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ABSTRACT
In this work, we perform molecular dynamics simulations to study a spherical polyelectrolyte brush. We explore the effects of surface polar-
ization and electrostatic coupling on brush size and distribution of counterions. The method of image charges is considered to take into
account surface polarization, considering a metallic, an unpolarizable, and a dielectric nano-core. It is observed that, for all cases, a moderate
shrinking–swelling effect appears with an increase in the electrostatic coupling parameter. This effect occurs under high Manning ratios. The
curves relating the average size of polyelectrolyte brush as a function of coupling show a minimum. The results show that the grafting density
of polyelectrolytes on the nano-core surface plays an important role in the polarization effect. We consider a modified Poisson–Boltzmann
theory to describe the counterion profiles around the brush in the case of unpolarizable nano-cores and weak electrostatic coupling.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0147056

I. INTRODUCTION

Polyelectrolyte brushes (PEBs) are nano- or micro-structures
formed by organic charged polymer chains grafted to inorganic sur-
faces in diverse geometries.1–5 In recent years, the study of PEBs
has acquired considerable interest due to their importance in sev-
eral applications, such as biological lubrication,6 anti-fouling,7 anti-
icing,8 and adhesives.9 The PEBs have shown their importance in
ionic current rectification10–12—an important phenomenon of the
modern area of iontronics, along with applications in microflu-
idic devices.13,14 In particular, spherical PEBs have been synthesized
to be considered for optical applications,15 nanoreactions,16 drug
delivery,17 and colloidal stabilization.18 The development of new
methods in nanotechnology opens up the possibility for a wide range
of new applications.19–22

The shrinking and swelling properties of PEBs, in multiple
geometries, affect most of the applications mentioned above.23–29

These depend on various aspects, such as screening salt concentra-
tion,30 applied external field,31 pH,32,33 electrostatic correlations,34

chain grafting density,35 and ionic specificity.36 They can control
the fluid flow inside brush pores37 and the friction of cationic and
anionic brushes.38 The distribution of ions around the PEB has

a crucial influence on its size as, for weak electrostatic correla-
tions, the brush layer is swollen by the osmotic pressure of the
counterions, while at intermediate salt concentrations, they shrink
the brush structure due to partial screening of the electrostatic
interactions.39

In general, the dielectric constant of the brush nano-core is con-
sidered to be the same as that of the exterior, which means that
polarization effects are neglected. However, it is known that, for
example, phase diagrams in membrane stacks,40 counterions dis-
tribution around colloids,41,42 colloidal self-assembly,43 interaction
between ionic clusters,44 and electro-osmotic flow45,46 depend on
surface polarization. Using molecular dynamics simulations in the
case of a low dielectric constant brush nano-core, it was shown
that polarization effects are marginal, even for trivalent counteri-
ons at room temperature.47 In other rare publications, the brush
surface polarizability was explored in a planar geometry, showing
the importance of surface polarization to ion mobility through the
brushes48 and to the brush structure.49 In the mentioned work,49

the authors studied the effects of several parameters on the planar
PEB structure, such as the Bjerrum length and grafting density. One
of the main findings is the intra- and inter-chain condensation of
trivalent counterions for conducting surfaces. The results show the
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importance of electrostatic correlations and surface polarization in
the equilibrium properties of PEBs.

In this paper, we show the effects of surface polarization and
electrostatic correlations on the distribution of counterions around
a metallic, unpolarizable, and dielectric spherical polyelectrolyte
brush nano-core. For all cases, a moderate shrinking–swelling effect
is observed when increasing the electrostatic coupling parameter.
For a higher grafting density, 0.069 chains per nm2, the results
obtained for unpolarizable and metallic nano-cores are very sim-
ilar, while for a lower density, 0.0027 chains per nm2, the brush
nano-core polarization highly influences the polyelectrolyte brush.
It has to do with the more available free space in polarizable sur-
faces for ion–surface interaction, in the case of a lower grafting
density. In this case, the conductive surface adsorbs plenty of coun-
terions due to surface polarization, leaving few ions to neutralize
the charged chains. The charged chains are then not neutralized,
carrying an excess of charge, which allows them to strongly stick
to the nano-core surface. For the other cases, the counterions
adsorb to the oppositely charged polymer chains instead of the
nano-core surface, neutralizing almost all of them and forming
quasi-globular or stretched structures. For dielectric nano-cores in
the strong coupling limit, a tree-like structure for polyelectrolytes
is observed, related to the image charge repulsion from the sur-
face. In the weak coupling regime and unpolarizable nano-core, we
compare the simulation results with a modified Poisson–Boltzmann
(mPB) theory. The computational simulations are performed using
Langevin molecular dynamics.50,51 The method of image charges
is considered for electrostatic interactions,41,47,52 while a trun-
cated Lennard-Jones potential avoids particles overlap. The adjacent
monomers in the brush are connected via a harmonic poten-
tial. In Sec. II, we show the model and details considered, fol-
lowed by the mean-field theory. After that, results and conclusions
are presented.

