rate Y- =
0.49.

Figure 28 shows several trajectories of the closed-loop system in the x,-subspace for
some realizations of the sequence {8 }ren, Where the initial conditions, depicted by blue
circles, satisfy ||x,(0)|| = 1. As one should expect, the trajectories converge to the origin.
We recall that x,(¢) is continuous. On the other hand, its derivative is discontinuous at the
sampling instants (represented by black circles) because of the update of the control input
u(t) using the law (165).
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Figure 28: Trajectories of the closed-loop system composed by (140), (165), (172) and
(173) in the x,-subspace, where the initial conditions x,(0) are depicted by blue circles
and the state at the sampling instants #; by black ones.

7.4 Concluding remarks

In this chapter, LMI conditions are proposed for the mean square exponential stabiliza-
tion of randomly sampled linear systems subject to control input nonlinearities and packet
dropouts, where the sampling intervals are considered to be Erlang-distributed random
variables. Unlike SHEN; WANG; HUANG (2016); SHEN et al. (2017); HU et al. (2022);
SUN; SUN; CHEN (2021), which focus on the discrete-time trajectories of the system,
our method formally guarantees the exponential stabilization of the continuous-time sys-
tem. Moreover, it is non-conservative in the linear case. Besides that, the proposed ap-
proach has some advantages over the one of TANWANI; CHATTERJEE; LIBERZON
(2018), which deals with the particular case of a Poisson sampling process, as explained
in Section 7.2.2.1.

As a future work, it would be interesting to consider other (and more general) distribu-
tion functions for the sampling interval of the system as well as the presence of measure-
ment noise. Another idea consists in dealing with the case where only local stabilization
(in a probabilistic sense) around the origin is possible.

The results in this chapter have been published in HUFF; FIACCHINI; GOMES DA
SILVA JR. (2022d) and are also the subject of a new paper to be submitted (HUFF; FI-
ACCHINI; GOMES DA SILVA JR., 2022e).



105

8 CONCLUSIONS

This study has proposed methods for the stability analysis and stabilization of lin-
ear aperiodic sampled-data systems subject to input saturation (in Chapters 3—5) or more
general input constraints (in Chapters 6 and 7) considering in most cases a non-stochastic
framework but also a stochastic one in Chapter 7. The associated numerical algorithms
were based on semidefinite or linear programming (with the exception of Chapter 6) and
can therefore be easily applied using off-the-shelf optimization softwares. It should be no-
ticed that there is an extensive literature on the subject, specially in the non-stochastic case
to the best of the author’s knowledge (see, for instance, the survey HETEL et al. (2017)).
In other words, this work has proposed some new contributions to this research field but
it is by no means exhaustive (some ideas of future works are discussed afterwards).

The problem of computing estimates of the region of attraction of the origin of the
sampled-data system under input saturation was dealt with in Chapter 3 considering a
quadratic approach (which can be seen as an evolution and generalization of the previous
work in FIACCHINI; GOMES DA SILVA JR. (2018)) and in Chapters 4 and 5 con-
sidering polyhedral ones, which employ the SNS embedding of the saturation function
(ALAMO et al., 2006) and some concepts on set invariance theory (BLANCHINI; MI-
ANI, 2015). As explained in KHALIL (2002, Pg. 122), the notion of RAO is important
because it gives an idea about the robustness of the equilibrium point of the system, i.e.
how far from the equilibrium point the trajectory can start and still converge to it as ¢ goes
to co. As pointed out in TARBOURIECH et al. (2011), the estimates of the RAO can
be seen as safe regions of operation for the closed-loop nonlinear system. The analytic
characterization of these estimates is therefore important to manage the trade-off between
performance and stability. A control law that guarantees an extremely good performance
can be useless if the associated RAO is too small.

Even if the open-loop system is not unstable, to satisfy performance criteria around
the origin, it may be interesting to use a control law that ensures only local stability
of the origin and to compute the corresponding estimate of the RAO (TARBOURIECH
et al.,2011). In this case, one can also use a switched control law, where we start with a
global stabilizing control law and, as the state approaches the origin, we switch to a more
performing one. The estimate of the RAO will then define the switching region.

