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ABSTRACT

Electrostatic weak turbulence theory for plasmas immersed in an ambient magnetic field is developed by employing a hybrid two-fluid and
kinetic theories. The nonlinear susceptibility response function is calculated with the use of warm two-fluid equations. The linear dispersion
relations for longitudinal electrostatic waves in magnetized plasmas are also obtained within the warm two-fluid theoretical scheme.
However, dissipations that arise from linear and nonlinear wave-particle interactions cannot be discussed with the macroscopic two-fluid
theory. To compute such collisionless dissipation effects, linearized kinetic theory is utilized. Moreover, a particle kinetic equation, which is
necessary for a self-consistent description of the problem, is derived from the quasilinear kinetic theory. The final set of equations directly
generalizes the electrostatic weak turbulence theory in unmagnetized plasmas, which could be applied for a variety of problems including the

electron beam-plasma interactions in magnetized plasma environments.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0071803

I. INTRODUCTION

Among the methods in nonlinear plasma theory, the weak turbu-
lence theory occupies a special place. It was developed by early pio-
neers of modern plasma physics—see, e.g., Refs. 1-11. The recent
monograph by one of the present authors (P.H.Y.) expounds on such
a theory from a modern perspective.'” Its usefulness has been demon-
strated by numerous examples including the non-thermal electrons
measured in the solar wind'"*~'” and the solar type II and type III radio
bursts.'” ' The kappa distribution”” was introduced in order to
empirically fit the observed non-thermal solar wind electron distribu-
tion, but the weak turbulence theory provided the first-principle based
explanation. Specifically, Refs. 12, 23, and 24 demonstrated that the
formation of electron kappa distribution is intimately related to the
long-time evolution of Langmuir turbulence. The weak turbulence the-
ory is also successfully employed to explain the solar radio bursts.”” >
The validity of weak turbulence theory was recently confirmed against
the particle-in-cell (PIC) simulation.” Several PIC simulations of elec-
tron beam-generated Langmuir turbulence and the ensuing electro-
magnetic (EM) radiation emission have been carried out in the
literature.”” ** However, Ref. 34 stands out in that the PIC simulation
and weak turbulence theory was compared quantitatively.

Despite its successes, the standard weak turbulence theory found
in the literature is mostly limited to unmagnetized plasmas. A fully

general version of such a theory for magnetized plasmas does not yet
exist. Some early efforts”’ ' attempted to formulate such a theory
from a fully general kinetic plasma theory, but the usefulness of such
efforts is obscured by the inherent complexity. The more concrete
weak turbulence theories for magnetized plasmas that readily lend
themselves to theoretical and/or numerical analyses, instead, have
been developed by making certain simplifying assumptions at the out-
set. For instance, by assuming a low-frequency and long-wavelength
regime, the magnetohydrodynamic weak turbulence theory was for-
mulated and solved.”” *’ The mode-coupling process among electro-
static cyclotron-harmonic waves was discussed within the framework
of weak turbulence ordering.”’ ** Recently, a weak turbulence theory
that involves the whistler-mode and lower-hybrid waves was formu-
lated and applied to a number of space plasma situations.”” ** The
weak turbulence theory was extended to interpret the polarization of
solar coronal type III radio bursts.”"*” "> A weak turbulence theory for
general magnetized plasmas was formulated and solved but under the
strict assumption of either parallel or perpendicular propagation.”® *’
A major obstacle for extending the weak turbulence theory to
fully magnetized plasmas is the computation of nonlinear susceptibil-
ity, as evidenced by the above-referenced early attempts.”” ' A
method was recently proposed to overcome such a difficulty. In a
recent work,”" one of the present authors (P.H.Y.) noted that one can
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partially reformulate the kinetic weak turbulence theory by resorting
to the warm two-fluid theory. Specifically, it was noted that the nonlin-
ear decay interactions among Langmuir and ion-sound waves could
be fully discussed by resorting to the warm two-fluid approach. The
cold two-fluid theory was pointed out as being inadequate since cer-
tain decay interaction coefficients are inversely proportional to the
electron temperature. Obviously, the cold plasma theory is inapplica-
ble for such processes. While Ref. 81 pointed out the usefulness of the
warm two-fluid approach under a general situation, including the
magnetized plasmas, for actual demonstration, Ref. 81 only considered
the unmagnetized plasma problem as an example that proves the basic
concept.

The weakly turbulent processes in unmagnetized plasmas that
involve the interaction of Langmuir wave, ion-acoustic waves, trans-
verse radiation, and the particles form the basic building blocks for the
so-called plasma emission, which is the fundamental radiation emis-
sion mechanism responsible for the solar coronal and interplanetary
type II and type III radio bursts. However, for type III radio bursts
close to the solar active regions, the effects of finite background mag-
netic field can be an important factor in the interpretation of data. A
recent particle-in-cell simulation of the plasma emission process in
magnetized plasmas shows that the assumption of unmagnetized plas-
mas may be valid under certain conditions, particularly, when the
medium is characterized by a high ratio of electron plasma frequency
to electron-cyclotron frequency; but as the same ratio is reduced, say
to order ten or less, the underlying wave—particle interaction as well as
the mode-coupling (that is, the weakly turbulent plasma) processes
undergo some dramatic shifts in their characteristics, which call for
further theoretical development that reflects plasma magnetization.*

The purpose of this paper is to consider the first example of uti-
lizing the warm two-fluid formalism to derive the basic equations of
weak turbulence theory in magnetized plasmas, with a long-term focus
of extending the existing unmagnetized plasma theory of plasma emis-
sion to that of magnetized plasma theory of plasma emission. To sim-
plify the analysis, however, we first consider the electrostatic problem.
Obviously, a fully electromagnetic version should follow, but it is a
subject of future tasks. Without the electromagnetic effects, the radia-
tion emission cannot be discussed, but the wave-particle interaction
between the type III-emitting electron beams and electrostatic turbu-
lence can be discussed with the electrostatic weak turbulence theory.
For an unmagnetized plasma, the type III electron beams interact with
the Langmuir waves, which undergo nonlinear interaction with the
ion-sound waves and the background protons. The magnetized
plasma analog of such a process will involve the electron beam inter-
acting with the upper-hybrid waves, which undergo nonlinear interac-
tion with the low-frequency sonic type of modes as well as the
protons. The electrostatic weak turbulence theory in warm magnetized
plasmas to be discussed herein is meant to provide a quantitative
description of these processes.