II. MODEL AND SIMULATION DETAILS
The molecular dynamics simulations are performed inside a

spherical cell of radius R with a uniform dielectric constant εw ;
see Fig. 1(a). The centered nanoparticle has a radius a and a uni-
form dielectric constant εc. The dielectric contrast is defined as
γ = (εw − εc)/(εw + εc). The first monomer of Np = 14 polyelec-
trolyte chains is uniformly distributed and attached to the nano-core
surface at a distance a + rc from the center, where rc is the effective
particle radius. Each chain is made of Nm monomers with a centered
charge +αq, where α is the ionic valence and q is the proton charge.
Inside the cell but outside the nanoparticle, there are Nc = NpNm
counterions of charge−αq. All particles have an effective ionic radius
rc = 2 Å. The natural length scale in the present simulation is the
particle diameter, d = 2rc. In this way, we can define the coupling
parameter as Ξ = α2lB/d, where lB = q2/εwkBT is the Bjerrum length.
The coupling parameter is explored from 1 to 100. For conducting
nano-cores, γ = −1, low coupling parameters can represent mono-
valent ions at room temperature in water, while high values can
represent the same but in oil, as it has a low dielectric constant. In
the case of a low dielectric constant solution, the polarizable insulat-
ing scenario is meaningless because a silica nano-core, for example,
also has a low dielectric constant. The dielectric case, γ = 0.95, can

FIG. 1. (a) Schematic illustration of the studied system. A nanoparticle of radius a
and dielectric constant εc is centered at the spherical cell of radius R. The poly-
electrolyte chains are grafted to the nanoparticle surface, and the counterions are
distributed over the aqueous medium of dielectric constant εw . (b) Model for the
mean-field theory. The chain monomers are uniformly distributed over radial layers.

model a silica nano-core in water. In this case, high coupling para-
meters can be achieved, for example, with a combination of low
temperatures and high ionic valences.

The harmonic interaction potential between adjacent
monomers in chains is given by53

Uadj =
Γb

2
(radj

i − r0)
2
, (1)

where radj
i is the distance between monomer i and the next adja-

cent monomer, r0 = (3/2)d, and Γb is the bond potential constant.
We set Γb = 2kBT/d2. The Manning ratio54 is defined as ξ = lB/r0,
and it can be rewritten as ξ = 2Ξ/3α2. This means that, for fixed
valencies, the Manning ratio and the coupling parameter are propor-
tional. For monovalent ions, the Manning ratios are ∼0.67, 33, and
67 for couplings Ξ = 1, Ξ = 50, and Ξ = 100, respectively. Most cases
in this work consider ratios above the corresponding Manning coun-
terion condensation phenomenon. All particles interact through a
truncated Lennard-Jones potential,

ULJ = Θ(rcut − ri j)
⎛
⎝

4Γl j

⎡⎢⎢⎢⎢⎣
( d

ri j
)

12

− ( d
ri j
)

6⎤⎥⎥⎥⎥⎦
+ Γl j
⎞
⎠

, (2)

where Γlj = 2kBT, rij is the distance between particles i and j, Θ(x) is
the Heaviside step function, and rcut = 21/6d.