As already mentioned in the Introduction, because of their flexibility, adopting poly-
hedrons instead of ellipsoids allows a reduction of conservatism regarding the estimates
of the RAO but is very demanding in terms of computational complexity (BLANCHINI;
MIANI, 2015). Thus, it depends on the case whether or not it is advantageous to use the
methods of Chapters 4 and 5 instead of the one of Chapter 3. It also depends on the case
whether or not the method of Chapter 5 is useful compared to the one of Chapter 4, as
shown by the simulation examples of Chapter 5. There is no formal guarantee that the
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approach of Chapter 5 outperforms the one of Chapter 4 in all cases. What motivated
the development of the former is, as already explained, the numerical applicability of the
corresponding algorithm rather than the quality of the estimate of the RAO itself. In Algo-
rithm 5.1 of Chapter 35, it is possible to manage the trade-off between number of iterations
and complexity of the resulting polytope, unlike Algorithm 4.1 of Chapter 4.

Recall that Algorithms 4.1 and 5.1 are based on the iterative application of the con-
cept of one-step set, where the complexity of the generated polytopes tends to increase at
each new iteration. In order to circunvent this numerical problem, Chapter 6 adopts a dif-
ferent strategy, already used for instance in BRIAO et al. (2018); FRANCA DOS SAN-
TOS; ERNESTO; CASTELAN (2020); OLIVEIRA; JUNIOR; DOREA (2020), where
the complexity of the polytopes (given by the number of vertices) is fixed a priori. In
this case, the resulting optimization problem has bilinear constraints. Even if in principle
only a local optimum can be found, the numerical examples of Chapter 6, obtained using
the KNITRO toolbox (BYRD; NOCEDAL; WALTZ, 2006), provided quite satisfactory
results.

The method of Chapter 6 deals not only with the stability analysis problem as Chap-
ters 4 and 5, but also with the control design problem as Chapter 3, where the goal is
to indirectly maximize the RAO of the resulting closed-loop system. As shown by the
simulation examples, the polyhedral estimates of the RAO obtained with the piecewise
linear control law of Chapter 6 tend to be larger than the ellipsoidal ones related to the
linear feedback control law of Chapter 3. This result is not surprising, since the piecewise
linear control law is more general and since the use of polytopes leads to a reduction of
conservatism, as previously remarked.

Chapters 3-6 considered all a non-stochastic framework, where lower and upper bounds
are imposed for the unknown, time-varying sampling interval of the system. As a com-
mon feature, the methods are based on difference inclusions that model the behavior of
the system state at the sampling instants. This idea relies on the fact that the stability of
the discrete-time model guarantees the one of the corresponding continuous-time system,
as explained in Chapter 2. However, in the stochastic framework of Chapter 7, this prop-
erty is not valid in general (cf. TANWANI; CHATTERJEE; LIBERZON (2018, Pg. 222)
and ANTUNES; HESPANHA; SILVESTRE (2012, Pg. 610)) and the strategy mentioned
above no longer works. That is why the theoretical developments of Chapter 7 were con-
siderably different, being based on the framework of Piecewise Deterministic Markov
Processes (DAVIS, 1993).

The aim of Chapter 7 was to propose a control design method which guarantees the
global stabilization in the mean square sense of the sampled-data system, where the con-
trol input is subject to sector bounded nonlinearities and the random sampling intervals
have the Erlang distribution. The possibility of packet dropouts is explicitly taken into ac-
count through the Bernoulli distribution. Moreover, as shown in that chapter, the proposed
approach leads to non-conservative stabilization conditions in the linear case.

8.1 Future works and perspectives

Regarding the method of Chapter 7, it would be interesting to consider, as already
mentioned in Section 7.4, other (and more general) distribution functions for the sampling
interval of the system. Another interesting idea is to consider, as in Chapters 3-6, the
problem of local stability/stabilization of the origin. In this case, it would be necessary
to adapt the definition of region of attraction of the origin to the stochastic case, using,
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for instance, the notion of risk margin adopted in BATTILOTTI; DE SANTIS (2003);
GUDMUNDSSON; HAFSTEIN (2018). The idea is to define the RAO as the set of
initial conditions such that the corresponding system trajectory converges to the origin
with a probability of at least 1 — &, where & € (0,1) represents the risk margin. It is worth
saying that it is not possible to define the RAO without this risk margin, i.e. with @ =0,
in the general case.

A possibility of future work that is valid for both the stochastic and the non-stochastic
cases consists in considering measurement noise in the control loop. In the stochastic case,
a distribution function could be used to model the noise effects. In the non-stochastic case,
on the other hand, lower and upper bounds could be imposed for the noise signal.

