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Abstract We study the Cauchy problem for a system of one-dimensional viscous conserva-
tion laws with rotational invariance, u; + [|u|2u ]x = u,,,with the aim of deriving some a
priori estimates for various L? norms of its solutions through a direct method.
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1 Introduction
In this work, we will derive some estimates for bounded solutions u(-, ) of the Cauchy
problem for the system of advection—diffusion equations

w G, 1)+ [Jutx, DPux, 0], = wex, 0, (1
u(-,0) =ug € L (R) N L®(R),
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where x e R, € [0, T],1 < py < oo, u(x,t) = (ui(x, 1), uz(x,1),...,un(x,1)), and | - |
is the Euclidean norm in R”. The initial condition is satisfied in the sense of Li oc(R), ie.,
lim;— [lu-, £) — woll 1 k) = O for each compact set K C R. Standard results (see e.g.,
Serre (1999), Ch. 6) assure the existence of a smooth classical solution u(-, ) defined for
0 <t <T,forsomeT > 0, and satisfying

lux,H)> < B(T), VxeR 0<t<T. )

It follows from Theorem 2.1 in Braz e Silva et al. (submitted) and Theorem 3 in Sect. 2
below that this solution u(-, ¢) is uniquely defined for ¢+ € [0, T] and we actually have
u(-, 1) € CO([0, T], LPo (R)), so that, in particular,

la(-, ) —u IILPO(R) — 0 ast—0.
We will also prove in Sect. 2 that, for each p, < p < oo, we have
luC, Dller@w < K@OlwollLrwy, Ytel0,T],

where K (1) = K (1,7, p) = exp { 20720 ¢} and

_3
[la(., l)||L2p(R) <Cyt %, Vte(0,T],
where C,, > 0 is a constant depending only on the parameters

y={n T, p. Iwolore)}-

Finally, in Sect. 3 we will derive the supnorm estimate

1
lu(, )llpem) < Cet 2, VYVt €(0,T],

where C, is a positive constant depending on the parameters given in the list k =
{n, T, p, lugllzrr)}. Similar results can be obtained using our approach for solutions u(, )
of the more general equations given in (3) below, but for simplicity we will restrict our
attention to solutions of (1) only.

The estimates above are derived through a direct method, extending the treatment in
Schiitz (2008), Zingano (1999) to rotationally invariant systems. Let us briefly review the
main results found in these references.

In Zingano (1999), the system considered is

u; (x, 1) + [p(lulx, HDulx, ], = (B@uy(x, 1))y, 3)

where ¢ is a smooth real function, x € R, t > 0, and B(u(x, t)) = (b;(u(x, t)))nxn 1S an
n x n diagonal matrix with real smooth entries such that b; (u(x,)) > u, Vi =1,2,...,n,
where p is a positive constant. The author establishes the inequality

1
luC, 2w < Ka(l+0)73, Vi>0,
where ug € L1 (R) N L2(R), and K 4 is a constant depending only on the parameters

A = (a0l 11 gys G Ol 2y 7, 1)
In Schiitz (2008), the author considers the multidimensional scalar equation

u;(x, 1) + divib(x, 7, u(x, t))u(x, t)| =div[A(X, 1, u(x, 1)) Vu(x, t)|+c(x, t, u(x, t))u(x, t),
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Viscous conservation laws 795

where x € R™,t € (0, T] e b, ¢ are smooth functions such that
b(x,t,u)] < B(T), l|cx,t,u)| <C(T),

and A(X, t,u) = (a;j(X,t,u))mxm is an m x m real positive definite matrix with smooth
entries a;; such that

D aij(x L wEE = Y &
i=1

i,j=1

where w, B(T), C(T) are positive constants and &§; € R, Vi = 1, 2, ..., m. The main results
obtained therein for a solution u(x, t) are the bounds

lu(, OllLr@ny < KplluollLr@my, Yt el0,T],

lu(, Ollpo@ny < Koo llugllLr@myt 27, Vit e (0,T],

where K, = K,(p, T, ) and Koo = Koo(m, p, T, ).

There is a vast literature on systems of advection—diffusion equations in various settings
using different techniques from those used here, see, for example, Braz e Silva and Zingano
(2006), Brio and Hunter (1990), Carlen and Loss (1996), Chern (1991), Chern and Liu (1987),
Duro and Carpio (2001), Duro and Zuazua (1999), Escobedo et al. (1993), Escobedo and
Zuazua (1991), Freistiihler (1990), Freistiihler and Serre (2001), Harabetian (1988), Ilin et al.
(1962), Kawashima (1987), Keyfitz and Kranzer (1979/1980), Schonbek (1980), Schonbek
(1986). Our aim here is to use a direct method to derive bounds for the solutions easily,
without the need to use very technical arguments.