In the case of a conducting spherical nanoparticle, εc →∞, the
interaction potential between particles i and j at positions ri and rj is
given using the image charges method,52,55

βUc
e = α2lBsis j

1
∣ri − r j ∣

+ α2lBasis j

r j

⎡⎢⎢⎢⎢⎢⎣

1
∣ri∣
− 1

∣ri − a2

r2
j
r j ∣

⎤⎥⎥⎥⎥⎥⎦
, (3)

where si = +1 is for monomers and si = −1 for counterions. The
distance rj is given by rj = ∣rj∣.
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When the nanoparticle has a dielectric constant much lower
than the outside medium, εc ≪ εw , the electrostatic interaction is
also given by the method of image charges,41,47

βUd
e = α2lBsis j

1
∣ri − r j ∣

+ α2lBsis j

⎡⎢⎢⎢⎢⎢⎣

γa
ri∣r j − a2

r2
i

ri∣

+ γ
a

ln
⎛
⎜
⎝

rir j − ri ⋅ r j

a2 − ri ⋅ r j +
√

a4 − 2a2(ri ⋅ r j) + rir j

⎞
⎟
⎠

⎤⎥⎥⎥⎥⎥⎦
. (4)

It is important to mention that the particles also interact with their
self-image charges.

The motion of particles is governed by the well-known
Langevin dynamics. The integration is performed using the velocity-
Verlet algorithm, considering the time step dt = 0.005d(mβ)1/2,
where m is the mass of all particles. It is important to notice that
since the first monomer of each polyelectrolyte chain is grafted to the
nanoparticle surface, its velocity is zero along the simulation. The
statistical analysis is performed over the 5 × 104 samples obtained
each ten time steps after the equilibrium, which takes ∼1 × 105 time
steps. The bounce-back technique is used to prevent particles from
getting into the nanoparticle and also to keep it inside the spherical
cell. We wrote all codes used to perform simulations and to analyze
the data.

III. MODIFIED POISSON–BOLTZMANN THEORY
In order to study tethered charged chains, some works con-

sidered field theory,56,57 scaling,5,58 density functional theory,59 and
the so-called molecular theory.60 We use a simple mPB equation
to study the ionic concentration around the brush in the case of
an unpolarizable nanoparticle.47 It is known that the PB equation
works well in the limit of weak electrostatic correlations.61 The
present model is constructed as if all the monomers are aligned with
the nanoparticle center and uniformly located at radial layers; see
Fig. 1(b). The mPB equation is47

∇2ϕ(r) = − 4π
εw
[

Nm

∑
k=1

σkδ(r − rk) − αqρ−(r)], (5)

where the charge density of the corresponding layers of monomers
are

σk =
αqNp

4πr2
k

, where rk = rk−1 + Δr(Nm). (6)

The first layer is at contact, r1 = a + rc, while ρ− is the concentra-
tion of counterions inside the cell. The distance between layers,
Δr, was previously defined as a constant,47 not resulting in good
agreement between theory and simulations for longer chains.47

In order to improve the validity of this theory, let us consider
that the chain’s length is proportional to the square root of the
number of monomers, ∝

√
Nm, considering the 1D random walk

approximation. This means that the separation between layers is
∝
√

Nm/Nm,

Δr(Nm) = b
rc√
Nm

, (7)

where b = 11. The constant was obtained from fitting the simula-
tion data solely for the first case discussed in Sec. IV. The mPB
equation can be solved by the Picard iterative process. A more com-
plex definition of Δr will guarantee that it works for polarizable
cases and in the presence of salt. This is going to be developed in
future work.

IV. RESULTS AND DISCUSSION
Here, we show the results of two distinct cases, a small nano-

core PEB with a radius a = 40 Å and charged chains with Nm = 30
monomers and a big nano-core PEB with a radius a = 200 Å and
chains with Nm = 60 monomers. Both cases represent a chain graft-
ing density of 0.069 chains per nm2 and 0.0027 chains per nm2,
respectively. For both systems, we fix the number of charged chains
at Np = 14. We separately study each case in the following.

A. Small nano-core
Let us consider the small polarizable nanoparticle with Np = 14

attached polyelectrolytes. The nano-core radius is a = 40 Å, while
the confining cell radius is R = 250 Å. The brush grafting density is
0.069 chains per nm2. The number of monomers in each chain is
Nm = 30. In Fig. 2, the ionic and monomer concentration profiles
are shown for three polarizable cases, γ = −1, 0, and 0.95, repre-
senting metallic, unpolarizable, and dielectric cores, respectively. In
addition, we consider three coupling parameters, Ξ = 1, 50, and 100.
In the previous work, we have considered just the dielectric nano-
core and low coupling parameters.47 For an unpolarizable nano-core
and a weak coupling parameter, we solve the mPB equation, Eq. (5).
It is natural that the increment Δr in the mPB equation depends
on the number of monomers in the chain. We obtain the constant
b = 11 in Eq. (7), from the best fit of the simulation result; see the
black line in Fig. 2. The theory is going to be generalized in future
work, considering added salt concentrations and the nano-core
polarization.

