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d �@P�7 R ?AR�� ?
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L E������ L � L EA�A�(��E��F=�� � PQEA7�� L � ��� ?��F; �
�6�(� E�� L ;0��� � � L ���\� ;�� L E =�� L � L �0���6�TG>E�� �"� ;>=

f

 L Ec�AE P �:;]�������QR�;���F

xt+1
i = (1 − ε)f(xt

i) +
ε

2d

∑

|i−j|=1

f(xt
j)

;�� L E
i = (i1, ..., id) ∈ Z

d � t ∈ N
E
| · |

�����Q;T=��6�,E P�7HD�� L E��(���p��� L P���� L � V � ���
E���7 ;>D RQE�� ;��c. ��,��(,
	��`��� ��� ! ,�
 �(,/.�&j� �]�?. ��,�� �j! , � �V� V E V �

xt
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L �p���(�AEt7��(� 3(����7�� V � ;T? E � PQE

M
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(ΠΛ(f))i(x) = f(xi)
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(A(x))i = (1 − ε)xi +
ε
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∑

|i−j|=1

xj

;�� L E
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V :M�T=���� E � PQE���;��6;	�TD ;>=AE�� L E
ε
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{ri}

� EH=@? E���7 E{�
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�Q=@;����(��� D�� L � L E ��� �CE L � L � �Q=@; L PK? ;
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δ

V 
O;������ L EH=AEM?��(�\� ��� P �A� � P�����
T; =@E��TD
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?�� D ��P�E(F

φδ(x) =















0
� �

x ∈ [−1, δ − 1] ∪ [1 − δ, 1]

1
� �

x ∈ [2δ − 1, 1 − 2δ]

0 < φ(x) < 1
� �

x ∈ (δ − 1, 2δ − 1) ∪ (1 − 2δ, 1 − δ)
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L � L �8��6(�+��7��

�(7H;��QD�� L �
Fε
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Gδ = Rδ,r ◦ Aε ◦ ΠΛ(f)
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(Rδ,r(x))i = xi + φδ(xi)ri
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G̃δ = Aε ◦ Rδ,r ◦ ΠΛ(f)
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Gδ
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(Sj0x)j = xj−j0
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Fε
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Fε ◦ Sj0 = Sj0 ◦ Fε
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O;�� E����(�C;(� � � �(� L ; P��6� �"�(�6� D���� L E\�	�QD��87��(� �KE��
f : [−1, 1] → [−1, 1]

� PQE?�AE =�5
�A���	�AE0���T=�� ; � PQE0�AE#�AE GTPQE V �T� L ;��x� ���CEH=A;���=AE��	���

−1 ≤ −b2 < −a2 < 0 < a1 <

b1 ≤ 1
� P�� �8� ?AE�� =A;

K ≥ 4
� P�� ���9? E��F=@;

d ≥ 1
?��TD � PQE

2d > b1/a1

E � ��� E =A;(�
=AE��(���

λ, τ
?��(��� � PQE

λ > (b2/b1)2d + 2
E

τ ≥ C > 2
� ���(� L E ��� ��� ;��
� �"�(�+�FD8���

E = E(a1, a2, b1, b2, d, K, λ)
7 ;�� ;��AEI�AEHG>PQE	F

f ∈ E
�@E E
�@;�� E��9? EI�AE �(�0�@E G>P ���9? E

7 ;(� L ��� �KE��B��
T; ��� ?���� � E�� ?��(��F

• f
�c7 ;(� ?���� P�� V

•
E �Y���@?AE6P��6�A��� =@?��8��
T;

−1 = q0 < q1 < · · · < qN < 0 < qN+1 < · · · < qK = 1?��TD ��P�EH?
f |(q`, q`+1)

� P��6� � � N@E���
T; L � � E =@E���7���5�;>EHD��
|Df | ≥ λ

E��
(qN , qN+1)

�

|Df | ≥ τ
E��

(q`, q`+1), ` 6= N
E

f
� ; L E?�AEH=�E��@?AE�� L � L �[� P��A� � P�����
T;

C2 E��
[q`, q`+1], ` = 0, . . . , K − 1

V

• f(0) = 0
V

• −b2 ≤ f ≤ b1
V

• f |[−1, qN ] ≤ −a2
E

f |[qN+1, 1] ≥ a1
V

•
���T=��A7�� L �

` ∈ {0, . . . , N}
?AE�� ;���;TP

f(q`) = −b2

;TP
f(q`) = −a2 ' �(���TD ;>G �j<

� E��9? Ec��� =��07�� L �
` ∈ {N + 1, . . . , K}

? E��C;�� ;>P
f(q`) = a1

;>P
f(q`) = b2
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d
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� ,�� �)� $+& � � ,��8�0�

#� &(!�&�.�& � &��(,l$A��, ���0� , 
`�\�)� $ �`���]$+& 
�&($ �.� ,"&&�(, 
�� !���,��)� �]�#$+&�� &j�
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�
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�]�����q���9? =@; L P����8�C;���;��q���8�\� ;TDF;��
{−1, 0, 1}

E�;2E������(�H; L E �����#� ;>D ;��
{−1, 0, 1}Λ V

�T� L �
Fε

� ��� L E �����8�C;(�R� � P��(�9?�� L � L E
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