Throughout this work we use the notation

n
. DIy = D i Oy @
i=1
and
luC. Dl = max {luiC.0lle) - )

,,,,,

2 L7 estimates

Let p € [ p,, 00) be given (fixed but arbitrary). We begin by showing that there is a constant
C, > 0, dependingony =y (n, T, p. |luollLrw)) such that

_3
G, Ol 2py < Cpt 7, Vie(OT]. ©)

To prove inequality (6), we first show that a solution of system (1) is bounded in L?. More
precisely,

Theorem 1 (L” estimate I) Given T > 0, let u(-, ) € C°([0, T], L?(R)) be a solution for
system (1) satisfying the hypothesis (2). Then

luC, Ollerwy = K@lwollzrw), Viel0,T], (7N

where K([) = K([’ T’ p) :exp{wt}.
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796 P. Braz e Silva et al.

Proof We begin by defining what we call a regularized sign function (see also Kreiss and
Lorenz (1989), Lemma 4.3.1): Let Sgn € C*(R) be a fixed function such that

Sgn(y) = -1, fory < -1,
Sgn(y) =1, fory>1,
Sgn(0) =0,

and
Sgn'(y) >0, forallyeR.

For each § > 0, define Sgng € C*°(R) by

Sgng(y) = Sgn(y/§), forally e R.
The function L given by

y
Ls(y) = /Sgns(x)dx, forall y € R, ®)
0

is called a regularized sign function. Note that

lim Ls(y) = |y|, uniformly on R,
§—0
Blir% L5(y) = sgn(y), foreachy €R,

L{(y) >0, and |yL§(y)|<C, forall§ >0,y €R,

where C is a positive constant and sgn is the sign function.
We now proceed to prove the theorem. Consider ®5(-) = Ls(-)” and T > 0. We show
that the desired estimate is valid for each component of a solution for (1), (2), i.e.,

lu; G Ollr@®y < KO lluiollLrwy, Ytel0,T],
foreachi =1, ...n. To this end, let f be a C;°(R) function such that

L xl <1,

f(x)z[o, | > 2,

with0 < f(x) < 1for1 < |x| < 2. Foragiven R > 0, define the function fz € C;j°(R) by
fr(x) = f(x/R),forall x € R. Foreachi =1, ..., n, multiply the equation

Uit + [|u|2u,~]x = Uixx
by fr ()c)<I>:S (u;) and integrate over R x [fy, t], where 7o € (0,¢) and ¢ € (0, T]. One gets

t t

//fR(X)‘Dfs(Mi)uir dXdT+//fR(X)‘1>fs(Mi)[|ll|2Mi]x dxdz
R R

fo fo
t

://fR(x)q):;(ui)u,‘xxdxdf. ©)
R

fo
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Viscous conservation laws 797

Let us examine each term in the above equation. The first term in the left hand side of equation
(9) can be written, using the Fundamental Theorem of Calculus, as

t

2R 2R t d
//f(x/R)q):s(ui)uirdXdT= / f(X/R)/E[CDa(ui)]dex
to

o —2R —2R

2R 2R
/f(X/R)%(ui(-,t))dx— / S/ R)Ds (u; (-, t0))dx.

—2R —2R

Taking the limit as R — o0, one has

t
//q:':;(”i)“irdf =/<1>5(Mi(wt))dx—/%(Mi(-,to))dx,
fh R R R

since f(0) = 1. For the second term on the left hand side of Eq. (9), one gets through
integration by parts that

2R

/ FG/RY® ) [JulPui], dx = [£ /R @ wplului] |75

—2R

2R 2R
1
- / f(x/R>d>g(ui>|u|2uiuixdx—E / F/(x/R)®f () ulPuju; dx
—2R —2R

2R 2R
1
=— / f /R (up)ul*ujuicdx — = / £/ R) @ (i) ulujudx,
_2R —2R
since f(—2) = f(2) = 0. Passing to the limit as R — 00, one finds
/¢g(u,~)[|u|2u,~]x dx = —/@3’(u,~)|u|2uiu,~xdx.
R R

Then, using that q)g () > 0 and condition (2), one has

/<bg<u,-) (o], dx > —/cb:;(u,->|u|2|u,-||uix|dx
R R
1 7 4.2 1 Vi 2
> —5/‘1)5(141')|u| u,-dx—i/d)[;(ui)uixdx
R R
2
> —B(ZT) /CDg(ui)uizdx— %/Cbg(ui)uizxdx. (10)
R R

Lastly, for the right hand side of (9), integrate by parts to write

2R 2R 2R
/ F /R D) (i) itgadx = — / £ RO iy dx — / £ (e R (i,

—2R —2R —2R
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798 P. Braz e Silva et al.