As the remainder of this paper will illustrate, we begin the dis-
course based on the warm two-fluid equations (Sec. II). Section II is
subdivided into subsections that deal with the first- and second-order
iterative solutions, which are then combined into a nonlinear wave
equation. Section III discusses the generic form of an electrostatic
wave kinetic equation under weak turbulence ordering. A detailed der-
ivation of the equations for electrostatic weak turbulence theory in
magnetized plasmas is given in Sec. I'V. This section is also subdivided
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into subsections, where each subsection deals with various subtopics,
which includes adding kinetic effects for the complete descriptions of
wave-particle interaction. Finally, the findings of the present paper are
summarized in Sec. V, and some discussions related to future direc-
tions of the research are presented therein.

Il. NONLINEAR WARM TWO-FLUID EQUATIONS

In the present analysis, 71, denotes the fluid density for species a;
v, denotes the fluid velocity; m,, e,, and ¢ denote the mass, unit electric
charge, and speed of light in vacuum, respectively; E is the electrostatic
field vector; and By is the ambient magnetic field. We start from the
electrostatic two-fluid equation in magnetized plasmas as follows:

on
at“ + V- (navy) =0,
dv, 1
mana#+VPafeana(E+;va ><B0> =0, (1)
V-E= Z 47e,n,,

a=e,i

where d/dt = /0 + v, -V, and a = e, i denotes electrons and ions,
respectively. Assuming that the pressure is given by the product of
density and temperature, P, = n,T,, and separating density into an
average and fluctuation term, n, = ny + dn,, while also denoting the
velocity and electric field with ¢ preceding them to indicate that they
are fluctuating quantities, we have

don,
ot

+noV - v, + V- (81, 6v,) = 0,

e Von
—Q,0v, xb— -2 E 22
ot v Mg + o VTa
on, Von,
+ov, - Vov, — " " vaa =0,
ng Ny

V- 0E = Z4nea ong,

2

where v2, = T,/m, represents the square of fluid thermal speed and
Q, = e,By/myc is the cyclotron frequency for species a. Here, we
assume that the temperature is defined in units of energy; hence, the
Boltzmann constant is set equal to unity, ks = 1. Note that v%, differs
from the kinetic counterpart where it is defined by v, = 2T,/m,.
We employ an iterative method to obtain the solution, dn, = n!
+n((12) +---and v, = vgl) + vﬁf) + .-+, where n,(;) and vgl) are pro-
portional to O(JE), n$? and vi? are proportional to &(SE?), etc.
That is, we follow the standard weak turbulence ordering where parti-
cle quantities are expanded in power series with each term propor-
tional to the power of the field intensity. We then organize the
resulting equations for each order. We write down the result in spec-
tral form where the spectral transformation is defined by
fuw = (2m)~* [ dr [ dtf (r, t)e "7, together with the inverse trans-
formation, f(r, t) = [ dk [ do fi e T =30 fowe TR Let

us adopt the following shorthand notations:

i
q= (k7 w)7 rqg = L 5
no
Q (3)
a
Uy =Viey N=""-
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We then have the following for each order:

v =7, P a Yq—qn
7
u(2> in uq xb— rf) @)
1 / 1) 1) (1)
> [~ 1) -u a1 ul )]
p
kvl x— () 0
+5 0 %rq, V=0,

k-E;, = —i), 4me,ng (rf(,l) + r,(f)).

Let us pay attention to the momentum equations. One may rear-
range these equations to obtain

_ ) _ VTa o 2k R
(1—n*)uy a)(k inb x k —n°bk - b)r,

ie,
+
My

(E;, — inb x E; — n’bb - E),

a

2
vV .
(11—l = (ki x ke — bk b)rl?

1 N (D)
+£;(k—k)~u

(5)
x(u,gl,)q, —inb X uél,)q, — 1°bb - uéqu,)
1 / (1)
+%Zk -u,
><( 111b><u — °bb - u )
Via 2 (1),.(1)
,%;(k inb x kK — i’bk - b)ry, 15",
Let us define
iQ, QZ
l] = (31] +— F,kak blb] (6)
w?
Then, we obtain a compact notation
ulVi = 7(12) k2 D 4 iﬁ E
q _w(lfnz) 1 Ta"q My q |
2)i 1 i
”r(z) = W (q(ﬁ jVZTuréz)
(7)

+- Z{[q’]k’ +q* (k- k’)] ;,)ué

_ qwk V2, q,)ré )q,}>

)k
q
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Making use of the velocity fluctuations given by Eq. (7), we may
construct the density fluctuations as follows:

a _ kig?, ie,
T’q —7{»2(1 ’1)(1(1/—[“‘1 +—aE]>
1 e
rq = —’12) (q(ﬁkikj"%aréz)
1 ij i 1k
+52{ki[q1k/k+qk(k k,)] w1k
7

qu,k u

qwkkvm o r })

A. First-order solution

The first-order solution can be obtained from coupled equations
given by Egs. (7) and (8) by ignoring the nonlinear terms and second-
order terms. This results in the following:

A1) _ fea ki Ey
" Mol — [ -

(k b) }VTa

(21— ) = [ = (k- b)2]3, | dLE)

Wi _ ieg
u =
Tomeo(l=) | ?(1- ) — [ — (k- b) ]2,
qf)k kkq,:u’v%‘a (9)
(1 =) = [ = (k,b)z%

We make note of the fact that the fluid correction becomes impor-
tant near resonances. Thus, the various terms associated with v2,
affect the denominators but can be ignored in the numerator.
Adopting such an approximation scheme, we have the first-order
solution as follows:

(i ieg wqg)kqu
u‘l - 27,2 ?
malk| w?(1 —?) = [ — 1P (k - b)* |42,
L) _ i [k — n’(k-b)’] E, (10)
q

- malk|w2(1—p2) — [k — (k- b) v,
@y = 0y + in egby — 112 biby,

where we have expressed the electric field vector as

ok
B = ITZ\ E, (11)

since we are dealing with an electrostatic problem.