It would also be interesting to consider the problem of designing a state observer for
the system, where the measurements are sporadically/randomly distributed in time. The
stability of the resulting closed loop with a control law based on this observer could be
investigated too.

Moreover, it would be interesting to deal with nonlinear system dynamics, since this
thesis only focused on the simplest case where x, = A,x, + Bpu. Other types of sam-
pling and other classes of control law besides the linear and the PWL feedbacks could be
exploited too, in principle.

Regarding the method of Chapter 3, we highlight that it can be easily extended to cope
with other sector-bounded input nonlinearities, as explained in Section 3.5. Moreover, it
is possible to adapt the control design approach of Chapter 6, which considers a PWL
state feedback, to the simpler case of a linear feedback.

Another idea of future work is to consider uncertainties in matrices A, and B, of the
plant model. Note, in particular, that the discrete-time model derived in Section 2.1.2 to
represent the sampled-data system depends on the exponential of Aj,. To circumvent the
difficulty of dealing with the exponential of an uncertain matrix, the systematic procedure
based on Taylor series expansion proposed in BRAGA et al. (2015) could, in principle, be
exploited. The techniques of CLOOSTERMAN et al. (2010) and JUNGERS et al. (2013)
are worth investigation too.
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APPENDIX A PROOFS OF SOME RESULTS

A.1 Proof of Lemma 2.4

Since Wq(x) is positively homogeneous of order 1 (see Lemma 2.2), it follows from
the definition of the directional derivative D™ Wq (x) that D™Wq(x) also is positively ho-
mogeneous of order 1, i.e.

DJ“PQULX) = 7LD+\PQ()C) for A > 0.

Inequality (37) is only valid on the boundary of the set Q (where ¥ (x) = 1), but using the
property above we can extend it to the whole space as described next. Given x € R"\ {0}
(the case x = 0 is trivial), define ¥ = x/Wq(x) € dQ. It follows that

D Wq(x) = D"Wq (W (x)%) = Po(x)DTWq (%) < P (x)B. (174)
Combining now (36) and (174) we conclude that y(t) = Wq(x(t)) satisfies
W(t) = D Wq(x(t)) < BPa(x(t)) = Bw(t) for almost all ¢ (175)

along the trajectories of (31). Applying now Theorem 1.10.2 from LAKSHMIKAN-
THAM; LEELA (1969) one has

w(t) <ePy(0), V>0,

which is equivalent to (38).

A.2 Proof of Lemma 2.6

First let us show that a C-set Q is always y-invariant for the dynamics x(¢) = A.x(t)
with y = W (A.Q). Notice that for x € dQ:

Yo (x+hAx) —Po(x)

DTWq(x) =limsup

h—0T h
v hW¥qo(Acx) —¥
<limsup o)+ Q;l x) ~Po(x) =Wqo(Ax) <Wq(AQ) =7
h—0T

where we used the fact that Wq (x) is sub-additive and positively homogeneous of order
1 (see Lemma 2.2) and the last inequality follows from the relation x € dQ C Q. From
Definition 2.12, we conclude that the statement is indeed true.
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The result of the lemma follows now directly from the fact that (41) implies, for

A
palelr: oo
r
Wo,(AQ) < B, Viel, (176)
which is equivalent to
A CBQ;, Viel (177)

To see that, consider i € [ arbitrary. For all x € Q; C 4,,, one has:
[Acx]| < |Aclfx]] < [|Acl|r2.

Thus,
|Ac|[r2

r

1A cHrz

Ax € ||AC||I‘2¢@ e@rl - Q= ,BQ,',

and one concludes that (177) indeed holds.

A.3 Proof of Lemma 5.2

We will show the result only for Q;(Q), ¥J > J*. The proof for Q(Q2) is analogous (it
suffices to replace Ay by A).

From (108) it follows that Q;(Q) is an intersection of closed and convex sets. Hence
it is also closed and convex. Let us show that the origin is in the interior of Q;(). No-
tice that the set-valued map R" > x — Fgns(x,As,.) C R" is continuous (according to
Definition 1.4.3 of AUBIN; FRANKOWSKA (2009)). In particular, it is upper semicon-
tinuous (AUBIN; FRANKOWSKA, 2009, Def. 1.4.1) at the origin. Thus, since Q is a
neighborhood of Zgys(0,A;,.7) = {0} (recall that 0 € Q°), there exists, by definition
of upper semicontinuity, ¢ > 0 such that Fgys(x,As,.”) C Q for all x € .. That is,
PB. C 07(Q) and the conclusion follows.

