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Treatment of the semiclassical Boltzmann equation
for magnetic multilayers
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We present an analytical treatment of the Camley–Barnas´ theory of the giant magnetoresistance
~GMR! in magnetic layered structures and obtain an exact and general expression for the resistivity.
We used this expression to evaluate the resistivity and GMR numerically, comparing the results
with experimental observations. ©2000 American Institute of Physics.@S0021-8979~00!08619-9#
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I. INTRODUCTION

This report describes an extension of the semiclass
approach originally introduced by Camley and Barnas1 to
modeling magnetoresistance in thin-film multilayers. The
sis for the model is an evaluation of the electrical resistiv
in a multilayer by means of the Boltzmann transport eq
tion, with recognition given to the asymmetry between t
conduction by carriers in the various channels. Another
portant consideration is that similarly asymmetric~or spin-
dependent! scattering also takes place at the interface
tween magnetic and nonmagnetic metals. This approach
been used and improved by various authors in rec
years.1–6

The Camley–Barnas approach has proven to be very
fective in providing theoretical predictions of the magneto
sistive behavior in magnetic multilayers. However, up un
now the treatment given has usually been numerical since
large number of interfaces that exist in a multilayer comp
cate the introduction of boundary conditions for the syst
as a whole. A common approach is to use an approxima
known as the ‘‘infinite multilayer,’’ in which the difficulty
with boundary conditions at outer interfaces is avoided
determining the conductivity of an idealized multilayer wi
an infinite number of periods.

In this article we present a detailed development o
calculation in which we obtain a compact analytical form f
the conductivity in a thin-film multilayer composed ofN
layers, whereN is an arbitrary integer. The contribution from
each layer can be examined independently, but of course
electronic conduction in such a system is characterized
the influence that physical processes within one layer h
on the conduction in other layers. We also consider, in
tablishing the Boltzmann equation for the system, the po
bility of spin-mixing effects~and therefore thermal effects!
are included in the calculations that we will present in wh

a!Author to whom correspondence should be addressed; electronic
lgp@if.ufrgs.bv
4770021-8979/2000/88(8)/4772/6/$17.00
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follows. This article is divided in the following manner: i
the next section, we formulate the problem to be solv
Next, we present the central aspects of the calculation of
conductivity in a thin-film metallic multilayer. In the fourth
section we incorporate the effect of thermal fluctuations
free mean path and interface coefficients. We finish with
comparison between results obtained using our calcula
and experimental data.

II. GENERAL CONSIDERATIONS

We define the magnetoresistance~MR! by

MR~%!5100
sP2sAP

sAP
, ~1!

wheresP andsAP correspond, respectively, to conductivi
in parallel and antiparallel configurations of the magneti
tion of the magnetic layers. This definition, written in term
of the conductivities for the two magnetic configurations,
easily shown to be equivalent to the more commonly u
expression containing the corresponding resistivities. We
find s by the relation

J5s•E, ~2!

whereE is the applied electrical field andJh is the current
density and is given by

Jh52eS m

\ D 3E vf h~r ,v!dvxdvydvzdz, ~3!

where thef h(r ,v) is the distribution function of the conduc
tion electrons, the indexh corresponds to spin direction,e
and m are the charge and the mass of an electron, res
tively, and\ is Planck’s constant. We have taken the laye
parallel to the (x,y) plane, as shown in Fig. 1.

The electron distribution function forhth spin is written
in the form

f h~z,v!5 f h
0~v!1gh~z,v!, ~4!

wheref h
0(v) is the equilibrium distribution in the absence

an electrical field, andgh(z,v) is a correction to the distri-
il:
2 © 2000 American Institute of Physics
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bution function due to scattering. Heregh(r ,v) was substi-
tuted bygh(z,v), because the system is isotropic in resp
to x andy coordinates. The linear-response Boltzmann tra
port equation, for an electric field in thex direction, is given
by

F

m
]vf h

0~v!1v] rgh~z,v!5] tgh~z,v!col . ~5!

Now, it will be necessary to determine the bounda
conditions at surfaces and interfaces

gh
2~z50,v!50,

gh
1~z5total,v!50,

~6!
gh

1~z5zi ,v!5Qi
hgh

1~z5zi 21 ,v!,

gh
2~z5zi ,v!5Qi

hgh
2~z5zi 11 ,v!,

where theQi
h are the transmission coefficients and the s

1 and 2 stands for the direction of the electron velociti
with respect to thez axis. We suppress this symbol becau
we consider the multilayer symmetric in velocity with r
spect to thez axis.