B. Second-order solution

The second-order solution can be discussed with the density rq
only since the Poisson equation involves only rc(i ) and rq . Upon mak-
ing use of the first-order solution given by Eq. (10), it is possible to
show, after some tedious but otherwise straightforward algebraic
manipulations, that ré Vi given by
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1e o' (w— o)
@) _
"a szzmk KRR R,

x [k K ksl Ok~ Kl
ki Kl (k= K,k = K, | By g

Zl e CU — Qi
2 m2 wk'|k — K'|[RyRyRy—y

X [(o) — o) [K? = n*(K )ik — k), g%,

(k= K) " [(k = K) - b)Yk gl | BBy
(12)
where
R= ot @ € b,
Ry = o = Q; — [K2 — /(K - b)*]v2,,

Ryq = (0 —a) = (13)
~{(k—K)* =" [(k—K) - b’ }v3,,
”:%’ VI/:%7 N:a)g—law’.

It is instructive to carry out the vector multiplications associated
with the following quantities:  kig K'ik'iq), (k — K'),q™ .,
ki qlmklj%f (k—K),(k = K) g0t ki(k —K)eqls_. kzk’qu;- After
carrying out explicit manipulations of these quantities, we have

1e o' (0 —w
= szz Kk — g(\R R izq p

< ({4 ) (k-K) = (" + 0 + " = *n*) (k- b)(K' - b)
+iln+n)(k xK')-b} x {k'- (k — k') — zr]”(k x k') -b

— 1" (K - b)[(k — k') b} + {(1+ ")k - (k - K)]

= (7 + 0" " — ") (k- b)[(k — k') - b]
—i(n+n")(k x k’) -b}{k’ “(k—K)+if(kxK) b
— (K - b)[(k — k') - b} EyEy
yla w —

72 m2 wk'|k — K'|RgRy Ry—y
* (0 = )K? =0 (K - b)"J{k - (k ~ K)
— ik x K) - b — o2 (k - b)[(k — K) - b]}
+o'{(k—K)* = n"[(k —K) b}k -k +in'(k x k') -b
—*(k-b)(K -b)})EyE; 4. (14)

In what follows, we restrict k and k' to lie in the xz plane,
k =xk, + ik” and k' = K| + ik’”, while assuming b = z. Then
(k x k') - b = 0. This is a reasonable assumption since the nonlinear
term in the wave equation is associated with the integral } , = = [dK,
which includes the average over azimuthal angle associated w1th the kK’
vector. Therefore, physical quantities orthogonal to both k and k' will
be averaged over the azimuthal angle. The terms associated with
k x K’ are such quantities. As such, it is reasonable to assume that
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both k and k' lie in the xz plane and the resultant nonlinear terms can
be averaged over the azimuthal angle in the end. This simplifies the
expression as follows:
1e o' (w— o)
2) —
" szz Kk — K[R,Ry R,

X ([(L+ ) (k-K) = (i + 4" + ' — *n/* kK]

X K- (k= K) ="K (kg = K]+ {1+ ") [k - (k= K)]
= 0" " = ")k (ky = K}
X [k, . (k — k’) — lzk,H(kH — k/H)DEq’quq

w? —QZ
— V(K — K2
ZZmek’|k IR, Ry R,y @~ @)=k
x [k (k—K) —n"ky(ky — k)]
+o'[(k—=K)? = 0" (ky — K|)*]
X (k K — ﬂ/zka,H))EqrEq,ql. (15)

C. Nonlinear wave equation

We substitute the densities, "4(1 and r to Poisson equation in

Eq. (4). The result can be written in long- hand notation as
e(k,®)Ey o = Z 2K, o' k=K, 0 — &"Ey B oo, (16)
Ko

where ¢(k, @) is the fluid version of the linear dielectric constant and
7K, o' |k — K, o — o) is the (second-order) nonlinear susceptibil-
ity, which are defined, respectively, by

2 12 212
wpak "k\l

ek,w)=1-— 2 T@, (17)
(K o' [k—K, o—ao)
_ Ziia pa
2 g kKK — K [Ric oy R oy Rie_1¢ oy
x [0 (= o) ([(1+ ) (- )
= (P 0"+ =00k K]
X [k/ (k= K) — "K' (k) — k’n)]
+{+m") k- (k ~K)]
= (" 0" " = ")k (ky — K}
SRS SEVECET )
+ D (o o) 7 R - (=)
— 1"k (ky = K] + o [(k - K)?
— (k) = K] (e K = ok k). (s)

In the above, the resonance denominators are now expressed in long-
hand notation as Ry, = @? — Q* — (kK — nzkﬁ)vau, Ry =w?
7Qi - (klz - ’7/2k‘,|2)v%aa kak’,(/)—(n’ = (w - wl)z - Qﬁ - [(k - k,)z
7’7”2(]('“ K

H)Z]V2Ta-

Phys. Plasmas 28, 122302 (2021); doi: 10.1063/5.0071803
Published under an exclusive license by AIP Publishing

28, 122302-4


https://scitation.org/journal/php

Physics of Plasmas ARTICLE

I1l. GENERAL WAVE KINETIC EQUATION FOR
ELECTROSTATIC WEAK TURBULENCE

Note that Eq. (16) is given by the standard form of electrostatic
weak turbulence theory. We start from the general form of nonlinear
wave equation given by Eq. (16), regardless of the specific form of
&(k, w) or y(K', |k — K, w — '), which is compactly rewritten as

0=e(K)E(K) + > 7(1[2)E(1)Ek(2), (19)

1+2=K

where K = (k,w), 1 = K; = (k;,®;), and 2 = K; = (ky, m,). We
multiply this equation with E;(K’) and take the ensemble average