For all cases, the ionic adsorption is strong for higher cou-
pling parameters. In charged colloids, the increase in the cou-
pling parameter leads to stronger ionic adsorption. This is not
the case for polyelectrolyte brushes. For coupling Ξ = 100, we
observe less adsorption than for Ξ = 50, in all studied cases. This
is related to the shrinking–swelling effect discussed in the follow-
ing. The metallic and unpolarizable cases are very similar, while
the dielectric case shows a peculiar behavior of counterions and
monomers due to repulsion from the dielectric surface. This is
also observed in the PEB size, RB, defined as the average distance
between the nano-core center and the most distant monomer in the
chains,

RB = ⟨
1

Np

Np

∑
i=1

r(m)i ⟩, (8)

where r(m)i is the distance between the center of the PEB nano-core
and the most distant monomer in chain i. In Fig. 3, we show the
size RB as a function of the coupling parameter for three polar-
ization cases. The size of PEBs decreases with an increase in the
electrostatic coupling parameter. This is expected as the adsorption
of counterions to charged monomers in chains becomes more and
more important. It is well known that multivalent counterions in
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FIG. 2. Concentration profiles of coun-
terions (top figures) and polyelectrolyte
monomers (bottom figures). Charged
chains have Nm = 30 monomers, while
the nano-core radius is 40 Å. The metal-
lic, unpolarizable, and dielectric cases
are shown in the left, middle, and
right columns, respectively. Three cou-
pling parameters are considered: Ξ = 1,
Ξ = 50, and Ξ = 100, which correspond
to orange, blue, and green symbols. The
black line is the adjusted solution of the
mPB equation.

FIG. 3. PEB size, defined as the average distance between the nano-core center
and the further monomer in each chain. The parameters are the same as those
described in Fig. 2.

the regime of strong coupling are able to shrink the PEBs.34 It is
clear that the brush weakly re-swells for higher coupling parameters
and a minimum can be seen in curves. The curves for unpolariz-
able and metallic cases are very similar, while much bigger PEBs
are reported with a dielectric nano-core. The discussed effect can
be visually observed62 in the snapshots shown in Fig. 4. For the
dielectric case, we also observe an interesting effect at the coupling
Ξ = 50, the formation of tree-like structures, caused by the competi-
tion between ionic attraction to charged chains and ionic repulsion
from the dielectric surface. For the coupling Ξ = 100, the effect is no

FIG. 4. Snapshots of equilibrated simulations. The parameters are the same as
those described in Fig. 2. The yellow spheres represent the chain monomers,
while the green spheres represent counterions. The white spheres (gray volume)
represent the surface of the nanoparticle.

longer observed, showing that the ion–chain interactions dominate
over the ion–surface interactions.

B. Big nano-core
The big nano-core PEB is studied in this subsection. The nano-

core radius is a = 200 Å, while the confining spherical cell radius is
R = 600 Å. The number of monomers per charged chain is set to
Nm = 60, while the number of polyelectrolyte chains is the same as
in Sec. IV A, Np = 14. The grafting density is 0.0027 chains per nm2
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FIG. 5. Concentration profiles of coun-
terions (top figures) and polyelectrolyte
monomers (bottom figures). Charged
chains have Nm = 60 monomers, while
the nano-core radius is 200 Å. The
metallic, unpolarizable, and dielectric
cases are shown in the left, middle,
and right columns, respectively. Three
coupling parameters are considered:
Ξ = 1, Ξ = 50, and Ξ = 100, which cor-
respond to orange, blue, and green sym-
bols, respectively. The black line is the
solution of the mPB equation.

FIG. 6. PEB size, defined as the average distance between the nano-core center
and the further monomer in each chain. The parameters are the same as those
described in Fig. 5.

in this case. Such a low grafting density is considered when the inter-
action between solute and substrate is relevant.63 Again, we study
more deeply the cases with electrostatic coupling parameters Ξ = 1,
50, and 100, for metallic, γ = −1, unpolarizable, γ = 0, and dielectric
nano-cores, γ = 0.95. The ionic and monomer concentration pro-
files are shown in Fig. 5. The mean-field theory is used for the weak
coupling and unpolarizable case; see the black line in the mentioned
figure. We use the same constant b = 11 in Eq. (7) and in the mPB
equation, Eq. (5), fitted for the previous case.