III. CALCULATING THE CONDUCTIVITY

The collision term for the system with spin mixing ca
be written as in Ref. 3

] tgh~z,v!col52
gh~z,v!

th
2

gh~z,v!2g2h~z,v!

t↑↓ . ~7!

Hereth is the relaxation time for electrons of spinh andt↑↓

describes the contribution of the spin-flip processes. Co
bining expression~7! with Eq. ~5! yields

E

m
e]v f 0~v!1v]zgh~z,v!

52
gh~z,v!

th

2
gh~z,v!2g2h~z,v!

t↑↓ , ~8!

FIG. 1. Schematic diagram of arbitrary multilayers.
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which is actually a system of two coupled equations, one
spin up, and the other for spin down.

The general solution of this system is

gh i~z,v!5S E

m
e]v f 0~v! DBh i~12Ah ie

2qh i z!, ~9!

where

l i
h5vxt i h,

qh i52
1

vx
F 1

l i
h

1
1

l i
2h

1
2

l i
↑↓

2AS 1

l i
h

2
1

l i
2hD 2

1S 2

l i
↑↓D 2G ,

Bh i5

1

l i
h

1
2

l i
↑↓

1

l i
hl i

2h
1

1

l i
hl i

↑↓ 1
1

l i
2hl i

↑↓

,

whereAh(v) is a constant resulting from the integration a
is a characteristic of any layeri. ~See the Appendix for a
more detailed discussion of this result.!

From Eqs.~4! and ~9! we obtain

sh5e2
m2

\3 (
i

Bh,iE vx]v f 0~v!

3@12Ah i~v!e2qh i z#dvxdvydvzdz. ~10!

By changing from Cartesian velocity componen
(vx ,vy ,vz) to spherical ‘‘coordinates’’ for the velocities
(v,w,u) and then integrating overw, u, z we obtain

sh5K(
i

Bh,iF4

3
Dzi2qh,iE dmF~m!

3Ah,i~m!~e2qh i zim2e2qh i zjm!G , ~11!

wherevF is the Fermi velocity and

K5pe2vF
2 m2

\3
,

F~m!5~12m22!m23,
~12!

Dzi5zj2zi ,

j 5 i 11,

m5
1

cosu
. ~13!

The expression~11! cannot be integrated immediately
because the dependence ofAh i in v is not explicit. To find a
general form ofAh i as a function ofv, we will use the
boundary conditions given in~6!
ject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to ] IP:
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 [This a
gh1~z50,vz!50⇒Bh1@12Ah1~vz!#50,

Ah15ch1
1 eah1

1 /vz,

where

ch1
1 51, ah1

1 50, ~14!

and

gh j~z5zi ,vz!5Qi
hgh i~z5zi ,vz!,

Bh j~12Ah je
2 qh j zi /vz!5Qi

hBh i~12Ah ie
2 qh i zi /vz!, ~15!

Ah j5ah i j e
qh j zi /vz1bh i j Ah ie

(qh j 2qh i ) ~zi /vz!,

where

ah i j 512bh i j , bh i j 5Qh i

Bh i

Bh j
. ~16!

Beginning with Eq.~15! it is possible to write expres
sions forAh2 ,Ah3 ,Ah4 . . . .

For Ah2:

Ah25ah12e
qh2z1/vz1bh12Ah1e(qh22qh1) ~z1/vz!,

Ah25ch2
1 eah2

1 /vz1ch2
2 eah2

2 /vz, ~17!

Ah25 (
n51

2

ch2
n eah2

n /vz,

where

ch2
1 5ah12,

ch2
2 5bh12ch1

1 ,
~18!

ah2
1 5qh2z1 ,

ah2
2 5ah1

1 1~qh22qh1!z1 .

For Ah3:

Ah35ah23e
qh3z2/vz1bh23Ah2e(qh32qh2) ~z2/vz!,

Ah35ah23e
qh3z2/vz1bh23~ch2

1 eb~ah2
1 /vz!1ch2

2 eah2
2 /vz!

3e(qh32qh2) ~z2/vz!,
~19!