To guarantee that Q;(Q) is a C-set, we still have to show that it is bounded. So let
us prove the existence of r = r(y) > 0 satisfying the statement of the lemma. Using the
definitions of A,(6) and K,(8), we deduce from (103) after some algebraic manipulations
that

Xpk+1(Xk, k) } _ { Xpk+1 (XK, 6k)
k1 (X, Ok, Sk) sats, (Kpxp g1 (xe, &))

Xp k1 (K, O) = [eAP5’< I eAPSdsBp} X

FsNS(Xks Ok, Sk) = X1 (X, Ok, Sk) = {

Given 84, 0p € Ay, notice that

)
xp,kﬂ(xk,b'A)} _ Arda fOA €A”stBp & Als 5
|:x17,k+1(xk753) eAPSB fOéB eA,,sdsBp Xk ( Ay B)xk

Then

|1 de+-1 (x5 8] 1 )
man L ] 2 A B0l = o (MGl (179

Claim L Gpin (A(T,8)) > 0if § € A\ A*
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Proof:  This is equivalent to the full column rank property of A(7,,d) because
n, > m. Since (recall that f05 Aetsds = f05 L1eA)ds = [e] 18 for a matrix A)

AT, 8) = In, Jo" €"r*ds] [I, 07 [h, 0
T L, 9 s | |Ap In,] [0 B,

J/

éAo(Tm75)

and B, has full column rank by assumption, it suffices to prove that Ag(7,,0) is nonsin-
gular. Assume by contradiction that v = [T vI17 v £ 0, with v1,v; € R, satisfies

A()(Tm, 5)\1 =0.

Then v, # 0 and fri Arsdsvy =0, ie. fri ¢Ar%ds is singular. But the eigenvalues of this

matrix are given by A = ffn e*ds, where A is the corresponding eigenvalue of Ap, and
0 € A\ A%, i.e. we are excluding the case 0 = 1, + 277/ @,z € Z, which would lead to
A =0. |

Consider now an ordering of the elements of A*, ie. T, =p; < p2 < ... < pp_1 <

pjx = Ty, and take i* € argmax (p;;1 — p;). Notice in particular that
Z.GNJ*71

™ — T ™ — T,
Pi*—H _Pi* Z J*_ 1m > J* mn = TJ*. (179)

From (179) it follows that

L [p"*“ +pir — T Pir1 + Pir + T

A )
2 2

] C (pir,pir+1) S A\ A" (180)

Moreover, since the length of A is equal to 7+ and the elements of A; are equally spaced
by the distance 7; < 77%,VJ > J*, one has

AjNA#0, YT > J". (181)

Define & = inf G,in (A(T,8)). It follows from the continuous dependence of &
deA

Onmin (A(Tm,8)), the compactness of A and Claim I (which can indeed be applied since
(180) holds) that & > 0. Define now r = r(y) = ?2},_ Given arbitrary J > J* and x;, ¢ %,
let us show that x; ¢ Q;(Q), that is, Q;(Q) C A,,VJ > J*, as stated by the lemma.

In (178) choose 84 = T, € Ay and 8 = & for some & € AyNA (AyNA # 0 from (181)).

Then, since ||xXg41|| > [[xpx+1]| and xx & B, it follows that

X1 (s T, SO 1 = I _ I _
max{ I 1 T S| } > —Gpin (AT, 8)) k]| > —=6|lxe]| > —=6r=17.

[[k+-1 (%, 6, Sk | V2 V2 V2

Recalling that Q C %y, this inequality means that Fsys(x, 6, Sk) = Xkt1(Xk, Ok, Sk) & Q
at least for 8; = 7, or & = & (independently of Sy). Since 7,,,0 € Ay, it follows from
Definition 5.5 that x; ¢ Q;(Q), as we wanted to show.
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A.4 Proof of Lemma 5.3

Since the set-valued map R” 3 x — Fgys(x,A,.) C R" is continuous, it follows that
the one-step set Q(2) of any open set Q C R” is also open (AUBIN; FRANKOWSKA,
2009, Proposition 1.4.4)!. In particular, Q(®5) = Q(®5)° and we conclude that

Q(©1) (02) = 0(03)° € 0(0)°

C
~— Q
0,C03

where the first inclusion is strict being Q(®;) a C-set (Lemma 5.2).