0 = &(K)(E*)0(K + K')
+> 7(1K = 1)(E(K)E(1)E(K — 1)), (20)

where we have made use of the property of homogeneous and stationary
turbulence, (E(K)E(K')) = (E*) (K + K'). The third-body correla-
tion (E(K")E(1)E(K — 1)) can be obtained in the customary way. That
is, we iteratively solve the wave equation by writing E(K) = E(©(K)
+EW(K), where E©(K) satisfies the linear dispersion relation,
&(K)E (K) = 0. Then, the next-order correction is obtained via the
nonlinear term. Specifically, we have E!)(K') = —¢ 1 (K) ", 7(2|K’
“)EOQEO(K —2),  EV(1) = ¢ (1) X, 2201 - 2)EO(2)
EO(1-2), and EV(K—1)=—¢"(K—-1)>,72]K—-1-2)
E©(2)E@(K —1 — 2). Since odd cumulants of E©©) vanish, the desired
third-body cumulant (E(K")E(1)E(K — 1)) can be obtained by adding
contributions  from  (EM (K")E®(1)E® (K — 1)), (E©(K)EM (1)
E@(K — 1)), and (E©(K")E® (1)EM (K — 1)). This process leads to
the four-body cumulants, but we close this hierarchy by writing the
four-body cumulants as products of two-body cumulants, while
ignoring the irreducible four-body correlation function. In manipu-
lating the products of two-body cumulants, we ignore the correla-
tions when the argument becomes zero, since such quantities
represent spatial correlations separated by an infinite distance, and
temporal correlations separated by an infinitely long interval. Such
terms are clearly unphysical. These procedures are well-described by
the recent monograph,'” but also discussed in standard literature,
including Ref. 83. This method of closure is known as the quasi-
normal closure in the literature. The result is the following:

(E(K)E(1)E(K — 1))

2ok 4K (l“' P
7(K|1 — K)<E2>K<E2>K71 2(K| — 1)<E2>K<E2>1
' (1) ko) ) @)

From this, we obtain the formal nonlinear spectral balance equation,
but in doing so, we make note of the symmetry property associated
with the linear and nonlinear response functions, ¢(—K) = &*(K),
2(112) = %(2]1), and x(1]2) = %(1 + 2| — 2). We also take the cus-
tomary approach of replacing the leading linear dielectric constant
by a term that retains the slow time derivative, &(k,w)(E*),,
— &(k, 0)(E*),, + (i/2)[0e(k, @) /0w ((E?), ,,/ ). The result is
the following: '
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- i 88(1(, CO) 8<E2>kw 2
0= E S ot + S(ka (U) <E >k.w

+2Jdk’de’{x(k’,w/\k—k',w—w’)

x 7K, o' |k =K, o — o)
E ) i oo E*)y o
~ < >k7k L0— ( l>km <E2>kw
ek, ') ekk—K,0— o) :
— K, |k —K, 00— ) K, o'k -k, o— o)
<E2>k’,w’ <E2>k7k',w*w’
e*(k, w) '

(22)

By taking the real part of Eq. (22) while ignoring the nonlinear
part, we have Re ¢(k, w) = 0, from which we obtain the wave disper-
sion relation, w = w},, where o denotes the possibility of multiple
roots. This also leads to (E*), , = >_,_., >, [*d(w — o). Upon
substituting this back to Eq. (22), we obtain the final form of weak tur-
bulence wave kinetic equation under electrostatic approximation as
follows:

o 2Ime(k, owf) ., 4n Z

o ¢ (kowf) K - d(k, owy)

By ¢ 6"=*1
y 2
x Jdk/ |X(k/7 G/U)ﬁ"k _ k/7 6//601'(4(/)‘

ally rou ! rou alff yally
kak'Ik Ik’ Ik Ik' kak'

K ool P K o) & (K oof)

B

x d(owy — d' o, —d"w, )

4
A Im; 0;1 J dx’

2{y(K, a’w£,|k —K, o0} — alwi,)}2

X P o',
ek — K, 00} — d/ol) Kok
(23)
where & denotes the principal value and
ORee(k, owf
¢ (k,cof) = ORee(k, o) (24)

olowq)

We remind the readers that Eq. (23) is a generic wave equation for
electrostatic weak turbulence. In the context of the present warm two-
fluid theoretical result, Egs. (16)-(18), however, the imaginary part of
&(k, ) is absent. However, as we will discuss later, we complement
the formulation of electrostatic weak turbulence theory for magnetized
plasmas by computing the imaginary part of ¢(k, ®) from the kinetic
theoretical calculation. For this reason, we leave Im ¢(k, ») intact in
the subsequent formulation.

IV. ELECTROSTATIC WEAK TURBULENCE THEORY
IN MAGNETIZED PLASMAS

We are now ready for a concrete formulation of electrostatic
weak turbulence theory in magnetized plasmas. The first step in the
discussion is the dispersion relation. We then make use of the linear
dispersive properties of the normal mode to simplify the nonlinear
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susceptibility, which leads to the desired wave kinetic equation. The
warm two-fluid theoretical approach is thus adequate for formulating
the nonlinear wave kinetic equation in magnetized plasmas. However,
to complete the analysis, one must supplement the formalism by com-
puting the imaginary part of the dielectric function as well as to pro-
vide a self-consistent description of the dynamical evolution of the
particle distribution function. The kinetic equation for the particles
will thus be provided by invoking the quasilinear kinetic theory.

A. Dispersion relation

We start from a discussion of the wave dispersion relation and
the related properties of the normal modes. If we ignore nonlinear
terms in Eq. (16), the dispersion relation is given by

0 =¢(k,m)

2
Q; kn)

=1 ok

w? (
pe
w? — Q? - kzv%"e + (Qi/wz)kﬁv%"e
2
1)
w? k?

¢ Wye /e =5, T; /T, = 0.1
Langmuir/upper-hybrid

%

pi
T2 02 _ j2.2 2222( (25)
? —QF — kv, + (/o )kHvT,.

6 = 80° [black]
S 5.5 0=45° [red]
~
3
5 n
0 1 2 3
k’UTe / Qe
0.06
S 0.04 7
~
3
0.02 ¢ Ton-acoustic
0 s L
0 1 2 3

vae/Qe
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Figure 1 plots the numerical solution of the dispersion relation given
by Eq. (25) for wp/|Q.| = 5 and T;/ T, = 0.1. The numerical solution
was obtained for low values of T;/T, since ion-sound waves damp for
high T Although the fluid dispersion relation given by Eq. (25) does
not have an imaginary part, the ion-sound waves damp for high values
of T; when compared with the electron temperature when we include
the collisional damping effects by adding the kinetic effects. Figure 1
(top-left) corresponds to the Langmuir mode solution for quasi-
parallel angle of propagation, which gradually turns into the upper-
hybrid mode for quasi-perpendicular angle of propagation. In Fig. 1
(top-left), the cases of 0 =5° and 0 = 80° correspond to quasi-
parallel and quasi-perpendicular angles of propagation, with the inter-
mediate value 0 = 45° also plotted. Figure 1 (top-right) shows the
electron—cyclotron mode, whose frequency is close to the electron-
cyclotron frequency for quasi-parallel propagation, which gradually
decreases as 0 increases. The bottom-left panel of Fig. 1 plots the ion-
acoustic branch of the solution, which shows that the curves for all
three angles of propagation almost overlap. Finally, Fig. 1 (bottom-
right) plots the ion—cyclotron mode. As with the electron—cyclotron
mode, the ion-cyclotron mode frequency w is close to ; when 0 is
low, but as 0 increases, the frequency decreases. For 6 = 90°, both
cyclotron modes reduce to zero frequency. The numerical solution