Ah35ch3
1 eb~ah3

1 /vz!1ch3
2 eah3

2 /vz1ch3
3 eah3

3 /vz,

Ah35 (
n51

3

ch3
n eah3

n /vz,

where

ch3
1 5ah23,

ch3
2 5bh23ch2

1 ,

ch3
3 5bh23ch2

2 ,
~20!

ah3
1 5qh3z2 ,

ah3
2 5ah2

1 1~qh32qh2!z2 ,

ah3
3 5ah2

2 1~qh32qh2!z2 .

And finally for Ah4:

rticle is copyrighted as indicated in the article. Reuse of AIP content is sub
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Ah45ah34e
qh4z3/vz1bh34Ah3e(qh42qh3) ~z2/vz!,

Ah45ah34e
qh4z3/vzbh34~ch3

1 eb~ah3
1 /vz!1ch3

2 eah3
2 /vz

1ch3
3 eah3

3 /vz!e(qh42qh4) ~z3/vz!,
~21!

Ah45ch4
1 eb~ah4

1 /vz!1ch4
2 eah4

2 /vz1ch4
3 eah4

3 /vz1ch4
4 eah4

4 /vz,

Ah45 (
n51

4

ch4
n eah4

n /vz,

where

ch4
1 5ah34,

ch4
2 5bh34ch3

1 ,

ch4
3 5bh34ch3

2 ,

ch4
4 5bh34ch3

3 ,
~22!

ah4
1 5qh4z3 ,

ah4
2 5ah3

1 1~qh42qh3!z3 ,

ah4
3 5ah3

2 1~qh42qh2!z3 ,

ah4
4 5ah3

3 1~qh42qh2!z3 .

From the results forAh1 , Ah2 , Ah3, andAh4, one may
deduce a general expression forAh j :

Ah j~vz!5 (
n51

j

ch j
n eah j

n /vz, ~23!

where

ah1
1 50,

ah j
1 5ziqh j ,

ah j
n 5ah i

n211zi~qh j2qh i !, ~24!

ch1
1 51,

ch j
1 5a i j h ,

ch j
n 5b i j hcih

n21 .

Expression~23! for theAh i are now in the desired form
that is, with an explicit dependence onvz . This result will
allow the analytical integration of~4!.

Using the earlier mentioned relation for the constantsA,
Eq. ~11! can be rewritten as

sh5(
h,i

Bh iF4

3
Dzi2 (

n51

i

qh ich j
n E dmF~m!

3~eG ih
1,nm2eG ih

2,nm!G , ~25!

whereG ih
l ,n is given by

G ih
1,n5ah i

n 2qh izj , ~26!

G ih
2,n5ah i

n 2qh izi . ~27!

We can integrate this equation
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sh5(
i

N

Bh iF4

3
Dzi2qh i(

n

i

ch i
n ~Lih

1,n2Lxh
2,n

1Mih
1,n2Mxh

2,n!G ,

~28!

Lih
m,n5@ 1

4 2 5
12 G ih

m,n2 1
24 ~G ih

m,n!21 1
24 ~G ih

m,n!3#e2G ih
m,n

,

Mih
m,n5

~G ih
mn!2

2 S 12
1

12
~G ih

mn!2D E e2G ih
mnm

m
dm,

x5 i 21. ~29!

Equation~28! is an analytic expression that can be us
along with Eq.~1! to determine the magnetoresistance.
this manner we can simultaneously obtain values for the
sistivity, conductance, and magnetoresistance of the sys

IV. TEMPERATURE DEPENDENCE OF THE
PARAMETERS Q AND l

In order to apply the formalism developed in the prece
ing section to temperature-dependent systems, it is neces
to examine the thermal evolution of the parameters that
pear in the calculation. For the nonmagnetic layer, the re
tivity is written as

r~T!5r~4.2 K!1dr~T!, ~30!

where dr(T) is related to the phonon scattering and is
characteristic of each metallic element.

For the magnetic layers, the resistivity is also written
the form given by Eq.~30! and the dependence of the fre
mean path on temperature is given by9,10

r5
r↑r↓1r↑↓~r↑1r↓!

r↑1r↓14r↑↓ ,

~31!
r↓5ar↑,

wherer anda are experimental data, see Refs. 12 and 1
We have related the resistivity and mean-free-path us

rh~mV cm!lh~Å !51940,

see Ref. 1.
We suppose the mechanism of the dependence on

perature for transmission coefficients through the interfa
has the form

Q~T!5Q~0!1vTg, ~32!

whereQ(0) is the diffusion term at 0 K andv and g are
deduced from the fits.11

The use of these two functional forms forl(T) and
Q(T) in the temperature will preserve the thermal evoluti
of the simulations and allow to work with experimental va
rticle is copyrighted as indicated in the article. Reuse of AIP content is sub
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ues, once the resistivity of the materials as a function of
temperature is known. In other words, once the fundame
parameters of the simulation have been defined at 0 K,
system will evolve on its own, without the need of extern
interference in the program.