A.5 Proof of Lemma 5.5

Let us consider the nontrivial case ¢ # 0. Since by definition Q;(Q) 2 Q(Q),VJ € N4,
and 0 € Q(Q)°, there exists r; > 0 such that

B, CQy(Q), VJeN,. (182)

Moreover, from Lemma 5.2, there exists r, > 0 such that
0,(Q)C A, VI>J. (183)
Combining (182) and (183), Lemma 2.6 guarantees the existence of B € R such that

Q;(Q) is B-invariant for %(¢) = Acx(t) for all J > J*. It then follows from Remark 5.1 that
B’(Q) < B,¥J > J*. Thus:

1 <o (Q) = max{1,ef @u} < max{1,eF7} /371 (184)
since Ty — 0 as J — . That is, given ¢ € (0,1), there exists J > J* such that
a(Q) < 1/c, VJ>J.
Therefore:
cQ(Q) CO(Q)°/a’(Q) € 0;(Q)°/a(Q) = 0,(Q)°, VI >,

where the first set inclusion holds since Q(Q) is a C-set (Lemma 5.2) and the equality
follows from the definition of Q;(Q).

A.6 Proof of Lemma 5.6

Consider first the claim below.

Claim II.
{a (Q)Y7_« — 1 uniformly ini € N (185)

Proof: The proof follows the same reasoning of Appendix A.5:

10(Q) is called the core of Q by Fgys(-,A,.7) in AUBIN; FRANKOWSKA (2009).
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* Since Q(Qp) € 0;(Q0) C 0s(Q;),VJ € N4, Vi € N, there exists r; > 0 such that
‘@Vl - Q](Qj), VJ e N, ,VieN.

Moreover, from Assumption 5.1, Q; C I'sys € %y,Vi € N. Thus, using Lemma 5.2,
it follows that there exists r, = r»(y) > 0 such that

() C B, VJ>J VieN.

Then, from Lemma 2.6, there exists B € R such that Q;(Q;) is B-invariant for
x(t) =Aex(t), VJ > J*,Vi e N.

« It follows that 7 (€;) < B,¥J > J*,Vi € N (see Remark 5.1).

* As shown in (184), the sequence {a’(Q;)},>,+ is lower and upper bounded for all
i € N by sequences that do not depend on i and converge to 1.

Since, from (119b), Q;, C Q;’IH, it follows that Q(€;,) C O(€;,+1)° (Lemma 5.3).

Thus, recalling that Q(Q;,) and Q(Q;, 1) are C-sets (Lemma 5.2), there exists ¢; € (0,1)
such that
0(Qi) C c10(411)- (186)

Consider now ¢; € (c1,1). Applying Lemma 5.5, there exists J > J* such that
20(Qi41) € 0s(Q41), VI =T, (187)

We can split the rest of the proof into two cases depending on the value J;, 1> of J used
by the algorithm to generate the set ;, 4>, according to (119e).

a) Jij42 > J: the proof ends here with i) = i| + 2 because

0(Qi) C 20(41) C QJ,-1+2(QI’1+1), = Qj =0,
(186),cr>cy (187) (119e)

b) Ji, 42 < J: from (185), there exists J > J* such that

o’ (Q) < cyfc1, VieNNVJ>J. (188)

Notice now that the sequence {/;};cn, generated by the algorithm is strictly in-
creasing (see Remark 5.2), so sooner or later the value of J; will reach max{f , f},
i.e. there exists i > ij + 2 such that J;, > max{J, f}. Then

20(Qi11) S 0y, (1) S 01, (Qiy4+1) S 0Oy, (iy-1)- (189)
(187) ajiz (Qi +l)>1 Q,»nggiz,l since
= i+1<ir—1

Multiplying (189) by ¢ /¢, and combining it to (186) we conclude that

C1 ;
0(Qi) E Q@) E 01, (1) S s, (Qip—1)/ 06’2 (Qp—1)
(186) (189) Jiy>J,(188)
= QJi2 ('Q'iz—l)\ — ,'Q‘iZ'

(119¢)
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A.7 Proof of Theorem 7.2