Taking the limit as R — oo, one gets

/cbg(ui)umdx = —/cpg(u,-)u%xdx. (11)
R R

Therefore, from identity (9), one obtains

B(T)2 / " 2
/%(w(-,t))dx E/‘ba(ui(-,to))dx-l- //%(Mi)uidxdf

2
R o R

R
| t
— 5//d>g(ui)ui2xdxdr
o R

12
B(T)? B 5
< | ®s(u;i(-, t0))dx + 3 & (u;)u;dxdr.
R fh R

Passing to the limit as § — 0 and using Lebesgue’s Dominated Convergence Theorem,
one obtains

t
B(T)? -1
/|u,-(-,r)|"dx 5/|u,»<-,to)|"dx+%//|ui|"dxdr,
R R n R

t
B(T)’p(p—1)
i G O p gy < Neti G 107 p gy + f/ leti 17 p gy -

1o

By Gronwall’s Lemma, it follows that

B(T)’p(p—1)

> (t— to)] , forallt € (0, T].

flui (-, t)”gp(R) < lui G, tO)HZp(R) exp [

Thus, taking the pth root and passing to the limit as 75 — 0,

B(T)*(p — D,

> ] forallt € (0, T]. (12)

i G OllLewy < lluiollLr ey CXP[
Consequently, summing on i from 1 to n [see (4)], one gets the desired bound
luC-, HllLr@ < K@®)llagllLrr), foralls € [0, T],
where ug = (410, 420, ..., U;0, ..., Uno) and K (1) = K (¢, T, p) = exp {%t}. ]
The following theorem gives the desired estimate (6).

Theorem 2 (LP? estimate II) Given T > 0, let u(-, 1) € C°([0, T1, LP(R)) be a solution of
system (1) under the hypothesis (2). Then

1
2 2 3 (2p2p—D\ 2 _3
IIH(-,t)IILé’p(R) < C3||110||L‘l;77(]R)F(t)2 (T 172, Yte(0,T],
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Viscous conservation laws 799

where C = C(n) is a positive constant and

t 3 t 3
3 2p2p — 1)B(T)? 3
Foy =Fa 1) =5 ([ K@rar )+ LEEZDED [k epras
0 0
Proof Consider ®;(-) = Lg(-)ZP. Foreachi =1, ..., n, multiply the equation

ujr + [|u|2u,~]x = Uixx

by (t — to)%cbg (u;) and integrate over R X [fg, t], where 79 € (0,¢) and ¢ € (0, T], to get
t t
3 3 2
//(r — 10) 2 @ (u;)uir dxdr +//(‘c — 10)2 D5 (u;) [Jul*w; ], dxdr
fh R fh R

t
=//(r—zo)%<1>g(u,»)u,-”dxdr. (13)

R

Note that

t t
/ (T — 10)3 D (up)ujrdr = / (r - toﬁj—r[cbs(ui)]dr
1
3 t
= (= 10)} D3(ui (-, DI}, — 5/@ — 10)2 By (u)de
1

t
=~ oy~ 3 / (r — ) dsudr.  (14)

Recalling that [see (10) and (11)]

/ 2 B(T)2 " 2 1 " 2
(i) [Julu;] dx > — 5 Of (uujdy — 5 [ Pfupuzdy,  (15)
R R R

and

/obg(u,-)u,-xxdx = —/q>g(ul-)u,.2xdx, (16)

R R

we get, using (14), (15), (16) in (13) and passing to the limit when § — 0, that
2p(2p - 1)
(6 = 10)2 i ¢, 1178,y + /( ro)z/m 27=22 dxdr

L 20Cp— DBV | L
== /(T - IO) ||M ”LZP(R) f (T - [0)2 ”ul”L[;p(R)dT'
fo
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Therefore, letting o — 0, we obtain