1 Electron-cyclotron
0 =5°
< 0 = 45°
305
0 = 80°
0 L n
0 1 2 3
k’UTe/Qe
g x 107 . |
Ion-cyclotron
6 L
g“ 4 0 =5°
3 [ 0 = 45°
2 6 = 80°
0 L .
0 1 2 3
k”UTe/Qe

FIG. 1. Numerical solution, e /[Qe| vs kvre /||, to the dispersion relation given by Eq. (25) for ape/|Qe| = 5 and T;/T, = 0.1. Top-left panel corresponds to the Langmuir/
upper-hybrid mode, top-right plots the electron—cyclotron mode, bottom-left shows the ion-acoustic mode, and bottom-right displays the ion—cyclotron mode. For the Langmuir/
upper-hybrid and ion-acoustic modes, we superpose the analytical dispersion curves. For the Langmuir/upper-hybrid mode, the analytic solution is so close to the numerical
solution that the curves almost completely overlap. For the ion-acoustic mode, the analytical solution is shown with a dotted line, which overlaps almost perfectly for most

ranges of kvre /|Qe| until kvre /|Qe| becomes quite high.
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shows that the Langmuir/upper-hybrid mode and the ion-acoustic
mode are the propagating thermal modes that directly generalize the
unmagnetized plasma modes. The cyclotron modes are not modified by
thermal effects. We are interested in the extension of the unmagnetized
plasma turbulence—where the Langmuir and ion-sound waves partici-
pate in the wave—particle and wave-wave interactions—to the magne-
tized plasma turbulence. For this purpose, we focus on the Langmuir/
upper-hybrid mode and the ion-acoustic mode participating in the
wave-wave and wave—-particle resonances. As such, we will consider
these two thermal modes as the fundamental normal modes of the mag-
netized plasma. For Langmuir/upper-hybrid and ion-acoustic modes,
we superpose the analytic solutions of these modes (to be discussed
later) on top of numerical solutions. The analytic Langmuir/upper-
hybrid mode is so close to the numerical solution that the curves almost
completely overlap. For the ion-acoustic mode, the analytical solution is
shown with a dotted line, which overlaps almost perfectly for most
ranges of kvr/|Q.| until kvr./|Q.| becomes quite high. For high
kvre/|Q,.|, the ion-acoustic mode will be heavily damped.

In the present analysis, we generally consider @, which is suffi-
ciently higher than |Q,|. In the example shown in Fig. 1, we chose
@pe/|Q| = 5. Generally, we assume @,/ Q% >> 1. This means that
Wpe/|Qe| can be as low as ~2 or ~3, but genera]ly values higher than
these are to be considered. For /|| = 2, the square of the fre-
quency ratio 1s @?,/QF = 4, which can be marginally satisfying the
requlrement w / 92 > 1, but for wp, /|Q.| = 3, the square of the fre-
quency is w / Q? =9, which is certainly significantly higher than
unity. Approx1mate, analytical solution to dispersion relation given by
Eq. (25) is of relevance. For the high-frequency, Langmuir/upper-
hybrid mode, we assume

o* > Q2 ot >V, (26)
We also ignore the ion response. If we ignore thermal effects alto-
gether, then we have

2
0 = o*(0? fw - Q) + 2, — sz

pe=Te pe™e 2 (27)

whose solution is

0 ==
2

k2 1/2
w;+(@;—m)+4;%kJ . (28)

where w2, = w?, + Q is the square of the upper-hybrid frequency.
To simplify further, we replace the above by an approximate form

2 k2 v 2 2 . 2m\1/2
W= w L+ QL 2 = (@, + Q;sin"0) /" (29)

Figure 2 plots both Eqs. (28) and (29) vs 0, for wp./|Q| = 5 and 2. As
Fig. 2 shows, the agreement is excellent.

Making use of the solution given by Eq. (29) as the basis, we add
the thermal correction

QK Q2 k|

_ 2 e H e H
0—602—Qe —(D;e< —Eﬁ —kZV%ve —kaz . (30)
We write down the approximate solution by

o =of = (0}, + QZsin’0 + Kv3,)" 2. 31)
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5.2 T T T T T T T
(% {wih + [(me -2+ 4wfeﬂf sin 0]}) 1z [exact]
5.1 F
<
3
5 2 2202 9y1/2 : 1
(w2, + QZsin” 6)'/# [approximate]
[wWpe /e = 5] !
4'9 1 1 1 1 1 L 1 1
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2.4 \
(% {wﬁh + [(szc Q22+ 4up(,Q(2, sin? 9}}) 1/2 [exact]
C\:}L 2.2
3
2 2 2 \1/2 .
w3, + 25 sin” 0)7/~ [z atel
2 [Wpe/ﬂe _ 2} (u.)p‘e 6‘ sin ? [ap‘)prom‘ma e
0 10 20 30 40 50 60 70 80 90

FIG. 2. Comparison between the exact cold-plasma solution given by Eq. (28) vs
approximate solution given by Eq. (29) for cpe/|Qe| = 5 and 2.