V. EXAMPLES

In order to illustrate the results found in the previo
sections, we apply the results obtained via Eqs.~1! and~28!
to reproduce some experimental results already known in
literature. The parameters forl andQ used in this example
are in perfect agreement with those reported in the litera
~for an example, see Ref. 7!.

The first example to be presented shows the variation
the magnetoresistance with the number of layers. The exp
mental data are from work published by Parkin,8–13 where
the author presents a set of experimental data for the va
tion of the magnetoresistance in the Si/Cr~9 Å! @Fe ~18 Å!/
Cr ~9 Å)] N/Cr ~9 Å! system with the number of layers. Her
we shall take as basis for comparison the empirical equa
for the magnetoresistance obtained by the author

MR5168
2N22

TN215N
, ~33!

whereN is the number of bilayers andTN is the total thick-
ness of the multilayer. To reproduce Parkin’s experimen
results, we use the following set of parameters:

lFe57.6 nm,

lCr54.5 nm,

Q↑51,

Q↓50.1.

Figure 2 shows the experimental curve@solid line ob-
ject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to ] IP:
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tained from Parkin’s phenomenological expression~33!#,
along with the results obtained using Eq.~28!. Note that
there is good agreement between the results.

In what follows, we present a comparative set of expe
mental and computational results for@Co ~15 Å!/Cu ~9 Å)] 25

system~see Ref. 14!. We start by showing the variation o
the resistivity and magnetoresistance for the copper la
thickness evolution~tCu56–60 Å! for two different tempera-
tures, 4.2 and 300 K: Figs. 3 and 4, respectively.

Finally, in Fig. 5, the dependence of the magnetore
tance in a large range of temperatures (T54.2 – 300 K),
was shown.

The parameters used in these three last cases are

FIG. 3. Magnetoresistance vs Cu spacer layer thickness at 4.2 K for se
series of multilayers of the form@Co ~15 Å!/Cu (tCu Å)] 25 . Inset: the
dependence of resistivity vstCu .

FIG. 4. Magnetoresistance vs Cu spacer layer thickness at room tempe
for several series of multilayers of the form@Co ~15 Å!/Cu(tCu Å)] 25 . Inset:
the dependence of resistivity vstCu .
rticle is copyrighted as indicated in the article. Reuse of AIP content is sub
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lCo
↑ 5120 Å,

lCo
↓ 510 Å,

lCu5210 Å,

Q↑50.98,

Q↓50.2.

VI. CONCLUSIONS

Using the semiclassical formalism for the electrical co
ductivity s in multilayered thin films, we have developed
calculation that resulted in an analytical expression fors.
The greatest difficulty in obtaining this expression was fin
ing a form for A(v) that could be integrated, that is, th
explicitly showed the velocity dependence. The quan
A(v) is obtained from the boundary conditions and depe
on the interface under consideration. Since anN-layer
multilayer hasN21 interfaces, the functionA(v) will have
N21 different forms. By means of a mathematical manip
lation of the boundary conditions we were able to find
compact expression that representsA(v) at any interface in
the multilayer and that explicitly shows its velocity depe
dence, thus allowing a general expression for the conduc
ity to be obtained by integration.

In order to encompass the greatest number of situat
possible, we have included the temperature dependence.
was done directly at the initial formulation, that is, the sp
mixing term was included in the Boltzmann equation. T
system’s thermal evolution is incorporated in the simulatio
by using experimental results obtained from resistivity stu
ies of bulk metals and alloys.