t
2p2p—1) 3
A1y + 20 [ 23 [P anae

t

2p@2p— BT [ 3

[ 42, g e + 2L DECE / 128, g .
0 0

| W

=<

Now, define the function

. _Jui(x, 1), if p=1,
wilx 1) = [ i 1P, it p > 1,

where x € R and ¢ € [0, T]. In particular, w?, = p*|u;|*’~2u? and ||wl||L2(R) =

”ul ” LZI’(]R) Define

t
2p2p—1) 3
X(0) = i 012, ) + T/fz/m P22, dxde

3 2p(2p -1
= 12 Jwi( Do) + 55— wizxdxdr

3 2p2p =1 [ 3
r2||wi<~,r)||iQ(R)+7 73 |wiy |22 g AT (17

[Note that X (t) = X (¢, p)]. Therefore,

t

3 2p@p -~ DB [ 5
- / o i |28, g e + LD / 122,

X =3
0 0
t t
30 1 2p2p—DBI)? [ 3.
= 5 1:2||wi||L2(R)d‘L' + f rZHwi”LZ(R)
0 0

Using the Sobolev inequality
[0ll2y < vl 0s sy ¥ v € CHE), (18)

one obtains
t

3 2 3
X = 3 [ A huil ]y g i gy 00
0

t
2pQ2p—DB(T)? [ 3 3 3
202 = DB / T C2will g w2 g A
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Viscous conservation laws 801

t

3 0 1 2 3
S EC T2 ||ul||Ll’(]R)”wlx ”LQ(R)dT
0
t
2p(2p — 1)B(T)? 9
= o3 u; ||LP<R)||w1x||L2(R)d
0
t
3 a2 B
E EC Ilui0||LP(R) TZK(T) 3 “le”LZ(R)
0
t
2p2p — HB(T)? i
+ = Clioll oy K@ ¥ fwiy ||L2(R)d
0
2 1
3 4 t 3 t 3
P 3
< S Col e | [ K@ ) ([ ol o
0 0
2 pp— DB(TY ) ‘ I 3
pQ2p —1)B(T i 3 3
+ == Clluioll o | [ TP K@ dr 2 |wix 75 g, dT
0 0
f 3
2 ¥ 3 2
<C “uiO”Lp(]R)F(t) T2 ||wix “LZ(R)dT , Vtel0,T],
0
3/(/(! 5 3 2pQ2p—DBT)? (! 3 5 3
where F(1) = F(t, T, p)= 5 (/ K(7) pdr) +f (/ T2K(1) pdr) .
0 0
Therefore, using the definition (17) of X (), one gets
1
i 2p2p -1\ 3 1
X(1) < C2||Mi0||£p(R)F(t) (T X(1)3.
Thus,
1
2 2 2p2p—-1DY 3
X(t)3 =< CZHM!'O”LSIJ(]R)FO) (T s
that is,
2 3 (2pC2p—1Y\ 2
X() < Clluioll ) F(0)? (T

Using definition (17), one concludes that

t
2p2p—1) 3 _
s Oy + o / o3 / s PP 22, dxde

2p(2p — 1))‘5

2 3
< Cluioll ) F ()2 ( 502
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802 P. Braz e Silva et al.

for all r € [0, T']. Therefore,

1
2 2 3 (2pR2p—D\ 2 _3
i GOy < € ol ey F(1)2 ( )

1
3(2p2p—1Y\ 2 _3
< Clluol ) ) F ()2 (%) 72, Yire (.71 (19)
Finally, summing i = 1, ..., n, [see (4)], one gets the desired result

1
2 2 3(2p@Cp—-DY % 3
”u('s t)”LIZ)p(]R) E C3 ||u0||L€J(R)F(t)2 (T t 25 Vt S (05 T]v

where C = C(n) is a positive constant. ]

We close this section by observing that bounded solutions of (1) are uniquely defined by
their initial data, as shown by the following result.

Theorem 3 (well posedness) Given ug,vg € L®(R), let u(-, 1), v(-,t) be any pair of
(bounded) solutions of (1) with initial states u(-,0) = ug, v(-, 0) = vy, respectively, both
defined for 0 <t < T and such that || a(-,t) ”L"O(R) < B(T) and | v(-, t) || < B(T)
forall t € [0, T]. Then, for every p > 2, we have

L™ (R)

” u('? t) - V('? t) ”LF(]R) = ” Up — Vo ”L”(R) exp {(2]’1 + 1) (P - 1) B(T)2 t}
forall t € [0,T].

This result can be shown in the same way as Theorem 1 above.

3 Estimates for the sup norm

In this section we will derive bounds for the supnorm of solutions of (1), (2). Again, let
p € [ py, 00) be given. We will prove that

1
luC, OllLew < Ct 2, Vi e€(0,T],
where C is a positive constant depending on the parameters C = C(n, T, p, |[ugllzr®)).