We have superposed this solution to the numerical solution in the
top-left panel of Fig. 1, and as already noted, the two overlap almost
completely. In short, the dispersion relation for the Langmuir/upper-
hybrid wave, which we simply call “upper-hybrid” or U mode, is given
by Eq. (31). The approximate solution given by Eq. (31) amounts to
replacing the dielectric constant for the U mode as follows:

>

Ree(k, ) =1 — o 32
eolk, ) w? — Q2 sin?0 — k22, 32)

where ® = oy . This also means that the derivative is given by

ORee(k,00) 200y
U k k
¢l o) = dowl) W5 (33)

Next, we consider the low-frequency ion-acoustic mode. For this
mode, we ignore the thermal and magnetic effects. We also assume

B2, > o (34)
for the electrons. This leads to the approximate dispersion relation
w? 2
Ree(k, ) ~ - — L —. (35)
ki, w?
From this, we obtain
T,
C():u)ls( :sz7 Cs = 737
mi
2 2
) o}
Ree(k, w) = =22 p', w=owy, 36
(k, ) kzvae w? k (36)
>
2 Wy
¢ (k,om)) = b .
ksze

We have also superposed this solution to the bottom-left panel of
Fig. 1 and found that the comparison with the numerical solution was
excellent.
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B. Wave kinetic equations for upper-hybrid/ion-sound
turbulence

We now write down the wave kinetic equation for o = U and
o =S, respectively. In doing so, we note that only the three-wave
interaction of the type U + S < U is allowed from the viewpoint of
wave energetics and that we only retain the induced scattering of
the type U + i <= U in the wave kinetic equation for the U mode,
while we ignore the induced scattering for the S mode. Such consid-
erations are a direct analogy with the case of unmagnetized
Langmuir/ion-acoustic turbulence situation. We thus write down
the specific wave kinetic equations for the U and S modes as
follows:

orzY
ot

= —oof 1 Ime(k, 00 ) [V — 2now 1

x Yy Jdk 2K,

. 0"'=*1

dolk -k, oo} )]

n..S ’UI(rU
k

'S
X (Ja)k,,ukll k,I +o wp_ k,,uk o

' U7pe”$ "..S
— oo w! VL k/)é(awk —dwl—d"w )

— 400y p Tm Y Jdk’l‘i”[;{”
g=*1
{2k, d ok — K, oo — O'ICOIL(J,)}

ek — K, o0 — dol) '

X P (37)

oL
ot

— ooy Ime(k, owy ) IS

— nawk ,uk Z

[dk' 1K, o' olk - K, ol )}
o=

X (a (o Ilf %I + "o o v v

— ooy IoVIT k,>5(o'wﬁ —dol —dol ), (38)
where we have defined

Vie (39)

A quantity of relevance is the nonlinear susceptibility, which is
determined entirely by the electron response. This is because the
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1. K, o'k -k o— o)
2

e re
2 kKK — K [RicooReg oy R 1y

x (o (0= o) { (- K) K - (k= K) K| (k)  K))]

+ [k (k= K) — "2k (K — km [ (k = K)] }

+ (0 — oK [k- (k= K) = ok (k — )|

w2k = k)] (k- K)) (41)

forn< 1,y <1, >1,

+ oo’ {(k —K) -

Xe(k/7 c0,|k - k/7 W — CL)/)
2

_ie Dpe
2me kk'|k — K'|Ric o Ry oy Ric 1000

x (w'(w - w’){(k K =Kk [K - (k— K)]

e (k1)) K€+ (e = &) = /K] (K — )] }

+o(o—o)(K? =1k [k (k- K)]

+ oo (k—K)* (kK — "k k) (42)

forn < 1,7 >1,1" < 1,and
Xe(klv w,|k - k/v w = CO,)
ie wpe
2m, kk/|k - k/|Rk,(1)Rk’,(1)’kak’,(l)*t/)’

x (w’(w - w’){(k K = Pk [K - (k—K)]
[k (e = K) = ok (ky — K| [ (k= K]

- wnz{(w — K[k (k- )]+ (k — k) (k- k/)}> (43)

2

forn>1,7 <1, 1" <1
Next, we retain the dominant terms in relations to the magni-
tudes of w, @', and w — o/, i.e.,

Xe(klv w/‘k - kl7 w — (Ul)

i e Wk Koo [(k —K)? — (k) — K )?

lighter and more mobile electrons readily respond to the perturba- __t° ) (44)
tion, while the heavier ions remain much less mobile. We make note 2m, kk'|k — K'[Ric o Ry oy Ric 1
of the fact that we are generally concerned with the weakly magne- p >k P K — o < k—K]
tized situations exemplified by the condition w;Z;e > Q2. We also ore Vie, @ Ve, @ — @ Vie
note that the U mode is a fast mode, while the S mode is a slow 1K, o'k —K, 0 —o)
mode in the following sense:
g . e Rl (o W)loto ok k)
60]((] > kvre, % < 1, 2m, kk’|k - k/‘Rk,ka’,w’kak’,mfw’
™ k‘ (40)  for m > kvre, o < Kvge, © — ' > |k —K'|vy,, and
S e
oy K kvre, > 1.
T 1K 0k~ K 0 — o)
Because of this, let us approximate the susceptibility by first making ie K (k= K)o (0 — o) (K - nzkﬁ)
use of the relative magnitudes of 7, #’, and 1”; but in doing so, we =5 Uk — K (46)
. L. . o . 2m, k | - |Rk<,ka/,u)’Rk—k',m—w’
retain terms that survive in the unmagnetized limit. Thus, we approxi- )
mate the following depending on various limits: for o < kvye, @ > Kvpe, © — o > [k —K|vr.
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Next, we approximate the resonant denominators accordingly as
follows:
ie wfz, k-K
2m, we kk' |k — K|
(k=K ="k — k)’
X
Q2+ (k= K)* = 2 (k) — K] vh,
(47)
o < |k —K|vp,

1K ok —K 0—0)=

for @ > kvpe, n < 1, & > Kvp, ' <1, o —

77” > 1

_ie @ k-(k—K)

C2meo(w — o) kK [k — K|
(k/z _ ,,I/Zk/HZ)

1. (K, o'k —K, o— o)

X (48)
O+ (K2 — K,
for > kv, n <1, 0 < Kvp, i’ > 1, 0 — o' > |k —K|vp,
n" < 1,and ,
i ) K (k—k)
s (K. o'k - K o /:1i pe
relle Ok =k 0 = o) = ) Tk — K|
o nzkﬁ

(49)

s+ (k2 = 2kt)vE,
for o < kvre, 1> 1, 0 > kv, ' <1, 0 — o' > |k—K|vp,
< 1.
Making use of all this, we now approximate the following nonlin-
ear susceptibilities of interest:

(K, dolk -, o) )]
1 ¢ #kﬂk/(k k/)
T Am Rk — K

k- K S )k — k) BNE)
e )
Q [(k —K)? = (1) (kg — k) |vB,
||
M :Wék”

{1k, dwlk — K, ooy fa/wk,)}z

1e e o (k- k,)z

4mZ ek |k — K'|?