It can be seen that, for higher coupling parameters, the ionic
and monomeric adsorptions to PEBs are strong. Counterintuitively,

the ionic adsorption for parameter Ξ = 100 is weaker than for Ξ = 50,
for all nano-core polarizations. The PEB is less condensed for the
coupling Ξ = 100 than for Ξ = 50. Again, this is a property that
is absent in charged colloids but seems to be present in PEBs.
As in the previously studied small nano-core PEBs, a moderate
shrinking–swelling effect is also observed for big nano-core PEBs;
see Fig. 6.

Interestingly, for the present case, the charged chain condensa-
tion has a different nature for metallic nano-cores. Plenty of coun-
terions attach directly to the metallic surface due to image charge
interaction, leaving the charged chains with an excess of charge.
This results in non-neutralized charged chains, which strongly
adsorb to the metallic nano-core surface due to image charge
interactions. This tells us that the effect of surface polarization
depends on the grafting density, as previously shown for planar
surfaces.48,49 The effect can be seen in the snapshots of equilibrated
simulations;62 see Fig. 7. The snapshots for the metallic case with
high coupling parameters show that some of the counterions
adsorbed to the surface, instead of chains. The fractions of counteri-
ons adsorbed to the surface are around 30% and 17% for couplings
Ξ = 50 and Ξ = 100, respectively, meaning that the average chain
charge neutralization is around 70% and 83%, respectively. Some
of these ions act as chain–surface linkers, ≈17 and 30% for cou-
plings Ξ = 50 and Ξ = 100, respectively, qualitatively similar to what
is found for planar surfaces.49 For comparison, the fractions of
adsorbed counterions to the small nano-core brush are less than
1%. This does not happen for unpolarizable and insulating nano-
cores; see other snapshots in Fig. 7. As in the small nano-core
case, the charged chains form a tree-like structure in the insulat-
ing nano-core, the counterions adsorb in a way to prefer to stay
more condensed in the further region of charged chains. The cause
of the effect is the electrostatic repulsion from image charges in the
insulating material. As can be seen in the last drawing of Fig. 7, the
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FIG. 7. Snapshots of equilibrated sim-
ulations. The parameters are the same
as those described in Fig. 5. The yellow
spheres represent the chain monomers,
while the green spheres represent coun-
terions. The white spheres (gray volume)
represent the surface of the nanoparticle.

effect is almost entirely absent in the higher electrostatic coupling
regime, Ξ = 100.

V. CONCLUSIONS
In this work, we study the roles of brush nano-core polarization

and electrostatic coupling in the structure of spherical polyelec-
trolyte brushes and the distribution of counterions around them. We
use the method of image charges to take into account surface polar-
ization. The dynamics are performed with the Langevin method. A
modified Poisson–Boltzmann theory is used to describe the ionic
concentrations around the brush in the case of weak electrostatic
coupling and unpolarizable nano-core. We show that the grafting
density of chains is important for polarization effects. For small
nano-core PEBs or higher grafting density, the results obtained with
metallic or unpolarizable nano-cores are almost the same, while the
results for dielectric nano-core show relevant differences. This can
be explained by the fact that, in metallic and unpolarizable cases,
there is always a counterion attraction toward the surface, with
more chance to counterion-chain binding due to the high graft-
ing density, differently from the dielectric case in which charge
repulsion takes place. In the case of big nanoparticles, or lower
grafting density, we show that the metallic nature of brush nano-
core is much more efficient to shrink the polyelectrolyte brush in
comparison with the unpolarizable or dielectric case. For moderate
electrostatic couplings, the counterions attach directly to the brush
nano-core, leaving the charged chains not neutralized. This allows
them to adsorb to the nanoparticle surface, also by image charge
interactions. For both small and big dielectric nano-cores, the effect
is different: the counterions tend to neutralize the charged chains
forming tree-like structures in the intermediate coupling regime due
to image charge repulsion. For higher electrostatic couplings, the

structures are more stretched, increasing the size of PEBs when a
shrinking–swelling phenomenon takes place.
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