Theorem 4 (Estimate for the Supnorm) Let T > 0 be givenandu(-, t) € C°([0, T, LP(R))
be the solution of system (1), under the hypothesis in (2).
Then

2 1

D) 3pttt 2
4 )4

3 8 _1 3 2
laG, Ol < CF lwollLr@)273” 2 pr C;” exp[

for all t € (0,T], where C, is a positive constant depending on n only and Ct =
[ 1y B(T)2T]
2 2|
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Proof Firstly, note that

2 2
t 3 t 3
F(t) :% /K(t)zpdr + M /T%K(r)ZPdr
0 0
t 3 5 t 3
< /K(r)”dr + 2p(2p —21)B(T) T /K(t)de‘L'
0 0

2
3

‘
_ 2
|:§ N 2p2p — HB(T) T] /K(r)zl’dt

12 2
0
‘ 3
2
< @2p )[ B(Tz) ] /K(t)ZPdt
0
t 3
< @2p)*Cr / K (7)*Pdt

0
2

< @p)PCrK()*r3e3,

forall € (0, T], where C7 = [ + 2D T] Therefore,

3
F(1)? < 2p)*C2K(t)*Pt, Y1e(0,T].

By computations analogous to the ones used to derive inequality (19), one can establish

2p2p— 1D\ 2
i G, 125, < CPllui ()75 g ( o
L2P(R) — (R) 2p2

2

[(2,9) c% exp ‘ BO) 5 (p - e —s)” (t—s)"2, whereO<s<t<T.

3t
and t; :=1t;_1 + —

,for j e N
27 J

t
Now, let k € N be arbitrary. Define recursively 7y := R

and 1 < j <k.Onehas f; =t,and

1

2 i3 3
2
) 2’ p) CT

1

.exp[”z” -0 ()] (5)

@ Springer f DMAC
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. _1
200p—D\ 2 . 3
< C¥lu; (-, tj_ 1)||L2, L) (T (2/[7)3C%

B(T)Y? . 3 3\ "2
e () 2)

. 1
1 (2p—1\ 2 _. 3
< C3||u G, tj— 1)||L2’ IP(R)z 2 ( 2y ) (2][7)3(:7%

B(T)*? . ) 3¢ 3\ "2
- €X —
Pi—5 P P\ 5; o
1
. 3 B(T)? 3t\ 2
3 2

< C¥lui (-, tj- 1)|| L2 .p(R)(ZJp) C%exp[ 7 P 3t](47) .

Taking j =k, k—1, ..

., 1 successively, one then obtains

”ui('v t)”szp(R)

3
< 2 lui G i)l e

2 7¥
k Zk 2k+1 B(T) i X 2k+1p
- p(R)(Z p) pC p[ 4 p3t2k 4k

N koo k3 k B(T)* 1
- H CIr us (-, t0)||L1’(R) H(Z./p)zlp H C;/+1p exp ‘ (T) ]
j=1 ]

= Jj=1 Jj=1 J
JR
3t 2j+1p
4]

~

.’_,'_l»

j=1
3~k k 3 a3k 1 B(T)? ko
» 12 Jp\2ip 2P “i=1 20 _
< CP &i=1 0T uy ro)nu(R),H]@ p¥rCy exp 1 — p3r§]2j
k 3t 2/"l'lp
[\ &
j=1
k
;Zi
P 2/’
<c /=

i k 1

3 =

”ul( tO)”LI’(R)ZP Z] 121 Z, 12]C2p21—1 27
B(T? <1

X exp p3t —
4 27
j=1
LNk LNk )
. (3[)_ﬂ Zj:l 227 Zj:l 27
3 k 1 4 k j 3 k 1 3 k L
» i=1 757 » i=1 737 (2 Jj=12J
<Ccr -1y llui G-, t0) e ()27 2= pi 2=t Cr’
X ex -
p 1 2
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Viscous conservation laws 805

1 ko1
-(3t) 2 &j=127 Vte(0, Tl

Therefore,

(11 ask 7oy F(i-F%
lati -, Ot SC”( zk)||ui(.,;0)||L,,(R)2p21—1 2./pp( zk)CTp( 2)

2 1
exp [@31% (1 — 217)] (3t)_ﬁ( _5)7 Vie(T]

Passing to the limit when k — oo and using that, by hypothesis, u(-, 1) € C° ([0, T'], L? (R)),
one obtains

3 1
lu; (-, Ollre®y < C7 llujollLr @273

)

L3 3 B(T)? L
wprCy’ exp[%3pt]t 2p

for all ¢ € (0, T]. Therefore, using definition (5), one gets the desired inequality

3 s 1 3 B(T)?
laC, HllLem® < C7lluogllLr@)273 2 p7 C;" exp

1
3pt] t 2, Vte(0,T],
where C = C(n) is a positive constant. ]
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