We will show that (¢(t),x(t)) given by (149) with K = YW, ! satisfies (147) for all
initial conditions (go,xp), where ¢ > 0 will be appropriately chosen and y > 0 is given
by the statement of the theorem. Then property (147) will also hold for system (146),
according to the reasoning in Section 7.1.1, implying that (146) is MES. A time-varying

function W(q,x,t) will be considered, where, since (g(),x(¢)) is a PDMP, (g(t),x(z),?)
is also a PDMP (DAVIS, 1993, Pg. 84). Thus, for a function of the form

W(g,x,1) =e"V(q,x), (190)
the Dynkin’s formula analogous to (153) holds with (cf. (DAVIS, 1993, Pg. 84))
UW (g,x,1) = " (YV (q,x) + UV (g,x)) (191)

as long as (152) is satisfied (with V(-) replaced by W(-)). Let us now show that (152)
indeed holds for W (g, x,t) given by (190) with

Vig,x) = xTqu, (192)

where F, = Wq_1 > 0,Vq € Ny.. Define Proj, W as the projection of the (N, x R")-valued
function ¥ onto R" and denote by W*(-) the map x — Proj, ¥((q(r; ),x),6x),Vk > 1.
Note that x(¢) in (149) can be expressed by?:

x(t) = A=) ol g Aty =) o o2 o Aclr—r1) ol g pAery (193)

where N, defined in (150), counts the number of resets until time ¢ and o denotes the
composition of functions. Let ¢; = ||Ac||, ca = max{1,||A4|| + ||B.||||D||||K||} and é =
maxgen, ||| and note from (149c¢) that

[Proj, ¥(g,x, 0)|| < callx[l, ¥(g,x,6) € E x {0,1}.
Then, from (193), one concludes that ||x(z)|| < clzv’ecl’||xo||. Moreover, for k > 1,

le(ri) | < 51 xoll,

b B (194)
le(ri)ll < ¢5~ e fvo| < chet™ |lxoll-

2Sometimes, as in (193), we identify a matrix M € R”*" with the corresponding linear operator M :
R" — R™, i.e. M(x) = Mx.
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Thus, given T € R and (qg,x0) € E, one has

E

Y W (q(re), x(re), r) —W(Q(V/:)yx(r/:),rkﬂ]

i <T

<E Z ek (xT(rk)Pq(,k)x(rk) +xT(r,:)Pq(rk)x(r,:)>]
rkST

Y eM2e(chet ™ xol))?

rkST

<E

Y eM2e(che” HXOH)2]

NTZk
L

ey (P[NT Y c%"> —cy (c%" Y. Plvr = ﬂ)
=0 k=0 Jj=k

k=0

< E
~
(194)

= T 26026 x| P 2 CE

Nr
3 o

k=0

- c; (c%kP[NT > k]) - C/g) (c%kP[rk < T]) < oo

where the order of summation was changed in the third-to-last equality, and the last in-
equality follows from RESNICK (1992, Theorem 3.3.1). Consequently, (152) holds, as
we wanted to show, and Theorem 7.1 can indeed be applied to W (g, x,t) defined by (190)
and (192), in which case

UV (gq,x) = 2xTPchx+ A (xTPqu—xTqu) , ifg<v, (195a)
UV (gq,x) = 25T P A x+ A (ulgT(x)Plg(x) + pox! Px —xTva) , ifg=v. (195b)

Next, inequalities (156) will be used to show that
UW(g,x,t) <0, ¥(g,x,t) € Ny, x R" x R>. (196)

Left and right multiplying (156b) by Diag(P,, T,I,,1,) (where T = S~!) and then applying
the Schur’s complement, one gets:

PAA+ATP, + (y—A)P,  * } {Ad Br] g [x wP 0 ] {Ad Br] <0

TDK 2T I, 0 0 AwPy| |5, O —
Then, left and right multiplying the relation above by [x! ¢7(Kx)] and its transpose,
respectively, applying Lemma 7.1 and combining the resulting inequality to (146c¢), (191)
and (195b), one concludes that (196) holds for all (g,x,7) € {v} x R" x R>(. In a similar
manner, it is possible to left and right multiply LMI (156a) by Diag(P,,1,) and, then, to
apply the Schur’s complement. Using (195a), it follows that (196) holds for all (¢,x,7) €
Nv—l X R™ x Rzo.