N2 U \2 /\2 2
(k—Kk)" - (Wkﬁkf) (k= k”) (51)
F (=K = () (ky = K)o,
Y
kk ool — o"col‘(/, ’

2
L& ) o [K- (k= K)]

‘k/ /! Urk—k/ n_ U , 2:7
|){( 70-(’01(‘ 7ka7k)‘ 4mg kzk’2|k—k,|2

’ k2 ( ) k2
)QZ + e - kZ] 2,
n = flf%ef‘( (52)
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This leads to the following provisional weak turbulence wave
kinetic equations, where the imaginary parts related to the linear
dielectric constant are yet to be determined:

ORY v
61’ = (k ka) T
4 O'wk Hye
v IS,
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Mk,k’ =

2

Note that the nonlinear terms in Egs. (53) and (54) associated with the
three-wave resonance delta function condition represent the decay
interactions. In the U mode wave kinetic equation, the last term on the
right-hand side of Eq. (53) denotes the induced scattering terms. The
linear terms associated with the imaginary parts of the dielectric con-
stant in Eqgs. (53) and (54) correspond to the quasilinear growth/
damping (or induced emission) terms.

Let us consider the inverse dielectric constant with shifted
argument
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1

ek =K, o0 —dwl)’

(56)

Since the shifted frequency ooy — o’

expression of the real part is applicable, i.e.,

is small, the low-frequency

ek — K, o0 —dw)
w2

ﬁ—kilme(k—k',awf —d o). (57)
Thus, we have
1
Im & ;
ek — K, 00/ — d'w)
—( ) Ime(k — K, ool —dal). (58)

Consequently, the induced scattering term in the U mode wave equa-
tion can be alternatively written as

o o ¥ [
ot = —owy Jdk My
ot ind.scatt. .uk ol
IJ UIO'U
x Ime(k — K O'(A)E—o'wk,) T7
1oy
59
e @R () ) k- KR (59)
KT m2 w?, 12K2

2
(k—K)*v2, — nkk,(ku—kh)zvzn

]QZ+{k K)? =l (kg — k)1, |

The provisional wave kinetic equation given by Egs. (53) and
(54) with the modified induced scattering term given by Eq. (59) are
almost complete, except that the imaginary part of the dielectric con-
stant is undetermined. Under the strict warm two-fluid formalism, the
dielectric constant is purely real. However, the present warm two-fluid
formalism does not provide a complete description of the electrostatic
weak turbulence in magnetized plasmas. We thus turn to kinetic the-
ory in order to supplement the missing information as far as the warm
two-fluid approach goes. Also, the wave kinetic equation must be
solved in conjunction with the particle kinetic equation. For that, we
resort to the quasilinear theory.

C. Adding kinetic effects

We start from the Vlasov—Poisson system of equations given by

0 v 0
|:at+ v+;a(E(r,t)+;XBO) 'a:|fa(l‘,V,t) =0

(60)
V- E(r,t) = 4nZeana Jdvfa(nv, t).

Separating the physical quantities into average and fluctuating parts,
fa(r,v,t) = Fy(v,t) + 0f,(r,v,t) and E(r, t) = JE(r, t), and consid-
ering only linear equation for the perturbation, we obtain

OF, e, 0 ki
:77Jdkjdw k <E k, (ufk(/)>

ot m, v
4mi u
Exo = 7T;eunojdvfkw7 (61)
M | (0 — k V) _ ki OF,
a(p + fkv) - ko k 81/1'7

where we have assumed the gyrotropy for F,, and we have expressed
the results in spectral representation.

Solving for the perturbed distribution function—third equation
in Eq. (61)—following the standard textbook method, we have

. —ie, 0 ]n(b)eibsin(p—im/)
fk,w = _ _ :
myk B kHVH nQ, + i0
nQ, 0 0
+ k FyEx - 62
x <vl 61@ l@v) k, (62)

Substituting Eq. (62) to the Poisson equation—second equation in Eq.
(61), we have the kinetic version of the wave dispersion relation,
together with the kinetic definition for the dielectric response function

= &(k, 0)Ex o,
wz 00 ]Z(b)
. _ pa n
oo =t Z k2 f dvn;oc o — kv —nla +10 (63
nQ, 0 0
_—— — | F,.
x < vy 61@_ +kH 8V|>

From this, we obtain the desired expression for the imaginary part of
dielectric constant given by

Tw? e
Ime(k, ) = — Z k2pa Jdv Z J2 (kah)

X 5((1) — kHVH — HQE)

nQ, 0 0
X ( v aVL + k” a—v) Fa- (64)

Inserting Eq. (62) to the particle kinetic equation in Eq. (61), we
also obtain the desired quasilinear velocity—space diffusion equation as

follows:
OF, neﬁ nQ, 0 0
E*m—gjdkjdwzn (fm“‘l a_vH

X ]ﬁ (kJ_VJ_) 5((1) — kHV” — I’lQa)

Qq

<5E2>k,w ”Qa J 0
e oo, TRy ) (65)

D. Summary of equations

We are now in a situation to write down the complete set of
equations that can describe electrostatic turbulence in magnetized
plasmas. The onset of turbulence may be initiated by some free energy
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source associated with the particles. For instance, an electron beam
traveling along the ambient magnetic field may excite primarily
Langmuir instability, but during the course of nonlinear mode cou-
pling, the beam-generated Langmuir waves may undergo backscatter-
ing and decay that involves upper-hybrid waves and low-frequency
ion-sound waves. The set of equations to be summarized here can be
solved either by analytical means or by fully numerical means to
describe such processes. To present the final result, we take the expres-
sion for the imaginary part of dielectric constant computed from
kinetic theory, namely, Eq. (64). We also make use of the particle
kinetic equation (65) to provide a self-consistent dynamical descrip-
tion of the particle distribution function. We next discuss the incorpo-
ration of these kinetic effects.