The simulations were developed using parameters
are well known in the literature and showed good agreem
with experimental data. In addition to allowing for numeric
studies, the general expression for the electrical conducti
can be explored in its analytical form.

ral

ure

FIG. 5. Calculated thermal variation of GMR in a@Co ~15 Å!/Cu ~9 Å)] 25

~dashed line!. Dots correspond to the experimental results.
ject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to ] IP:

21 Mar 2014 18:06:26



b
in

s-
lia

d
ms,

L.

ee,

i/

4777J. Appl. Phys., Vol. 88, No. 8, 15 October 2000 Pereira, Duvail, and Lottis

 [This a
The model that has been developed here is limited
can be improved by taking certain physical processes
account, such as reflections at the interfaces.
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APPENDIX

The Boltzmann system is

E

m
e]v f 0~v!1v]zgh~z,v!52

gh~z,v!

th

2
gh~z,v!2g2h~z,v!

t↑↓ ,

~A1!

or

gh81Bgh1Cg2h1A50, ~A2!

g2h8 1Dg2h1Egh1A50, ~A3!

where8[]z . To find the solution of the system we derive
one of the equations inz:

gh91Bgh81Cg2h8 50, ~A4!

and it uses~A2! and ~A3! to eliminateg2h8 . The new equa-
tion presents the following form:

gh91agh81bgh1g50. ~A5!

The general solution of the new equation is

FIG. 2. Dependence of magnetoresistance on number of bilayers for S
~9 Å! @Fe ~18 Å!/Cr ~9 Å)] N/Cr ~9 Å!. Full line corresponds to Parkin’s
results and dots are the calculated bilayers variation.
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to
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gh5Dh
1~12Ah

1eph
1z/vz!1Dh

2~12Ah
2eph

2z/vz!. ~A6!

To determine which expression corresponds tog↑ and
g↓ , we examine the limitt↑↓→`, which is just the nonspin-
flip problem

lim
t↑↓→`

5gh i~z,v!⇒ E

m
e]vx

f 0~v!th i~12Ah i~v!e2 z/th ivz!.

~A7!

In this limit we have

D05
E

m
e]vx

f 0~v!t,

D↑5
E

m
e]vx

f 0~v!

1

t↓ 1
2

t↑↓

1

t↑t↓ 1
1

t↑t↑↓ 1
1

t↓t↑↓

,

D↓5
E

m
e]vx

f 0~v!

1

t↑ 1
2

t↑↓

1

t↑t↓ 1
1

t↑t↑↓ 1
1

t↓t↑↓

,

~A8!

p052
1

t
,

p↑52F 1

t↑ 1
1

t↓ 1
2

t↑↓ 2AS 1

t↑ 2
1

t↓D 2

1S 2

t↑↓D 2G ,

p↓52F 1

t↑ 1
1

t↓ 1
2

t↑↓ 1AS 1

t↑ 2
1

t↓D 2

1S 2

t↑↓D 2G ,

whereD0 andq0 correspond to the nonmagnetic layers.
We can write~A6! in the general form

gh i~z,v!5Dh~12Ahephz/vz!. ~A9!

1R. E. Camley and J. Barnas, Phys. Rev. Lett.63, 664 ~1989!.
2J. Barnas, A. Fuss, R. E. Camley, P. Gru¨nberg, and W. Zinn, Phys. Rev. B
42, 8110~1990!.

3J. L. Duvail, A. Fert, L. G. Pereira, and D. K. Lottis, J. Appl. Phys.75,
7070 ~1994!.

4A. Barthelemy and A. Fert, Phys. Rev. B43, 13124~1991!.
5B. L. Johnson and R. E. Camley, Phys. Rev. B44, 9997~1991!.
6R. Q. Hood and L. M. Falicov, Phys. Rev. B46, 8287~1992!.
7B. Dieny, J. Phys.: Condens. Matter4, 8009~1992!.
8S. S. P. Parkin, in Proceedings of the Workshop on Magnetic Thin Fil
Brasilia, September 1993~unpublished!.

9A. Fert and I. A. Campbell, J. Phys. F: Met. Phys.6, 849 ~1976!.
10I. A. Campbell and A. Fert, inFerromagnetic Materials, edited by E. P.

Wohlfarth ~North-Holland, Amsterdam, 1982!, Vol. 3, p. 769.
11B. Dieny, A. Granovsky, A. Vedyaev, N. Ryzhanova, C. Cowache, and

G. Pereira, J. Magn. Magn. Mater.151, 378 ~1995!.
12G. K. Write and S. B. Woods, Philos. Trans. R. Soc. London, Ser. A251,

273 ~1959!.
13B. Loegel and F. Gautier, J. Phys. Chem. Solids32, 2723~1971!.
14D. H. Mosca, F. Petroff, A. Fert, P. Schroeder, W. P. Pratt, Jr., R. Lolo

and S. Lequien, J. Magn. Magn. Mater.94, L1 ~1991!.

Cr
ject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to ] IP:

21 Mar 2014 18:06:26