Thus, applying Theorem 7.1 and relation (196), one has, for r > 0:

W ((0)0).0)] = W (010.0)+ E | [/ sV (61 5().5)

< W(qo,x0,0), ¥(qo,x0) € E. (197)
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Substituting (190) and (192) in (197), one then gets, for ¢ > 0:

e”’E[xT(t)Pq(,) ()] < x§ Pyoxo, ¥(qo,%0) € E.
At last, defining ¢ £ minge, Amin(P;) > 0 and ¢ £ /¢, we conclude after some algebraic
manipulations that E[||x(¢)(|?] < ce~"||xo||? for all initial conditions, i.e. (147) holds, as
we wanted to show.

A.8 Proof of Theorem 7.3

The proof of the sufficiency part of the result is analogous to the one of Theorem 7.2
mutatis mutandis and will be omitted. Next, we prove the necessity part. In view of
the arguments in Section 7.1.1, we consider system (149) in the proof, i.e. we show
that constraints (159) can be satisfied for appropriately chosen matrices ¥ and WqL,q €
Ny, if system (149) satisfies (147) for some feedback gain K € R™*" and for all initial
conditions.

Consider a function V : E — R defined by

V(40,%0) = E(gq.x) { /Ow Ix(s) ||2ds] (198)

where E(,, ) emphasizes that the initial condition considered is (¢(0),x(0)) = (qo,Xo)
with probability one (the subscript will be omitted from now on). From (147), V(qo,xo)
is indeed well defined (i.e. it is finite). More precisely, interchanging expectation with
integral operations, one has

Vigox0) = [ B [I(s) ] ds < [ e xolds = cllxol 2y < .

Let us show that V(go,x0) = x{ P;,xo for appropriately chosen matrices Py, q € N,.
Note that in the linear case the solutlon x(t) of (149) depends linearly on xp. In other
words, (193) reduces to an expression of the form

x(t) = ®(t,q0)x0,

where the (random) transition matrix of the system ®(z,go) depends on the initial condi-
tion g, as explicitly shown in the notation. Thus, substituting the relation above in (198),
one gets

V(go,x0) = x§ (/0 E[QDT(s,qo)CID(s,qo)]ds) X0 2 x§ Pyyxo. (199)

Let us prove that P, = PqT is positive definite for all g € Ny.. Consider again (198) and
note that

Vi) =& | [ o] 2| [ 1) Pas

ry "
ZEU ||9A“Sx0||2ds}2||xo||21[-3 { / e—2lAcllsds}
0 0

where we used the fact that x(¢) = €A x before the first reset time r; of (149), and the
lower bound for ||x(7)|| comes from KHALIL (2002, Exercise 3.17). Fix now a constant
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(deterministic) value 7 > 0 and observe that
rt
V(qo,x0) > onHzE {/ ezAL'“Sds}
0
r1 r
= [lxolI? (E U e HiAcllsqglry > f} Plry > 7 +E U o 2lAcls g
0 0

r r
> lxo||*E {/ e*ZHA"HSds‘r] > F} Plry > 7] > ||xo||*E {/0 e*ZHA"”sds‘rl > F] P[r; > 7]

<] i)

As r1 = po by definition, from (151) it follows that P[r; > 7] = P[py > 7] = e *". Then:
r _
V(go,x0) > [l%o|2 / e~ 2MAcllsdge 27 — 1o 12 (200)
0

with L £ ¢7*7 [Fe~2lAcllsds > 0. Comparing (200) and (199), it follows that P, > 0,Vq €

Ny, as claimed.
Note now from (199), (158) and definitions (154) and (155) that

UV (g,x) = x" Myx, ¥(q,x) € E, (201)
where we replaced (go,x0) by (¢,x) and
2P,A+ APyt —P,) ifg<v
m, 2 ) 2PAc+ APy — Fy), ! ! 202
4 { 2PyA.+ A (,LLIAZ;PlAd +uP —Py),ifg=v. (202)
Applying Theorem 32.2 of DAVIS (1993) to (198), we also know that
(203)

UV (g,x) = —|x|I?, ¥(g,x) € E.

Combining (201), (202) and (203), one has:
PAAAIP +A (P —Py) = —1, <0, Vg <V
PyA+ATP, + A (WAL PA, + uoP — P)) = —1, < 0.

From (158) and the Schur’s complement, the inequalities above are equivalent to (159)
with WqL = P, ! VgeNy,andY £ K W‘f, which ends the proof.
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