First, we note that the upper-hybrid mode is a high-frequency
mode. As such, we may ignore ions in the linear growth/damping (or
induced emission) term given by

kiv
/k _‘m’k.“k ZkZJ ZI(‘ET)
e

X 5(ka — kHVH — leeD

n|Q,| 0 0
2 ik ZE.
X < v ovs +kH 8V|> (66)

The Langmuir/upper-hybrid mode is characterized by wf ~ e, .
Consequently, the resonance condition leads to v ~ (o — n|Q,])/
ky. If the instability is driven by the electron beam, then it is seen that
the harmonic mode number corresponding to

U_k
" (g Hvb
Q|
2 1/2
(e K i vz, ke 67)
QZ k2 QZ QZ ?

where v, is the average electron beam speed, is expected to make the
most important contribution. If @y /|| is, say, 3 or so, then n could
also be close to 3. If wp /|Q| ~ 5, then n ~ 5, etc. On the other hand,
the Bessel function factor J?(k; v, /|Q.|) decreases for increasing n.
This means that there is a trade-off between the resonance condition
and the Bessel function multiplicative factor. In general, many har-
monic terms need to be included in the summation.

For the S mode, on the other hand, the frequency is low so that
one may keep only the lowest harmonic term in the electron Bessel
function series. In fact, only the n=0 term (the Landau resonance)
will be sufficient. The S mode, however, is affected by the ions as well,
but since many higher-harmonics of ion terms need to be kept, we
approximate the problem by treating the ions as unmagnetized. Thus,
the S mode damping rate can be approximated by

2

nw kJ_VJ_
- etn o)

X 5(0'(,015( — k”VH) k” 8_1/;

2

2k?

Jdvé(awk k-v)k- 6% (68)

+ oL
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For the induced scattering (nonlinear Landau damping) term in
the U mode wave equation, we retain only the ion (proton) contribu-
tion. As such, we also replace the expression by its unmagnetized
counterpart given by

o IaU
at ind.scatt. luk
Uy
— ooy Y Jdk Ukkfjdv -
o=+1 k’ luk
F;
X(S[awkfawk,f(k K)- }(k*k/)~%, (69)
where
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2

(k k/) VTe rlkk’(kH k/) VTe
Qz + {(k k,) - ﬂkik’(kH - H) }VTe

Finally, we treat ions as a stationary background so that we only solve
for the electron velocity-space diffusion equation. For the electrons,
only the U mode waves contribute to the velocity-space diffusion,
since the low-frequency S mode is generally unimportant for the elec-
trons especially in the range of electron beam.

The final set of equations are thus summarized as follows: The
wave kinetic equation for the U mode is given by

(70)

o I1zY v ovIrs,
—E =20V X+ 200 Jdek/ ooy K XK
oty My o1 W 'uk—k’
s, U\ v
My ﬂ ﬂk
x (o) —dwY —d'of )
0 ‘U I(TU
ooy > Jdk’ % Jdv X
o=+1 Hk/ :uk
; . OF
xé[awk—awk,—(k K)- ](k—k)~—, (71)
ov
where ygU is glven by Eq (66); VU, is defined in Eq. (55); the disper-

sion relations wk and a)k are deﬁned in Egs. (31) and (36), respec-
tively; the quantities p and u are given in Eq. (39); and the
coefficient Uy is defined by Eq. (70).

The S mode wave kinetic equation is a slight modification of Eq.
(54) where

o1 IS vy,
o *2/1{5 Lsﬁ—awls( Jdk Vsk/ ow ls( kU kUk
nu Hy o o' =*1 Hk/ I'tkfk/
Ia 'U IG,,U Io—s
o) B o, BV
1y M )
x d(owy — d'wg — "ol ), (72)

where yﬁs is defined in Eq. (68), and Vlf 18 defined in the same man-
ner as in Eq. (55). The ions are treated as quasistationary, but the elec-
tron distribution F, evolves according to the dictates of the quasilinear

velocity-space diffusion equation given by
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OF, mé Jdkz n|Q| o P 0

e _ = i + _
ot m? = k2 -~ v, Ov, I v

kv .
X ]ﬁ( E) |L> 5(0&)5 — kv — n\Qe|)IkU

nQ| o 0
— —|F..
x ( a8 8VL +kH 8V|> (73)

This completes the formulation of weak turbulence in magnetized
plasmas under the assumption of electrostatic interaction. If we elimi-
nate the correction that arises from the presence of ambient magnetic
field, then the set of equations that we have derived thus far reduce to
that of unmagnetized plasmas, which had been derived with kinetic
theory and solved for one- and two-dimensional (or three-dimensions
with azimuthal symmetry) situations.”**

V. SUMMARY AND DISCUSSIONS

To summarize the present paper, we have made use of a hybrid
technique that involves a warm two-fluid theory to compute the linear
dispersion relation, nonlinear susceptibility, and the basic form of non-
linear wave equation under the weak turbulence ordering. We have
then formulated the general weak turbulence analysis to derive the
wave kinetic equation that describes linear wave-particle interaction,
or induced emission, nonlinear wave-wave interaction, or decay/coa-
lescence, and nonlinear wave-particle interaction, or induced scatter-
ing process. Among these, the decay term is adequately described by
the warm two-fluid approach, but the processes that involve particles
cannot be discussed with macroscopic theory. We have thus employed
the linear and quasilinear kinetic theory to provide the mathematical
expressions for induced emission and induced scattering terms. We
have also derived the quasilinear diffusion equation for the particles,
thereby completing the formalism.

As noted in Sec. I, the present state of matter regarding the weak tur-
bulence theory in magnetized plasmas is not at a mature state. Instead,
weak turbulence theory for magnetized plasmas is discussed under vari-
ous simplifying assumptions. Despite some early efforts,” >" completely
general kinetic theory of weak turbulence in magnetized plasmas is not
practical. The purpose of the present paper has been to derive a reduced
theory of weak turbulence in relatively weakly magnetized plasmas under
the assumption of electrostatic interaction. Unlike the early wor 1951
the present paper has taken a more pragmatic approach in that, we started
from the warm two-fluid theory. Recently, one of us (P.H.Y.) demon-
strated that the warm two-fluid theory is capable of partially reproducing
the weak turbulence wave equation for unmagnetized plasmas, which is
normally derived from full kinetic theory.”' The present paper adopted
such an approach, which is combined with quasilinear kinetic theory, and
succeeded in formulating the weak turbulence theory for magnetized plas-
mas under the assumption of electrostatic interaction.

In the future, the set of equations derived in this paper will be
analyzed/solved for a practical problem. Further, the present formal-
ism will be extended to a fully electromagnetic formalism. Such tasks
are beyond the scope of the present work, however.
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